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We show that the solutions of the retarded functional di�erential equations in a Banach

space, whose existence and uniqueness are established in paper of A. Favini and H. Tanabe,

have some further regularity properties if the initial data and the inhomogeneous term

satisfy some smootheness assumptions. Some results on the solution semigroups analogous

to the one of G. Di Blasio, K. Kunisch and E. Sinestrari and to the one of E. Sinestrari are

also obtained.
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Introduction

We consider the following retarded functional di�erential equation in a complex Banach
space X:

d

dt
u(t) = Au(t) + A1u(t− r) +

∫ 0

−r

a(s)A2u(t+ s)ds+ f(t), 0 ≤ t ≤ T,

u(0) = φ0, u(s) = φ1(s) a.e. s ∈ (−r, 0).
(0.1)

We assume that A is a densely de�ned closed linear operator which generates an analytic
semigroup etA, t ≥ 0, in X. Suppose 0 ∈ ρ(A) for simplicity. A1 and A2 are closed linear
operators in X such that D(A1) ⊃ D(A), D(A2) ⊃ D(A), and a is a complex valued
function de�ned in the interval [−r, 0] such that a ∈ L1(−r, 0;C).
The following theorems which are improvements of the results by G. Di Blasio and
A. Lorenzi [1] are established in A. Favini and H. Tanabe [2]:

Theorem A Suppose 0 < θ < 1/p. If the following assumption is satis�ed:

(I) φ0 ∈ (X,D(A))θ+1−1/p,p, φ1 ∈ W θ,p(−r, 0;D(A)), f ∈ W θ,p(0, T ;X),

then, there exists a unique solution u of (0.1) satisfying

u ∈ W θ,p(0, T ;D(A)) ∩ C([0, T ]; (X,D(A))θ+1−1/p,p), (0.2)

du/dt ∈ W θ,p(0, T ;X). (0.3)

Theorem B Suppose 1/p < θ < 1. If the following assumption is satis�ed:

(II)


φ0 ∈ D(A), φ1 ∈ W θ,p(−r, 0;D(A)), φ1(0) = φ0,

f ∈ W θ,p(0, T ;X) ∩ C([0, T ]; (X,D(A))θ−1/p,p),

Aφ0 + A1φ1(−r) +
∫ 0

−r

a(s)A2φ1(s)ds ∈ (X,D(A))θ−1/p,p,
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then, problem (1.1) admits a unique solution u such that

u ∈ W θ,p(0, T ;D(A)), (0.4)

du/dt ∈ W θ,p(0, T ;X) ∩ C([0, T ]; (X,D(A))θ−1/p). (0.5)

Note that since A2φ1 ∈ C([−r, 0];X), the integral
∫ 0

−r
a(s)A2φ1(s)ds is well de�ned.

In this paper we prove further regularity of solutions u when φ1 and f satisfy more
regularity assumptions. Using this result we prove some results on solution semigroups
analogous to the one of G. Di Blasio, K. Kunisch and E. Sinestrari [3] when θ < 1/p,
and to the one of E. Sinestrari [4] when θ > 1/p. In case θ < 1/p it is shown that

the map

(
φ0

φ1

)
7→

(
u(t)
ut

)
, where u is the solution of (0.1) with f(t) ≡ 0 and

ut(s) = u(t+ s),−r ≤ s ≤ 0, is a C0-semigroup in (X,D(A))θ+1−1/p,p×W θ,p(−r, 0;D(A)),
and the characterization of its in�nitesimal generater is given. This is nothing but
a simple extention of a result of [3] in case where X is a Hilbert space and θ = 1,
p = 2. However, in case θ > 1/p the situation is a little more complicated. This is
caused by the following fact. In this case there appears the space (X,D(A))θ+1−1/p,p

which is a subset of D(A). If u belongs to this space, Aiu, i = 1, 2, is de�ned, but
may not belong to (X,D(A))θ−1/p,p. Therefore we assume the additional condition
AiA

−1 ∈ L((X,D(A))θ−1/p,p), i = 1, 2. A comment on this assumption will be given
in section 6. Under these hypotheses it will be shown that the map φ1 7→ ut is a
C0-semigroup in W θ,p(−r, 0;D(A)) ∩ C([−r, 0]; (X,D(A))θ+1−1/p,p) with the
characterization of its in�nitesimal generater, where again u is the solution of (0.1)
with f(t) ≡ 0 and ut(s) = u(t+ s),−r ≤ s ≤ 0.

For a Banach space Y we use the following norm of W θ,p(0, T ;Y ):

Nθ,p,Y,(0,T )(u) =

(∫ T

0

∫ t

0

∥u(t)− u(s)∥pY (t− s)−1−θpdsdt

)1/p

,

∥u∥W θ,p(0,T ;Y ) = Nθ,p,Y,(0,T )(u) + T−θ∥u∥Lp(0,T ;Y ).

(0.6)

1. Regularity of Solutions: Case θ < 1/p

First consider the case 0 < θ < 1/p. Assume that:

(I-1)


φ1 ∈ W 1+θ,p(−r, 0;D(A)), φ0 = φ1(0) (∈ D(A)),

f ∈ W 1+θ,p(0, T ;X) ∩ C([0, T ]; (X,D(A))θ+1−1/p,p),

Aφ0 + A1φ1(−r) +
∫ 0

−r

a(s)A2φ1(s)ds ∈ (X,D(A))θ+1−1/p,p.

Theorem 1. Suppose 0 < θ < 1/p. Then, under assumption (I-1) the solution of problem

(0.1) satis�es

u ∈ W 1+θ,p(0, T ;D(A)) ∩W 2+θ,p(0, T ;X) ∩ C1([0, T ]; (X,D(A))θ+1−1/p,p). (1.1)

Since (I-1) is stronger than (I), in view of Theorem A a solution u of (0.1) exists and
satis�es (0.2) and (0.3). Set

φ′
0 = Aφ0 + A1φ1(−r) +

∫ 0

−r

a(s)A2φ1(s)ds+ f(0). (1.2)
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Then (I-1) implies

φ′
0 ∈ (X,D(A))θ+1−1/p,p, φ

′
1 ∈ W θ,p(−r, 0;D(A)), f ′ ∈ W θ,p(0, T ;X).

Namely, (I) is satis�ed by φ′
0, φ

′
1, f

′ instead of φ0, φ1, f . Therefore there exists a unique
solution v of the following problem: v′(t) = Av(t) + A1v(t− r) +

∫ 0

−r

a(s)A2v(t+ s)ds+ f ′(t), 0 ≤ t ≤ T,

v(0) = φ′
0, v(s) = φ′

1(s) a.e. s ∈ (−r, 0)
(1.3)

satisfying {
v ∈ W θ,p(0, T ;D(A)) ∩ C([0, T ]; (X,D(A))θ+1−1/p,p),

dv/dt ∈ W θ,p(0, T ;X).
(1.4)

Set w(t) = φ0 +
∫ t

0
v(τ)dτ . Then in view of (1.4){
w′ ∈ W θ,p(0, T ;D(A)) ∩ C([0, T ]; (X,D(A))θ+1−1/p,p),

w′′ ∈ W θ,p(0, T ;X).
(1.5)

Since φ0 ∈ D(A), v ∈ W θ,p(0, T ;D(A)) ⊂ Lp(0, T ;D(A)), one has

w(·) = φ0 +

∫ ·

0

v(τ)dτ ∈ C([0, T ];D(A)) ⊂ Lp(0, T ;D(A)). (1.6)

In view of (1.5) w′ ∈ W θ,p(0, T ;D(A)) ⊂ Lp(0, T ;D(A)). By virtue of this and (1.6)

w ∈ W 1,p(0, T ;D(A)) ⊂ W θ,p(0, T ;D(A)). (1.7)

It follows from (1.7) and (1.5) that

w ∈ W 1+θ,p(0, T ;D(A)) ∩W 2+θ,p(0, T ;X).

Since D(A) ⊂ (X,D(A))θ+1−1/p,p, one has

w ∈ C([0, T ];D(A)) ⊂ C([0, T ]; (X,D(A))θ+1−1/p,p).

From this and (1.5) it follows

w ∈ C1([0, T ]; (X,D(A))θ+1−1/p,p). (1.8)

We are going to show
w(t) = u(t), 0 ≤ t ≤ T. (1.9)

If this is proved, then (1.1) follows from (1.7) and (1.8).

Set v̆(t) =

{
v(t) 0 ≤ t ≤ T,
φ′
1(t) −r ≤ t ≤ 0.

Then, v̆ ∈ W θ,p(−r, T ;D(A)). Problem (1.3) is

transformed to the following integral equation:

v(t) = etAφ′
0 +

∫ t

0

e(t−s)AA1v̆(s− r)ds+

∫ t

0

e(t−s)A

∫ 0

−r

a(σ)A2v̆(s+ σ)dσds

+

∫ t

0

e(t−s)Af ′(s)ds. (1.10)
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This implies

∫ t

0

v(τ)dτ =

∫ t

0

eτAφ′
0dτ +

∫ t

0

∫ τ

0

e(τ−s)AA1v̆(s− r)dsdτ

+

∫ t

0

∫ τ

0

e(τ−s)A

∫ 0

−r

a(σ)A2v̆(s+ σ)dσdsdτ +

∫ t

0

∫ τ

0

e(τ−s)Af ′(s)dsdτ. (1.11)

(i) Case T ≤ r. In view of the de�nition (1.2) of φ′
0 one observes

∫ t

0

eτAφ′
0dτ = [etA − I]A−1φ′

0

= etAφ0 − φ0 + [etA − I]A−1

(
A1φ1(−r) +

∫ 0

−r

a(s)A2φ1(s)ds+ f(0)

)
. (1.12)

With the aid of a change of the order of integration and an integration by parts

∫ t

0

∫ τ

0

e(τ−s)AA1v̆(s− r)dsdτ =

∫ t

0

∫ τ

0

e(τ−s)AA1φ
′
1(s− r)dsdτ

=

∫ t

0

[e(t−s)A − I]A−1A1φ
′
1(s− r)ds

= −[etA − I]A−1A1φ1(−r) +
∫ t

0

e(t−s)AA1φ1(s− r)ds. (1.13)

Again changing the order of integration and integrating by parts one obtains

∫ t

0

∫ τ

0

e(τ−s)A

∫ 0

−r

a(σ)A2v̆(s+ σ)dσdsdτ =

∫ t

0

∫ t

s

e(τ−s)A

∫ 0

−r

a(σ)A2v̆(s+ σ)dσdτds

=

∫ t

0

∫ 0

−r

a(σ)

∫ t

s

e(τ−s)AdτA2v̆(s+ σ)dσds=

∫ t

0

∫ 0

−r

a(σ)[e(t−s)A − I]A−1A2v̆(s+ σ)dσds

=

∫ t

0

[e(t−s)A − I]A−1

∫ −s

−r

a(σ)A2φ
′
1(s+ σ)dσds

+

∫ t

0

[e(t−s)A − I]A−1

∫ 0

−s

a(σ)A2v(s+ σ)dσds = I1 + I2, (1.14)

where

I1 =

∫ t

0

[e(t−s)A − I]A−1

∫ −s

−r

a(σ)A2φ
′
1(s+ σ)dσds,

I2 =

∫ t

0

[e(t−s)A − I]A−1

∫ 0

−s

a(σ)A2v(s+ σ)dσds.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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Changing the order of integration and integrating by parts yield

I1 =

∫ −t

−r

a(σ)

∫ t

0

[e(t−s)A − I]A−1A2φ
′
1(s+ σ)dsdσ

+

∫ 0

−t

a(σ)

∫ −σ

0

[e(t−s)A − I]A−1A2φ
′
1(s+ σ)dsdσ

=

∫ −t

−r

a(σ)

{
−[etA − I]A−1A2φ1(σ) +

∫ t

0

e(t−s)AA2φ1(s+ σ)ds

}
dσ

+

∫ 0

−t

a(σ)
{
[e(t+σ)A − I]A−1A2φ1(0)− [etA − I]A−1A2φ1(σ)

}
dσ

+

∫ 0

−t

a(σ)

{∫ −σ

0

e(t−s)AA2φ1(s+ σ)ds

}
dσ

= −
∫ 0

−r

a(σ)[etA − I]A−1A2φ1(σ)dσ +

∫ −t

−r

a(σ)

∫ t

0

e(t−s)AA2φ1(s+ σ)dsdσ

+

∫ 0

−t

a(σ)[e(t+σ)A − I]A−1A2φ1(0)dσ +

∫ 0

−t

a(σ)

∫ −σ

0

e(t−s)AA2φ1(s+ σ)dsdσ.

The sum of the second and fourth terms of the last side of the above equalities is equal to∫ t

0

e(t−s)A

∫ −t

−r

a(σ)A2φ1(s+ σ)dσds+

∫ t

0

e(t−s)A

∫ −s

−t

a(σ)A2φ1(s+ σ)dσds

=

∫ t

0

e(t−s)A

∫ −s

−r

a(σ)A2φ1(s+ σ)dσds.

Therefore

I1 = −
∫ 0

−r

a(σ)[etA − I]A−1A2φ1(σ)dσ +

∫ 0

−t

a(σ)[e(t+σ)A − I]A−1A2φ1(0)dσ

+

∫ t

0

e(t−s)A

∫ −s

−r

a(σ)A2φ1(s+ σ)dσds. (1.15)

We can show without di�culty

I2 =

∫ 0

−t

a(σ)

∫ t

−σ

[e(t−s)A − I]A−1A2v(s+ σ)dsdσ

=

∫ 0

−t

a(σ)

∫ t

−σ

[e(t−s)A − I]A−1 ∂

∂s

∫ s+σ

0

A2v(τ)dτdsdσ

=

∫ 0

−t

a(σ)

∫ t

−σ

e(t−s)A

∫ s+σ

0

A2v(τ)dτdsdσ

=

∫ 0

−t

a(σ)

∫ t

−σ

e(t−s)AA2

(
φ0 +

∫ s+σ

0

v(τ)dτ

)
dsdσ −

∫ 0

−t

a(σ)

∫ t

−σ

e(t−s)AA2φ0dsdσ

=

∫ 0

−t

a(σ)

∫ t

−σ

e(t−s)AA2

(
φ0 +

∫ s+σ

0

v(τ)dτ

)
dsdσ

+

∫ 0

−t

a(σ)[I − e(t+σ)A]A−1A2φ0dσ. (1.16)
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From (1.14) � (1.16) and φ0 = φ1(0) it follows that∫ t

0

∫ τ

0

e(τ−s)A

∫ 0

−r

a(σ)A2v(s+ σ)dσdsdτ = I1 + I2

= −
∫ 0

−r

a(σ)[etA − I]A−1A2φ1(σ)dσ +

∫ t

0

e(t−s)A

∫ −s

−r

a(σ)A2φ1(s+ σ)dσds

+

∫ 0

−t

a(σ)

∫ t

−σ

e(t−s)AA2

(
φ0 +

∫ s+σ

0

v(τ)dτ

)
dsdσ. (1.17)

As is easily seen∫ t

0

∫ τ

0

e(τ−s)Af ′(s)dsdτ =

∫ t

0

∫ t

s

e(τ−s)Adτf ′(s)ds =

∫ t

0

[e(t−s)A − I]A−1f ′(s)ds

= −[etA − I]A−1f(0) +

∫ t

0

e(t−s)Af(s)ds. (1.18)

From (1.11) � (1.13), (1.17), (1.18) the following equality follows easily:

w(t) = etAφ0 +

∫ t

0

e(t−s)AA1φ1(s− r)ds+

∫ t

0

e(t−s)A

∫ −s

−r

a(σ)A2dσds

+

∫ 0

−t

a(σ)

∫ t

−σ

e(t−s)AA2w(s+ σ)dsdσ +

∫ t

0

e(t−s)Af(s)ds. (1.19)

Set ŵ(t) =

{
w(t) 0 ≤ t ≤ T,
φ1(t) −r ≤ t ≤ 0.

Then (1.19) is rewritten as

w(t) = etAφ0 +

∫ t

0

e(t−s)AA1ŵ(s− r)ds+

∫ t

0

e(t−s)A

∫ 0

−r

a(σ)A2ŵ(s+ σ)dσds

+

∫ t

0

e(t−s)Af(s)ds.

Consequently (1.9) is obtained.

(ii) Case r < T ≤ 2r. By virtue of the result established in the previous case 0 < T ≤ r
we already know that w(t) = u(t) for 0 ≤ t ≤ r. Hence

w(t) = φ0 +

∫ r

0

v(τ)dτ +

∫ t

r

v(τ)dτ = w(r) +

∫ t

r

v(τ)dτ = u(r) +

∫ t

r

v(τ)dτ.

Since

Au(r) + A1u(0) +

∫ 0

−r

a(s)A2u(r + s)ds = u′(r)− f(r) ∈ (X,D(A))θ+1−1/p,p,

the following facts hold:
u[0,r] ∈ W 1+θ,p(0, r;D(A)),

f ∈ W 1+θ,p(r, T ;X) ∩ C([r, T ]; (X,D(A))θ+1−1/p,p),

Au[0,r](r) + A1u[0,r](0) +

∫ 0

−r

a(s)A2u[0,r](r + s)ds ∈ (X,D(A))θ+1−1/p,p.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, � 1. Ñ. 48�69

53



A. Favini, H. Tanabe

Hence (I-1) is satis�ed with [−r, 0], φ1 replaced by [0, r], u[0,r] respectively. Therefore, by
the method of the previous case we can show w(t) = u(t) for r ≤ t ≤ T .

We can proceed to show (1.9) in the general case, and the proof of Theorem 1 is
complete.

In case 1/p < θ < 1 we assume

(II-1)



φ1 ∈ W 1+θ,p(−r, 0;D(A))
(
=⇒ φ1(0) ∈ D(A)

)
,

f ∈ W 1+θ,p(0, T ;X) ∩ C1[0, T ]; (X,D(A))θ−1/p,p),

Aφ1(0) + A1φ1(−r) +
∫ 0

−r

a(s)A2φ1(s)ds ∈ (X,D(A))θ−1/p,p,

Aφ′
1(0) + A1φ

′
1(−r) +

∫ 0

−r

a(s)A2φ
′
1(s)ds ∈ (X,D(A))θ−1/p,p,

φ′
1(0)(= D−φ1(0)) = Aφ1(0) + A1φ1(−r) +

∫ 0

−r
a(σ)A2φ1(σ)dσ + f(0).

Theorem 2. Suppose 1/p < θ < 1. If assumption (II-1) is satis�ed, the solution u of

(0.1) satis�es

u ∈ W 1+θ,p(0, T ;D(A)) ∩W 2+θ,p(0, T ;X) ∩ C2([0, T ]; (X,D(A))θ−1/p,p). (1.20)

If hypothesis (II-1) holds, then (II) is satis�ed by φ′
1 and f ′ in place of φ1 and f

respectively. Therefore according to Theorem B there exists a unique solution v of the
following problem

d

dt
v(t) = Av(t) + A1v(t− r) +

∫ 0

−r

a(s)A2v(t+ s)ds+ f ′(t), (1.21)

v(s) = φ′
1(s), −r ≤ s ≤ 0 (1.22)

satisfying

v ∈ W θ,p(0, T ;D(A)), (1.23)

dv/dt ∈ W θ,p(0, T ;X) ∩ C([0, T ]; (X,D(A))θ−1/p). (1.24)

Set

w(t) = φ0 +

∫ t

0

v(τ)dτ. (1.25)

In view of (1.23), (1.24) one has

w′ ∈ W θ,p(0, T ;D(A)), (1.26)

w′′ ∈ W θ,p(0, T ;X) ∩ C([0, T ]; (X,D(A))θ−1/p,p). (1.27)

Since θ > 1/p, W θ,p(0, T ;D(A)) ⊂ C([0, T ];D(A)). Hence v ∈ C([0, T ];D(A)). From this
and φ0 ∈ D(A) it follows that w ∈ C1([0, T ];D(A)). This implies w ∈ W 1,p(0, T ;D(A)) ⊂
W θ,p(0, T ;D(A)). Hence with the aid of (1.26), (1.27) we deduce

w ∈ W 1+θ,p(0, T ;D(A)) ∩W 2+θ,p(0, T ;X). (1.28)
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Since D(A) ⊂ (X,D(A))θ−1/p,p, one also has w ∈ C1([0, T ]; (X,D(A))θ−1/p,p). From this
and (1.27) it follows that

w ∈ C2([0, T ]; (X,D(A))θ−1/p,p). (1.29)

If it is shown that w(t) = u(t), 0 ≤ t ≤ T , then in view of (1.28) and (1.29) the proof of
Theorem 2 is complete. This part of the proof is almost the same as that of Theorem 1,
and so it is omitted.

2. Solution Semigroup: Case θ < 1/p

Suppose assumption (I) is satis�ed. Set

Z = (X,D(A))θ+1−1/p,p ×W θ,p(−r, 0;D(A)).

Following G. Di Blasio, K. Kunisch and E. Sinestrari [3] the solution semigroup for (0.1)
is de�ned as follows:

S(t)

(
φ0

φ1

)
=

(
u(t)
ût

)
, t ≥ 0, for

(
φ0

φ1

)
∈ Z,

where u is the solution of problem (0.1) with f(t) ≡ 0, and û(t) =

{
u(t) 0 ≤ t <∞,
φ1(t) −r ≤ t ≤ 0,

ût(s) = û(t + s) for −r ≤ s ≤ 0. Since u ∈ W θ,p(0,∞;D(A)) ∩
C([0,∞); (X,D(A))θ+1−1/p,p), where u ∈ W θ,p(0,∞;D(A)) means u ∈ W θ,p(0, T ;D(A))
for any 0 < T < ∞, u(t) ∈ (X,D(A))θ+1−1/p,p for t ≥ 0, û ∈ W θ,p(−r,∞;D(A)), and
hence ût ∈ W θ,p(−r, 0;D(A)) for 0 ≤ t < ∞. Therefore S(t) : Z 7→ Z and S(0) = I. It
can be shown without di�culty that S(t) is a C0-semigroup in Z.

Theorem 3. The in�nitesimal generater of the solution semigroup S(t) is given by

D(Λ) =

{(
φ0

φ1

)
;φ1 ∈ W 1+θ,p(−r, 0;D(A)), φ1(0) = φ0 ,

Aφ0 + A1φ1(−r) +
∫ 0

−r

a(s)A2φ1(s)ds ∈ (X,D(A))θ+1−1/p,p

}
,

Λ

(
φ0

φ1

)
=

(
Aφ0 + A1φ1(−r) +

∫ 0

−r
a(s)A2φ1(s)ds

φ′
1

)
.

This theorem can be establised by showing the following statements following
G. Di Blasio, K. Kunisch and E. Sinestrari [3]:

(i) S(t)D(Λ) ⊂ D(Λ),

(ii) D(Λ) is dense in Z,

(iii) Λ ⊂ in�nitesimal generator of {S(t)},
(iv) Λ : D(Λ) ⊂ Z → Z is closed.

(2.1)

Problem (0.1) is rewritten as
d

dt

(
u(t)
ût

)
= Λ

(
u(t)
ût

)
+

(
f(t)
0

)
, 0 ≤ t ≤ T,(

u(0)
û0

)
=

(
φ0

φ1

)
.

(2.2)
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The mild solution of (2.2) is expressed as(
u(t)
ût

)
= S(t)

(
φ0

φ1

)
+

∫ t

0

S(t− s)

(
f(s)
0

)
ds.

If

(
φ0

φ1

)
∈ D(Λ) and f ∈ C1([0, T ]; (X,D(A))θ+1−1/p,p), then

(
u(t)
ût

)
is a strict

solution, and

u ∈ C1([0, T ]; (X,D(A))θ+1−1/p,p),

û· ∈ C1([0, T ];W θ,p(−r, 0;D(A))), (2.3)

d

dt

(
u(t)
ût

)
= S(t)Λ

(
φ0

φ1

)
+ S(t)

(
f(0)
0

)
+

∫ t

0

S(t− s)

(
f ′(s)
0

)
ds.

Starting from

u· ∈ C([0, T ];Lp(−r, 0;D(A))) ⇐⇒ u ∈ Lp(−r, T ;D(A))

one can show that (2.3) is equivalent to û ∈ W 1+θ,p(−r, T ;D(A)). Thus the following
assertion holds:

Theorem 4. If the following assumptions are satis�ed:

φ1 ∈ W 1+θ,p(−r, 0;D(A)), φ0 = φ1(0), f ∈ C1([0, T ]; (X,D(A))θ+1−1/p,p),

Aφ0 + A1φ1(−r) +
∫ 0

−r
a(s)A2φ1(s)ds ∈ (X,D(A))θ+1−1/p,p,

then a solution of (0.1) satisfying

u ∈ W 1+θ,p(0, T ;D(A)) ∩ C1([0, T ]; (X,D(A))θ+1−1/p,p)

exists and is unique.

3. Regularity of Solutions: Case θ > 1/p

In this section we suppose that the following assumptions are satis�ed:

(II-2) A1A
−1, A2A

−1 ∈ L((X,D(A))θ−1/p,p, (X,D(A))θ−1/p,p),

(II-3)

{
φ1 ∈ W θ,p(−r, 0;D(A)) ∩ C([−r, 0]; (X,D(A))θ+1−1/p,p),

f ∈ W θ,p(0, T ;X) ∩ C([0, T ]; (X,D(A))θ−1/p,p).

Remark 1. Set φ0 = φ1(0). Then it follows from (II-3) that φ0 ∈ (X,D(A))θ+1−1/p,p.
Hence Aφ0 ∈ (X,D(A))θ−1/p,p. From φ1 ∈ C([−r, 0]; (X,D(A))θ+1−1/p,p) it follows that

Aφ1 ∈ C([−r, 0]; (X,D(A))θ−1/p,p),

∫ 0

−r

a(s)Aφ1(s)ds ∈ (X,D(A))θ−1/p,p.

Hence by (II-2)

A1φ1 ∈ C([−r, 0]; (X,D(A))θ−1/p,p),

∫ 0

−r

a(s)A2φ1(s)ds ∈ (X,D(A))θ−1/p,p. (3.1)
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Hence the �nal condition of (II) is satis�ed. Therefore (II-2) and (II-3) imply (II).

Remark 2. (II-2) is equivalent to

Ai ∈ L((X,D(A))θ+1−1/p,p, (X,D(A))θ−1/p,p), i = 1, 2.

A comment on assumption (II-2) will be given in the �nal section.

Theorem 5. Suppose θ > 1/p, and assumptions (II-2) and (II-3) are satis�ed. Then the

solution u of problem (0.1) satis�es

u ∈ W θ,p(0, T ;D(A)) ∩ C([0, T ]; (X,D(A))θ+1−1/p,p), (3.2)

du/dt ∈ W θ,p(0, T ;X) ∩ C([0, T ]; (X,D(A))θ−1/p,p). (3.3)

Suppose �rst T ≤ r. Let u0 be the function de�ned by

u0(t) = etA[φ1(0) + A−1f̃(0)] +

∫ t

0

e(t−s)Af̃∗(s)ds− A−1f̃(0), (3.4)

where

f̃(s) = A1φ1(s− r) + f(s) +

∫ 0

−r

a(σ)A2φ1(σ)dσ,

f̃∗(s) = f̃(s)− f̃(0) = A1φ1(s− r) + f(s)− A1φ1(−r)− f(0).

It follows from (II-3) and (3.1) that

f̃ ∈ W θ,p(0, T ;X) ∩ C([0, T ]; (X,D(A))θ−1/p,p), (3.5)

f̃∗ ∈ W θ,p
∗ (0, T ;X) ∩ C([0, T ]; (X,D(A))θ−1/p,p), (3.6)

φ0 + A−1f̃(0) ∈ (X,D(A))θ+1−1/p,p. (3.7)

The solution of (0.1) is obtained as the solution of the following integral equation

u(t) = u0(t) +

∫ t

0

e(t−s)A

∫ 0

−r

a(σ)[A2û(s+ σ)− A2φ1(σ)]dσds, (3.8)

where û(s) =

{
u(s) s ≥ 0,
φ1(s) s < 0.

This equation is sovled by successive approximation:

un+1(t) = u0(t) +

∫ t

0

e(t−s)A

∫ 0

−r

a(σ)[A2ûn(s+ σ)− A2φ1(σ)]dσds, n = 1, 2, 3, . . . . (3.9)

It is shown in A. Favini and H. Tanabe [2] that un ∈ W θ,p(0, T ;D(A)), un(0) = φ0,
n = 0, 1, 2, . . .. From (3.9) it follows that

un+1(t)− un(t) =

∫ t

0

e(t−s)A

∫ 0

−r

a(σ)[A2ûn(s+ σ)− A2ûn−1(s+ σ)]dσds. (3.10)

If −r ≤ σ < −T , then s+ σ < t− T ≤ 0. Hence

A2ûn(s+ σ)− A2ûn−1(s+ σ) = φ1(s+ σ)− φ1(s+ σ) = 0.
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Therefore (3.10) is rewritten as

un+1(t)− un(t) =

∫ t

0

e(t−s)A

∫ 0

−T

a(σ)[A2ûn(s+ σ)− A2ûn−1(s+ σ)]dσds. (3.11)

It is proved in [2] that

∥un+1 − un∥W θ,p(0,T ;D(A)) ≤ C ′
2k2∥a∥L1(−T,0)

[
(θp)−1/pC ′

0 + 1
]
∥un − un−1∥W θ,p(0,T ;D(A))

for some constants C ′
0, C

′
2 independent of T and k2 = ∥A2A

−1∥. Therefore if T is so small
that

C ′
2k2∥a∥L1(−T,0)

[
(θp)−1/pC ′

0 + 1
]
< 1, (3.12)

then
∞∑
n=1

∥un+1 − un∥W θ,p(0,T ;D(A)) <∞. (3.13)

Set
W θ,p

∗ (0, T ;X) = {u ∈ W θ,p(0, T ;X); u(0) = 0}.
The following lemma is due to G. Di Blasio [5] (Theorem 10 if θ < 1/p and Theorem 8 if
θ > 1/p). Also c.f. Lemma 1 of G. Di Blasio and A. Lorenzi [1].

Lemma 1. Suppose θ ̸= 1/p. If x ∈ (X,D(A))θ+1−1/p,p, then

e−·Ax ∈ W θ,p(0, T ;D(A)) ∩ C([0, T ]; (X,D(A))θ+1−1/p,p).

The following lemma is Theorem 24 of G. Di Blasio [5].

Lemma 2. Suppose θ > 1/p. Then, if f ∈ W θ,p
∗ (0, T ;X), the function V (t) =∫ t

0
e(t−s)Af(s)ds satis�es

V ∈ W θ,p(0, T ;D(A)),

dV/dt = AV + f ∈ C([0, T ]; (X,D(A))θ−1/p,p), (3.14)

and the following inequality holds with a constant C ′
2 independent of T :

∥V ∥W θ,p(0,T ;D(A)) ≤ C ′
2∥f∥W θ,p(0,T ;X). (3.15)

In A. Favini and H. Tanabe [2] it is shown that the constant C ′
2 above can be chosen

independent of T if we choose (0.6) as the norm of W θ,p(0, T ;D(A)).
Let V and f be as in Lemma 2. With the aid of (3.14) and (3.15) one observes

∥V ′∥W θ,p(0,T ;X) = ∥AV + f∥W θ,p(0,T ;X) ≤ ∥V ∥W θ,p(0,T ;D(A)) + ∥f∥W θ,p(0,T ;X)

≤ (C ′
2 + 1)∥f∥W θ,p(0,T ;X). (3.16)

From Lemma 2 the following lemma follows:

Lemma 3. Suppose θ > 1/p. Let f ∈ W θ,p
∗ (0, T ;X) ∩ C([0, T ]; (X,D(A))θ−1/p,p). Then,

for V (t) =
∫ t

0
e(t−s)Af(s)ds one has

V ∈ W θ,p(0, T ;D(A)) ∩ C([0, T ]; (X,D(A))θ+1−1/p,p).
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In view of Lemma 1, 3 and (3.6), (3.7) one observes

e−·A[φ1(0) + A−1f̃(0)] ∈ C([0, T ]; (X,D(A))θ+1−1/p,p),∫ ·
0
e−(·−s)Af̃∗(s)ds ∈ C([0, T ]; (X,D(A))θ+1−1/p,p).

Moreover, A−1f̃(0) is a constant function with a value in (X,D(A))θ+1−1/p,p. Consequently

u0 ∈ C([0, T ]; (X,D(A))θ+1−1/p,p). (3.17)

Suppose for some n = 1, 2, . . .

un ∈ C([0, T ]; (X,D(A))θ+1−1/p,p). (3.18)

Then ûn ∈ C([−r, T ]; (X,D(A))θ+1−1/p,p). Hence A2ûn ∈ C([−r, T ]; (X,D(A))θ−1/p,p) in
view of Remark 2. Therefore it is easy to show∫ 0

−r

a(σ)[A2ûn(·+ σ)− A2φ1(σ)]dσ ∈ C([0, T ]; (X,D(A))θ−1/p,p). (3.19)

Since un ∈ W θ,p(0, T ;D(A)), one has ûn ∈ W θ,p(−r, T ;D(A)), and hence A2ûn ∈
W θ,p(−r, T ;X). The following lemma is proved in A. Favini and H. Tanabe [2, Lemma
2.5]:

Lemma 4. Suppose v ∈ W θ,p(−r, T ;X), 0 < θ < 1, θ ̸= 1/p. Then
∫ 0

−r
a(σ)v(· + σ)dσ ∈

W θ,p(0, T ;X), and∥∥∥∥∫ 0

−r

a(σ)v(·+ σ)dσ

∥∥∥∥
W θ,p(0,T ;X)

≤ ∥a∥L1(−r,0)

[
Nθ,p,(−r,T )(v) + T−θ∥v∥Lp(−r,T ;X)

]
.

Applying Lemma 4 to A2ûn one observes
∫ 0

−r
a(σ)A2ûn(· + σ)dσ ∈ W θ,p(0, T ;X).

Therefore, noting (3.1) one deduces∫ 0

−r

a(σ)[A2ûn(·+ σ)− A2φ1(σ)]dσ

=

∫ 0

−r

a(σ)A2ûn(·+ σ)dσ −
∫ 0

−r

a(σ)A2φ1(σ)dσ ∈ W θ,p
∗ (0, T ;X). (3.20)

By virtue of (3.19), (3.20) and Lemma 3 one obtains∫ ·

0

e(·−s)A

∫ 0

−r

a(σ)[A2ûn(s+ σ)− A2φ1(σ)]dσds ∈ C([0, T ]; (X,D(A))θ+1−1/p,p). (3.21)

From (3.9), (3.17) and (3.21) it follows that (3.18) holds with n+ 1 in place of n.
Next, we estimate the following norm:

∥V ′∥Lp(0,T ;(X,D(A))θ,p) =

(
∥V ′∥pLp(0,T ;X) +

∫ T

0

|V ′(t)|pθ,pdt
)1/p

, (3.22)
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where | · |θ,p is the semi norm de�ned by

|u|θ,p =
(∫ ∞

0

∥t1−θAetAu∥pt−1dt

)1/p

.

The following inequality was shown in the proof of Lemma 2 of G. Di Blasio [5]:

∥V ′∥Lp(0,T ;X) ≤ ((p− 1)/θp)(p−1)/pM1T
θNθ,p,(0,T )(f) +M0∥f∥Lp(0,T ;X), (3.23)

where M0, M1 are constants such that ∥etA∥ ≤ M0, ∥(d/dt)etA∥ ≤ M1/t. In the proof of
Theorem 26 of [5, p. 81] it was shown that∫ T

0

|V ′(t)|pθ,pdt ≤ 24p−2M2p
1 (θ−p + (1− θ)−p)

(
Np

θ,p,(0,T )(f) + (θp)−1

∫ T

0

t−θp∥f(t)∥pdt
)

+2p−1Mp
1

∫ T

0

t−θp∥f(t)∥pdt
∫ ∞

0

(s+ 1)−ps−1+p−pθds. (3.24)

It is easy to show the following inequality holds for f ∈ W θ,p
∗ (0, T ;X) with a constant c

independent of T : ∫ T

0

t−θp∥f(t)∥pdt ≤ c∥f∥p
W θ,p(0,T ;X)

. (3.25)

From (3.22) � (3.24) and (3.25) it follows that the following inequality holds with a constant
C1 independent of T : ∫ T

0

|V ′(t)|pθ,pdt ≤ C1∥f∥pW θ,p(0,T ;X)
. (3.26)

By virtue of (3.22), (3.23) and (3.26) the following inequality holds for f ∈ W θ,p
∗ (0, T ;X)

with a constant C2 independent of T :

∥V ′∥Lp(0,T ;(X,D(A))θ,p) ≤ C2(T
θ + 1)∥f∥W θ,p(0,T ;X). (3.27)

The following lemma is also due to Lemma 11 of G. di Blasio [5].

Lemma 5. Suppose θ > p. Then

W θ,p(0, T ;X) ∩ Lp(0, T ; (X,D(A))θ,p) ⊂ C([0, T ]; (X,D(A))θ−1/p,p),

and the following inequality holds for u ∈ W θ,p(0, T ;X) ∩ Lp(0, T ; (X,D(A))θ,p) with a

constant C3 independent of T :

∥u∥C([0,T ];(X,D(A))θ−1/p,p) ≤ C3

(
T θ−1/p∥u∥W θ,p(0,T ;X) + T−1/p∥u∥Lp(0,T ;(X,D(A))θ,p)

)
. (3.28)

Inequality (3.28) follows from the one in case T = 1 and considering a function
u(Tt), 0 ≤ t ≤ 1, in the general case.

In view of Lemma 5

∥V ′∥C([0,T ];(X,D(A))θ−1/p,p) ≤
≤ C3

(
T θ−1/p∥V ′∥W θ,p(0,T ;X) + T−1/p∥V ′∥Lp(0,T ;(X,D(A))θ,p)

)
.

(3.29)
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Inequalities (3.16), (3.27) and (3.29) yield

∥V ′∥C([0,T ];(X,D(A))θ−1/p,p) ≤ CT∥f∥W θ,p(0,T ;X), (3.30)

where CT = C3

(
(C2 + C ′

2 + 1)T θ + C2

)
T−1/p. Hence

∥V ∥C([0,T ];(X,D(A))θ+1−1/p,p) = ∥AV ∥C([0,T ];(X,D(A))θ−1/p,p)

= ∥V ′ − f∥C([0,T ];(X,D(A))θ−1/p,p) ≤ CT∥f∥W θ,p(0,T ;X) + ∥f∥C([0,T ];(X,D(A))θ−1/p,p). (3.31)

We apply (3.31) to
∫ 0

−T
a(σ)[A2ûn(· + σ) − A2ûn−1(· + σ)]dσ. Then V = un+1 − un (c.f.

(3.11)). Let T satisfy (3.12):

C ′
2k2∥a∥L1(−T,0)

[
(θp)−1/pC ′

0 + 1
]
< 1.

One has

∥un+1 − un∥C([0,T ];(X,D(A))θ+1−1/p,p)

≤ CT

∥∥∥∥∫ 0

−T

a(σ)[A2ûn(·+ σ)− A2ûn−1(·+ σ)]dσ

∥∥∥∥
W θ,p(0,T ;X)

+

∥∥∥∥∫ 0

−T

a(σ)[A2ûn(·+ σ)− A2ûn−1(·+ σ)]dσ

∥∥∥∥
C([0,T ];(X,D(A))θ−1/p,p)

. (3.32)

It is shown in [2] that the following inequality holds:∥∥∥∥∫ 0

−T

a(σ)[A2ûn(·+ σ)− A2ûn−1(·+ σ)]dσ

∥∥∥∥
W θ,p(0,T ;X)

≤ k2∥a∥L1(−T,0)

[
(θp)−1/pC ′

0 + 1
]
∥un − un−1∥W θ,p(0,T ;D(A)). (3.33)

As is easily seen∥∥∥∥∫ 0

−T

a(σ)[A2ûn(·+ σ)− A2ûn−1(·+ σ)]dσ

∥∥∥∥
C([0,T ];(X,D(A))θ−1/p,p)

= sup
s∈[0,T ]

∥∥∥∥∫ 0

−T

a(σ)[A2ûn(s+ σ)− A2ûn−1(s+ σ)]dσ

∥∥∥∥
(X,D(A))θ−1/p,p

≤
∫ 0

−T

|a(σ)|dσ sup
τ∈[−T,T ]

∥A2ûn(τ)− A2ûn−1(τ)∥(X,D(A))θ−1/p,p

≤ k2∥a∥L1(−T,0) sup
τ∈[0,T ]

∥Aun(τ)− Aun−1(τ)∥(X,D(A))θ−1/p,p

= k2∥a∥L1(−T,0)∥un − un−1∥C([0,T ];(X,D(A))θ+1−1/p,p). (3.34)

The following inequality follows from (3.32) � (3.34):

∥un+1 − un∥C([0,T ];(X,D(A))θ+1−1/p,p)

≤ CTk2∥a∥L1(−T,0)

[
(θp)−1/pC ′

0 + 1
]
∥un − un−1∥W θ,p(0,T ;D(A))

+k2∥a∥L1(−T,0)∥un − un−1∥C([0,T ];(X,D(A))θ+1−1/p,p).
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Summing both sides from n = 1 to m one gets

m∑
n=1

∥un+1 − un∥C([0,T ];(X,D(A))θ+1−1/p,p)

≤ CTk2∥a∥L1(−T,0)

[
(θp)−1/pC ′

0 + 1
] m∑
n=1

∥un − un−1∥W θ,p(0,T ;D(A))

+k2∥a∥L1(−T,0)

m∑
n=1

∥un − un−1∥C([0,T ];(X,D(A))θ+1−1/p,p). (3.35)

Substituting

m∑
n=1

∥un − un−1∥C([0,T ];(X,D(A))θ+1−1/p,p)

≤
m∑

n=1

∥un+1 − un∥C([0,T ];(X,D(A))θ+1−1/p,p) + ∥u1 − u0∥C([0,T ];(X,D(A))θ+1−1/p,p)

in the last side of (3.35) one gets

m∑
n=1

∥un+1 − un∥C([0,T ];(X,D(A))θ+1−1/p,p)

≤ CTk2∥a∥L1(−T,0)

[
(θp)−1/pC ′

0 + 1
] m∑
n=1

∥un − un−1∥W θ,p(0,T ;D(A))

+k2∥a∥L1(−T,0)

m∑
n=1

∥un+1 − un∥C([0,T ];(X,D(A))θ+1−1/p,p)

+k2∥a∥L1(−T,0)∥u1 − u0∥C([0,T ];(X,D(A))θ+1−1/p,p).

This implies

(
1− k2∥a∥L1(−T,0)

) m∑
n=1

∥un+1 − un∥C([0,T ];(X,D(A))θ+1−1/p,p)

≤ CTk2∥a∥L1(−T,0)

[
(θp)−1/pC ′

0 + 1
] m∑
n=1

∥un − un−1∥W θ,p(0,T ;D(A))

+k2∥a∥L1(−T,0)∥u1 − u0∥C([0,T ];(X,D(A))θ+1−1/p,p). (3.36)

Letting m→ ∞ in (3.36) one obtains in view of (3.13)

(
1− k2∥a∥L1(−T,0)

) ∞∑
n=1

∥un+1 − un∥C([0,T ];(X,D(A))θ+1−1/p,p)

≤ CTk2∥a∥L1(−T,0)

[
(θp)−1/pC ′

0 + 1
] ∞∑
n=1

∥un − un−1∥W θ,p(0,T ;D(A))

+k2∥a∥L1(−T,0)∥u1 − u0∥C([0,T ];(X,D(A))θ+1−1/p,p) <∞. (3.37)
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Let T satisfy k2∥a∥L1(−T,0) < 1 besides T ≤ r and (3.12). Then by virtue of (3.37) and
(3.13) one obtains

∞∑
n=1

∥un+1 − un∥C([0,T ];(X,D(A))θ+1−1/p,p) <∞.

Hence {un} is convergent in C([0, T ]; (X,D(A))θ+1−1/p,p). Since un → u in
W θ,p(0, T ;D(A)), one concludes u ∈ C([0, T ]; (X,D(A))θ+1−1/p,p) and

un → u in W θ,p(0, T ;D(A)) ∩ C([0, T ]; (X,D(A))θ+1−1/p,p).

Let T0 satisfy

0 < T0 ≤ r, C ′
2k2∥a∥L1(−T0,0)

[
(θp)−1/pC ′

0 + 1
]
< 1, k2∥a∥L1(−T0,0) < 1.

Then, by the result just proved one has u ∈ W θ,p(0, T ;D(A)) ∩
C([0, T0]; (X,D(A))θ+1−1/p,p). Hence

û ∈ W θ,p(−r, T ;D(A)) ∩ C([−r, T0]; (X,D(A))θ+1−1/p,p).

Suppose T0 < T . Then

û|[T0−r,T0] ∈ W θ,p(T0 − r, T0;D(A)) ∩ C([T0 − r, T0]; (X,D(A))θ+1−1/p,p),

and u satis�es
d

dt
u(t) = Au(t) + A1u(t− r) +

∫ 0

−r

a(s)A2u(t+ s)ds+ f(t), T0 ≤ t ≤ T,

u(s) = û|[T0−r,T0](s), T0 − r ≤ s ≤ T0.

Therefore, by virtue of the result already proved

u ∈ W θ,p(0, T ;D(A)) ∩ C([0,min{2T0, T}]; (X,D(A))θ+1−1/p,p).

Continuing this process we can complete the proof of Theorem 5.

Next, we consider the case where the following assumption is satis�ed:

(II-4)


φ1 ∈ W 1+θ,p(−r, 0;D(A)) ∩ C1([−r, 0]; (X,D(A))θ+1−1/p,p),

f ∈ W θ+1,p(0, T ;X) ∩ C([0, T ]; (X,D(A))θ+1−1/p,p) ∩ C1([0, T ]; (X,D(A))θ−1/p,p),

φ′
1(0) = Aφ1(0) + A1φ1(−r) +

∫ 0

−r
a(σ)A2φ1(σ)dσ + f(0).

Theorem 6. If assumptions (II-2) and (II-4) are satis�ed, then the solution u of (0.1)
satis�es

u ∈ W 1+θ,p(0, T ;D(A)) ∩W 2+θ,p(0, T ;X) ∩ C1([0, T ]; (X,D(A))θ+1−1/p,p),

u′′ ∈ C([0, T ]; (X,D(A))θ−1/p).
(3.38)

Proof. If hypotheses (II-2) and (II-4) are satis�ed, then (II-1) and (II-3) are also satis�ed.
In view of Theorem 2 and Theorem 5 it su�ces to show

u′ ∈ C([0, T ]; (X,D(A))θ+1−1/p).
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Since (II-4) is satis�ed, (II-3) is satis�ed by φ′
1, f

′ in place of φ1, f . Therefore in view of
Theorem 5 there exists a solution v of the following problem

d

dt
v(t) = Av(t) + A1v(t− r) +

∫ 0

−r

a(s)A2v(t+ s)ds+ f ′(t),

v(s) = φ′
1(s), −r ≤ s ≤ 0

satisfying
v ∈ W θ,p(0, T ;D(A)) ∩ C([0, T ]; (X,D(A))θ+1−1/p,p),

dv/dt ∈ W θ,p(0, T ;X) ∩ C([0, T ]; (X,D(A))θ−1/p).

Since u(t) = φ1(0) +

∫ t

0

v(τ)dτ (c.f. Proof of Theorem 2),

u′ = v ∈ C([0, T ]; (X,D(A))θ+1−1/p,p).

2

4. Solution Semigroup: Case θ > 1/p

In this section we assume that hypotheses (II-2) and (II-3) are satis�ed. Let

Z = W θ,p(−r, 0;D(A)) ∩ C([−r, 0]; (X,D(A))θ+1−1/p,p).

For φ1 ∈ Z let u be the solution of (0.1) with f(t) = 0:

d

dt
u(t) = Au(t) + A1u(t− r) +

∫ 0

−r

a(s)A2u(t+ s)ds, 0 ≤ t <∞,

u(s) = φ1(s), −r ≤ s ≤ 0.
(4.1)

In view of Theorem 5 u satis�es

u ∈ W θ,p(0, T ;D(A)) ∩ C([0, T ]; (X,D(A))θ+1−1/p,p),

u′ ∈ W θ,p(0, T ;X) ∩ C([0, T ]; (X,D(A))θ−1/p,p).

Therefore û ∈ W θ,p(−r,∞;D(A)) ∩ C([−r,∞); (X,D(A))θ+1−1/p,p), where u ∈
W θ,p(−r,∞;D(A)) means u ∈ W θ,p(−r, T ;D(A)) ∀T > 0. This implies ût ∈ Z for t ≥ 0.
Therefore if we set

S(t)φ1 = ût, t ≥ 0,

S(t) maps Z to Z.
Let û be the solution of (4.1), v be the solution of (4.1) with the initial function ûτ

and w(t) = û(t+ τ) for τ > 0, t > 0. Then

d

dt
v(t) = Av(t) + A1v(t− r) +

∫ 0

−r

a(s)v(t+ s)ds, 0 ≤ t <∞,

v(s) = û(τ + s), −r ≤ s ≤ 0,

d

dt
w(t) =

d

dt
û(t+ τ) = Aû(t+ τ) + A1û(t+ τ − r) +

∫ 0

−r

a(s)û(t+ τ + s)ds

= Aw(t) + A1w(t− r) +

∫ 0

−r

a(s)w(t+ s)ds, 0 ≤ t <∞,

w(s) = û(τ + s), −r ≤ s ≤ 0.

64 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2017, vol. 10, no. 1, pp. 48�69



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

Therefore v = w, and hence vt = wt. On the other hand

vt = S(t)ûτ = S(t)S(τ)φ1,

wt(s) = w(t+ s) = û(t+ s+ τ) = ût+τ (s) = (S(t+ τ)φ1)(s).

Thus
S(t)S(τ)φ1 = S(t+ τ)φ1.

It is easy to see that the mapping [0, T ] ∋ t 7→ ût ∈ C([−r, 0]; (X,D(A))θ+1−1/p,p) is
continuous. The continuity of [0, T ] ∋ t 7→ ût ∈ W θ,p(−r, 0;D(A)) is shown in the following
lemma.

Lemma 6. For v ∈ W θ,p(−r, T ;D(A)) the mapping [0, T ] ∋ t 7→ vt ∈ W θ,p(−r, 0;D(A))
is continuous.

Proof. The lemma is proved by the following step:
(i) For w ∈ W 1,p(−r, T ;D(A)) limτ→t ∥wτ − wt∥W θ,p(−r,0;D(A)) = 0.
(ii) For v ∈ W θ,p(−r, T ;D(A)), w ∈ W 1,p(−r, T ;D(A)) such that ∥v−w∥W θ,p(−r,T ;D(A)) < ϵ
one has

∥vτ − vt∥W θ,p(−r,0;D(A))

≤ ∥wτ − wt∥W θ,p(−r,0;D(A)) + ∥vτ − wτ∥W θ,p(−r,0;D(A)) + ∥vt − wt∥W θ,p(−r,0;D(A))

≤ ∥wτ − wt∥W θ,p(−r,0;D(A)) + 2∥v − w∥W θ,p(−r,T ;D(A)) < ∥wτ − wt∥W θ,p(−r,0;D(A)) + 2ϵ.

2
Hence the mapping [0, T ] ∋ t 7→ S(t)φ1 = ût ∈ Z is continuous. Thus it has been shown
that {S(t), t ≥ 0} is a C0-semigroup.

The following result is an analog to Theorem 4.4 of E. Sinestrari [4]:

Theorem 7. The in�nitesimal generator of S(t) is given by

D(Λ) =
{
φ1 ∈ W 1+θ,p(−r, 0;D(A)) ∩ C1([−r, 0]; (X,D(A))θ+1−1/p,p);

φ′
1(0) = Aφ1(0) + A1φ1(−r) +

∫ 0

−r

a(σ)A2φ1(σ)dσ
}
,

Λφ1 = φ′
1.

Proof. We show

(i) S(t)D(Λ) ⊂ D(Λ).

(ii) D(Λ) is dense in Z = W θ,p(−r, 0;D(A)) ∩ C([−r, 0]; (X,D(A))θ+1−1/p,p).

(iii) Λ ⊂ in�nitesimal generator of {S(t)}.
(iv) Λ : D(Λ) ⊂ W θ,p(−r, 0;D(A)) → W θ,p(−r, 0;D(A)) is closed.

(i) Let φ1 ∈ D(Λ) and u be the solution of (4.1). Then in view of Theorem 6
and its proof u(0) = φ1(0) and u′(0) = φ′

1(0). Hence û ∈ W 1+θ,p(−r,∞;D(A)) ∩
C1([−r,∞]; (X,D(A))θ+1−1/p,p). Hence

ût ∈ W 1+θ,p(−r, 0;D(A)) ∩ C1([−r, 0]; (X,D(A))θ+1−1/p,p).
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For t > 0

(ût)
′(0) = lim

s→0

ût(s)− ût(0)

s
= lim

s→−0

û(t+ s)− û(t)

s
= lim

s→−0

u(t+ s)− u(t)

s

= u′(t) = Au(t) + A1û(t− r) +

∫ 0

−r

a(s)A2û(t+ s)ds

= Aût(0) + A1ût(−r) +
∫ 0

−r

a(s)A2ût(s)ds.

Hence ût ∈ D(Λ).

(ii) Let φ1 ∈ Z and ût = S(t)φ1. Set φϵ =
∫ ϵ

0
ûtdt. φϵ(s) =

∫ ϵ

0
ût(s)dt =

∫ ϵ

0
û(t+ s)dt.

φ′
ϵ(s) =

d

ds

(∫ ϵ

0

ûtdt

)
(s) =

d

ds

∫ ϵ

0

û(t+ s)dt =

∫ ϵ

0

û′(t+ s)dt

= û(ϵ+ s)− û(s) = û(ϵ+ s)− φ1(s) = ûϵ(s)− φ1(s), −r ≤ s ≤ 0. (4.2)

Therefore

φ′
ϵ = ûϵ − φ1 ∈ W θ,p(−r, 0;D(A)) ∩ C([−r, 0]; (X,D(A))θ+1−1/p,p).

Hence

φϵ ∈ W θ+1,p(−r, 0;D(A)) ∩ C1([−r, 0]; (X,D(A))θ+1−1/p,p).

By virtue of (4.2)

Aφϵ(0) + A1φϵ(−r) +
∫ 0

−r

a(σ)A2φϵ(σ)dσ

= A

∫ ϵ

0

û(t)dt+ A1

∫ ϵ

0

û(t− r)dt+

∫ 0

−r

a(σ)A2

∫ ϵ

0

û(t+ σ)dtdσ

=

∫ ϵ

0

(
Aû(t) + A1û(t− r) +

∫ 0

−r

a(σ)A2û(t+ σ)dσ

)
dt

=

∫ ϵ

0

û′(t)dt = û(ϵ)− û(0) = ûϵ(0)− φ1(0) = φ′
ϵ(0).

Therefore φϵ ∈ D(Λ). Since [0,∞) ∋ t 7→ ût ∈ Z is continuous,

∥ϵ−1φϵ − φ1∥Z =

∥∥∥∥1ϵ
∫ ϵ

0

(ût − φ1)dt

∥∥∥∥
Z

≤ 1

ϵ

∫ ϵ

0

∥ût − φ1∥Zdt→ 0 as ϵ→ 0.

(iii) Let φ1 ∈ D(Λ) and u be the solution to (4.1). As was noted in the proof of (i) one
has û ∈ W 1+θ,p(−r,∞;D(A)) ∩ C1([−r,∞]; (X,D(A))θ+1−1/p,p). Hence

û′ ∈ W θ,p(−r,∞;D(A)) ∩ C([−r,∞]; (X,D(A))θ+1−1/p,p).
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Therefore∥∥∥∥∫ 1

0

û′(tσ + ·)dσ − û′
∥∥∥∥
W θ,p(−r,0;D(A))

=

∥∥∥∥∫ 1

0

(
û′(tσ + ·)− û′

)
dσ

∥∥∥∥
W θ,p(−r,0;D(A))

≤
∫ 1

0

∥û′(tσ + ·)− û′∥W θ,p(−r,0;D(A))dσ → 0,∥∥∥∥∫ 1

0

û′(tσ + ·)dσ − û′
∥∥∥∥
C([−r,0];(X,D(A))θ+1−1/p,p)

≤
∫ 1

0

∥û′(tσ + ·)− û′∥C([−r,0];(X,D(A))θ+1−1/p,p)dσ → 0.

Hence

S(t)φ1 − φ1

t
=
ût − û0

t
=
û(t+ ·)− û(·)

t
=

1

t

∫ 1

0

∂

∂σ
û(tσ + ·)dσ

=

∫ 1

0

û′(tσ + ·)dσ → û′(·) = Λφ1

in Z.
(iv) Let φ1n ∈ D(Λ), φ1n → φ1, φ

′
1n = Λφ1n → ψ in Z. Then φ′

1 = ψ ∈ Z. Hence

φ1 ∈ W 1+θ,p(−r, 0;D(A)) ∩ C1([−r, 0]; (X,D(A))θ+1−1/p,p).

Since φ1n → φ1 in C([−r, 0]; (X,D(A))θ+1−1/p,p), one has Aφ1n(0) → Aφ1(0),

Aφ1n(−r) → Aφ1(−r),
∫ 0

−r
a(σ)A2φ1n(σ)dσ →

∫ 0

−r
a(σ)A2φ1(σ)dσ in (X,D(A))θ−1/p,p.

One also has φ′
1n(0) → ψ(0) = φ′

1(0) in (X,D(A))θ+1−1/p,p. Therefore, from

φ′
1n(0) = Aφ1n(0) + A1φ1n(−r) +

∫ 0

−r

a(σ)A2φ1n(σ)dσ

it follows that

φ′
1(0) = Aφ1(0) + A1φ1(−r) +

∫ 0

−r

a(σ)A2φ1(σ)dσ.

Therefore φ1 ∈ D(Λ) and Λφ1 = ψ.

2

5. Remark on Hypothesis (II-2)

Let A be the realization in Lp(Ω), 1 < p < ∞, of a strongly elliptic linear partial
di�erential operator of second order with the Dirichlet boundary condition, where Ω is a
bounded domain in Rn. Let Ai, i = 1, 2, be linear partial di�erential operators of second
order in Ω. Assume that the coe�cients of A,Ai, i = 1, 2, and the boundary ∂Ω of Ω
are su�ciently smooth. Then D(A) = W 2,p(Ω) ∩W 1,p

0 (Ω). Assume that A has a bounded
inverse. Suppose 1/p < θ < 3/(2p). Then 0 < 2θ − 2/p < 1/p. Hence by virtue of the
results of R. Seeley [6] (also c.f. H. Triebel [7, Theorem 4.3.3]).

(Lp(Ω), D(A))θ−1/p,p = (Lp(Ω),W 2,p(Ω) ∩W 1,p
0 (Ω))θ−1/p,p =

= B
2θ−2/p
p,p (Ω) = W 2θ−2/p,p(Ω).

(5.1)
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Since

A−1 ∈ L(Lp(Ω),W 2,p(Ω) ∩W 1,p
0 (Ω)) ∩ L(W 1,p(Ω),W 3,p(Ω) ∩W 1,p

0 (Ω)),

one has

A−1 ∈ L(W 2θ−2/p,p(Ω),W 2+2θ−2/p,p(Ω) ∩W 1,p
0 (Ω)). (5.2)

Let f ∈ (Lp(Ω), D(A))θ−1/p,p. In view of (5.1) and (5.2) A−1f ∈ W 2+2θ−2/p,p(Ω)∩W 1,p
0 (Ω).

Hence

AiA
−1f ∈ W 2θ−2/p,p(Ω) = (Lp(Ω), D(A))θ−1/p,p, i = 1, 2.

Therefore

AiA
−1 ∈ L((Lp(Ω), D(A))θ−1/p,p, (L

p(Ω), D(A))θ−1/p,p), i = 1, 2. (5.3)

Next, consider the case of the Neumann boundary condition. In this case

D(A) =
{
u ∈ W 2,p(Ω); ∂u/∂n = 0 on ∂Ω

}
,

where ∂u/∂n is the outer conormal derivative with respect to A. Suppose
1/p < θ < 3/(2p)+1/2, θ ̸= 1/2+1/p. Then, again by virtue of the results of R. Seeley [6]
or H. Triebel [7]

(Lp(Ω), D(A))θ−1/p,p = B2(θ−1/p)
p,p (Ω) = W 2(θ−1/p),p(Ω),

and (5.3) follows as in the case of the Dirichlet boundary condition.
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ÐÅÇÓËÜÒÀÒÛ ÐÅÃÓËßÐÍÎÑÒÈ È ÐÀÇÐÅØÀÞÙÈÕ
ÏÎËÓÃÐÓÏÏ ÄËß ÔÓÍÊÖÈÎÍÀËÜÍÎ-
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ
Ñ ÇÀÏÀÇÄÛÂÀÍÈÅÌ

À. Ôàâèíè, Õ. Òàíàáå

Ïîêàçàíî, ÷òî ðåøåíèÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäû-

âàíèåì â áàíàõîâîì ïðîñòðàíñòâå, ñóùåñòâîâàíèå è åäèíñòâåííîñòü êîòîðûõ ïîêàçàíà

ðàííåå â ðàáîòàõ À. Ôàâèíè è Õ. Òàíàáå, îáëàäàþò äîïîëíèòåëüíûìè ñâîéñòâàìè ðå-

ãóëÿðíîñòè, åñëè èñõîäíûå äàííûå è íåîäíîðîäíûé ÷ëåí óäîâëåòâîðÿþò íåêîòîðûì

ïðåäïîëîæåíèÿì î ãëàäêîñòè. Êðîìå òîãî, ïîëó÷åíû íåêîòîðûå ðåçóëüòàòû î ðàçðå-

øàþùèõ ïîëóãðóïïàõ.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå ñ çàïàçäûâàíè-

åì; ðåãóëÿðíîñòü ðåøåíèé; àíàëèòè÷åñêîé ïîëóãðóïïû; ïîëóãðóïïû ðåøåíèÿ; C0-

ïîëóãðóïïû; èíôèíèòåçèìàëüíûé ãåíåðàòîð.
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