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Îáúåêòîì èññëåäîâàíèÿ â ðàáîòå ÿâëÿþòñÿ íåëèíåéíûå îáðàòíûå êîýôôèöèåíò-
íûå çàäà÷è äëÿ íåñòàöèîíàðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà òèïà
ïñåâäîãèïåðáîëè÷åñêèõ. Áîëåå òî÷íî, èçó÷àþòñÿ çàäà÷è îïðåäåëåíèÿ âìåñòå ñ ðåøåíè-
åì ñîîòâåòñòâóþùåãî óðàâíåíèÿ òàêæå íåèçâåñòíîãî êîýôôèöèåíòà ïðè ðåøåíèè èëè
æå ïðè ïðîèçâîäíîé ðåøåíèÿ ïî âðåìåííîé ïåðåìåííîé. Îòëè÷èòåëüíîé îñîáåííîñòüþ
ðàññìàòðèâàåìûõ çàäà÷ ÿâëÿåòñÿ òî, ÷òî íåèçâåñòíûé êîýôôèöèåíò ÿâëÿåòñÿ ôóíêöè-
åé ëèøü îò âðåìåíè. Â êà÷åñòâå äîïîëíèòåëüíîãî óñëîâèÿ â ðàáîòå èñïîëüçóåòñÿ óñëî-
âèå èíòåãðàëüíîãî ïåðåîïðåäåëåíèÿ. Äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ ðåãóëÿð-
íûõ (èìåþùèõ âñå îáîáùåííûå ïî Ñ.Ë. Ñîáîëåâó ïðîèçâîäíûå, âõîäÿùèå â óðàâíåíèå)
ðåøåíèé. Òåõíèêà äîêàçàòåëüñòâà îñíîâàíà íà ïåðåõîäå îò èñõîäíîé îáðàòíîé çàäà÷è
ê íîâîé, óæå ïðÿìîé, çàäà÷å äëÿ âñïîìîãàòåëüíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ, äîêàçàòåëüñòâå åå ðàçðåøèìîñòè è ïîñòðîåíèè ïî ðåøåíèþ âñïîìîãàòåëüíîé
çàäà÷è ðåøåíèÿ èñõîäíîé îáðàòíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ïñåâäîãèïåðáîëè÷åñêèå óðàâíåíèÿ âûñîêîãî ïîðÿäêà; îáðàòíàÿ çà-

äà÷à; ðåãóëÿðíûå ðåøåíèÿ; ñóùåñòâîâàíèå.

Ââåäåíèå

Êîýôôèöèåíòíûå îáðàòíûå çàäà÷è äëÿ ýëëèïòè÷åñêèõ, ïàðàáîëè÷åñêèõ è ãè-
ïåðáîëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà ê íàñòîÿùåìó âðåìåíè äîñòàòî÷íî õîðî-
øî èçó÷åíû. Ñóùåñòâåííûé âêëàä â èññëåäîâàíèå ðàçðåøèìîñòè òàêèõ çàäà÷ âíåñ-
ëè Ì.Ì. Ëàâðåíòüåâ, Â.Ã. Ðîìàíîâ, Þ.Å. Àíèêîíîâ, À.È. Ïðèëåïêî, À. Ëîðåíöè,
Ñ.È. Êàáàíèõèí, À.Ì. Äåíèñîâ, Ì. ßìàìîòî, Â. Èñàêîâ, Ì. Êëèáàíîâ, Äæ. Êýííîí,
Á.À. Áóáíîâ, Í.ß. Áåçíîùåíêî, Ä.Ã. Îðëîâñêèé, Í. Èâàí÷îâ (äîñòàòî÷íî ïîëíóþ áèá-
ëèîãðàôèþ ðàáîò, ñâÿçàííûõ ñ èññëåäîâàíèåì ðàçðåøèìîñòè êîýôôèöèåíòíûõ îáðàò-
íûõ çàäà÷, ìîæíî íàéòè â ìîíîãðàôèÿõ [1�11]). Ìåíåå èçó÷åííûìè íà ñåãîäíÿøíèé
äåíü ïðåäñòàâëÿþòñÿ êîýôôèöèåíòíûå îáðàòíûå çàäà÷è äëÿ íåñòàöèîíàðíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà � â ÷àñòíîñòè, äëÿ ïñåâäîãèïåðáîëè÷åñêèõ
óðàâíåíèé âûñîêîãî ïîðÿäêà. ×àñòè÷íî âîñïîëíèòü äàííûé ïðîáåë è äîëæíà íàñòî-
ÿùàÿ ðàáîòà.

Ïðåæäå ÷åì ïåðåõîäèòü ê ñîäåðæàòåëüíîé ÷àñòè ðàáîòû, ñäåëàåì òðè çàìå÷àíèÿ.
Ïðåæäå âñåãî çàìåòèì, ÷òî íåîáõîäèìàÿ â îáðàòíûõ çàäà÷àõ äîïîëíèòåëüíàÿ èíôîð-
ìàöèÿ (óñëîâèÿ ïåðåîïðåäåëåíèÿ) çàäàåòñÿ â íàñòîÿùåé ðàáîòå êàê èíôîðìàöèÿ î
çíà÷åíèè íåêîòîðûõ èíòåãðàëîâ îò ðåøåíèÿ ïî ïðîñòðàíñòâåííîé îáëàñòè. Óòî÷íèì,
÷òî èíòåðåñ àâòîðîâ ê îáðàòíûì çàäà÷àì ñ ïîäîáíîé äîïîëíèòåëüíîé èíôîðìàöèåé
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îáúÿñíÿåòñÿ íå òîëüêî èíòåðåñîì ê ðåøåíèþ íîâûõ ìàòåìàòè÷åñêèõ çàäà÷, íî è òåì,
÷òî áëèçêèå çàäà÷è âîçíèêàþò â ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè � ñì., íàïðèìåð,
ðàáîòû [9, 12�14]. Ñëåäóþùåå çàìå÷àíèå: êàê áëèçêèå ê íàñòîÿùåé ðàáîòå ïî èñïîëü-
çóåìîé òåõíèêå è ïî ïîñòàíîâêàì çàäà÷ îòìåòèì ñòàòüè [15�20]. È íàêîíåö, çàìåòèì,
÷òî îáðàòíûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ÷àñòî âîçíèêàþò â ìàòåìà-
òè÷åñêîì ìîäåëèðîâàíèè ïðè îïèñàíèè òåõ èëè èíûõ ôèçè÷åñêèõ õèìè÷åñêèõ è ò.ï.
ïðîöåññîâ, ïðîòåêàþùèõ â ñðåäàõ ñ çàðàíåå íåèçâåñòíûìè õàðàêòåðèñòèêàìè.

1. Ïîñòàíîâêà çàäà÷

Ïóñòü Ω åñòü îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn ñ ãëàäêîé (áåñêîíå÷íî-
äèôôåðåíöèðóåìîé) ãðàíèöåé Γ, Q åñòü öèëèíäð Ω × (0, T ) êîíå÷íîé âûñîòû T ,
S = Γ× (0, T ) åñòü áîêîâàÿ ãðàíèöà Q. Äàëåå, ïóñòü f(x, t), N(x), µ(t), u0(x) è u1(x) �
çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè x ∈ Ω, t ∈ [0, T ], a åñòü çàäàííîå ïîëîæèòåëü-
íîå ÷èñëî.

Îáðàòíàÿ çàäà÷à I: íàéòè ôóíêöèè u(x, t) è q(t), ñâÿçàííûå â öèëèíäðå Q óðàâ-
íåíèåì

utt − a∆ut +∆2u+ q(t)u = f(x, t), (1)

ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) óñëîâèé

u(x, t) = ∆u(x, t) = 0 ïðè (x, t) ∈ S; (2)

u(x, 0) = u0(x), ut(x, 0) = u1(x) ïðè x ∈ Ω; (3)∫
Ω

N(x)u(x, t) dx = µ(t) ïðè t ∈ (0, T ). (4)

Îáðàòíàÿ çàäà÷à II: íàéòè ôóíêöèè u(x, t) è q(t), ñâÿçàííûå â öèëèíäðå Q
óðàâíåíèåì

utt − a∆ut +∆2u+ q(t)ut = f(x, t), (5)

ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) óñëîâèé (2) � (4).
Â èçó÷àåìûõ îáðàòíûõ çàäà÷àõ I è II óñëîâèå (4) ïðåäñòàâëÿåò ñîáîé óñëîâèå

èíòåãðàëüíîãî ïåðåîïðåäåëåíèÿ. Â ñëó÷àå a = 2 óðàâíåíèÿ (1) è (5) ìîæíî çàïèñàòü
â âèäå (

∂

∂t
−∆

)2

u+ q(t)u = f(x, t),

(
∂

∂t
−∆

)2

u+ q(t)ut = f(x, t),

òî åñòü â âèäå óðàâíåíèé, ñòàðøàÿ ÷àñòü êîòîðûõ åñòü èòåðèðîâàííûé îïåðàòîð òåï-
ëîïðîâîäíîñòè.

2. Ðàçðåøèìîñòü îáðàòíîé çàäà÷è I

Èçâåñòíî, ÷òî äëÿ ëþáîé ôóíêöèè v(x) òàêîé, ÷òî v(x) ∈ W 4
2 (Ω), v(x) = ∆v(x) = 0

ïðè x ∈ Γ, âûïîëíÿþòñÿ íåðàâåíñòâà∫
Ω

v2(x) dx ≤ C0

n∑
i=1

∫
Ω

v2xi
(x) dx ≤ C1

∫
Ω

[∆v(x)]2 dx, (6)

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, � 2. Ñ. 24�37
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Ω

[∆v(x)]2 dx ≤ C0

n∑
i=1

∫
Ω

[∆vxi
(x)]2 dx ≤ C1

∫
Ω

[∆2v(x)]2 dx, (7)

ïîñòîÿííûå C0 è C1 â êîòîðûõ îïðåäåëÿþòñÿ ëèøü îáëàñòüþ Ω [21].
Äàëåå, ïóñòü w(x, t) åñòü ôóíêöèÿ èç ïðîñòðàíñòâà L∞(0, T ;W 3

2 (Ω)) òàêàÿ, ÷òî
w(x, t) ∈ L∞(0, T ;W 3

2 (Ω)), wt(x, t) ∈ L∞(0, T ;W 1
2 (Ω)). Îïðåäåëèì ôóíêöèþ φ(t, w):

φ(t, w) =
1

µ(t)

{ n∑
i=1

∫
Ω

Nxi
(x)∆wxi

(x, t) dx− a
n∑

i=1

∫
Ω

Nxi
(x)wxit(x, t) dx

}
.

Ââåäåì åùå íåêîòîðûå îáîçíà÷åíèÿ. Èìåííî, ïîëîæèì

F (t) =
∫
Ω

N(x)f(x, t) dx, p(t) = 1
µ(t)

[F (t)− µ′′(t)],

α1 = C1 + 1, β1 =
(a+1)(C1+1)N1

µ0
,

γ1 =
n∑

i=1

∫
Ω

u21xi
(x) dx+

n∑
i=1

∫
Ω

[∆u0xi
(x)]2 dx+ 1

a

∫
Q

f 2 dx dt,

µ0 = min
0≤t≤T

µ(t), N1 = max
i=1,...,n

(∫
Ω

N2
xi
(x) dx

) 1
2

.

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ

N(x) ∈ C1(Ω), µ(t) ∈ C2[0, T ], u0(x) ∈ W 3
2 (Ω), u1(x) ∈ W 2

2 (Ω), f(x, t) ∈ L2(Q);

a > 0, µ0 > 0;

N(x) = 0 ïðè x ∈ Γ;

u0(x) = ∆u0(x) = u1(x) = ∆u1(x) = 0 ïðè x ∈ Γ;∫
Ω

N(x)u0(x) dx = µ(0),

∫
Ω

N(x)u1(x) dx = µ′(0);

T∫
0

e
−α1

2

t∫
0

|p(τ)| dτ
dt <

2

β1
√
γ1
.

Òîãäà îáðàòíàÿ çàäà÷à I èìååò ðåøåíèå {u(x, t), q(t)} òàêîå, ÷òî u(x, t) ∈ W 4,2
2 (Q)∩

L∞(0, T ;W 3
2 (Ω)), ut(x, t) ∈ L2(0, T ;W

2
2 (Ω)) ∩ L∞(0, T ;W 1

2 (Ω)), q(t) ∈ L2([0, T ]).

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ìåòîäîì ñðåçîê è ìåòîäîì íåïîäâèæíîé òî÷êè.
Ïóñòü M åñòü ïîëîæèòåëüíîå ÷èñëî. Îïðåäåëèì ôóíêöèþ GM(ξ), ξ ∈ R:

GM(ξ) =


ξ ïðè |ξ| ≤M,
M ïðè ξ > M,
−M ïðè ξ < M.

Îáîçíà÷èì äëÿ êðàòêîñòè ÷åðåç V ñëåäóþùåå ïðîñòðàíñòâî

V =
{
v(x, t) : v(x, t) ∈ W 4,2

2 (Q) ∩ L∞(0, T ;W 3
2 (Ω)),

vt(x, t) ∈ L2(0, T ;W
2
2 (Ω)) ∩ L∞(0, T ;W 1

2 (Ω)), vtt(x, t) ∈ L2(Q)
}
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ñ íîðìîé

∥v∥V =
(
∥v∥2

W 4,2
2 (Q)

+ ∥v∥2L∞(0,T ;W 3
2 (Ω)) + ∥vt∥2L2(0,T ;W 3

2 (Ω)) + ∥vt∥2L∞(0,T ;W 1
2 (Ω)) + ∥vtt∥2L2(Q)

) 1
2
.

Î÷åâèäíî, ÷òî ïðîñòðàíñòâî V åñòü áàíàõîâî ïðîñòðàíñòâî.
Ðàññìîòðèì ñëåäóþùóþ íà÷àëüíî-êðàåâóþ çàäà÷ó: íàéòè ôóíêöèþ u(x, t), ÿâëÿ-

þùóþñÿ â öèëèíäðå Q ðåøåíèåì óðàâíåíèÿ

utt − a∆ut +∆2u+ [p(t) +GM(φ(t, u))]u = f(x, t) (8)

è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ (2) è (3). Ðàçðåøèìîñòü ýòîé çàäà÷è
íåòðóäíî óñòàíîâèòü ñ ïîìîùüþ ìåòîäà íåïîäâèæíîé òî÷êè.

Ïóñòü v(x, t) åñòü ôóíêöèÿ èç ïðîñòðàíñòâà V . Ðàññìîòðèì çàäà÷ó: íàéòè ôóíê-
öèþ u(x, t), ÿâëÿþùóþñÿ â öèëèíäðå Q ðåøåíèåì óðàâíåíèÿ

utt − a∆ut +∆2u+ [p(t) +GM(φ(t, v))]u = f(x, t) (8v)

è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ (2) è (3). Ýòà çàäà÷à ÿâëÿåòñÿ åñòå-
ñòâåííîé íà÷àëüíî-êðàåâîé çàäà÷åé äëÿ ëèíåéíîãî óðàâíåíèÿ (8v), ðàçðåøèìîñòü åå
â ïðîñòðàíñòâå V èçâåñòíà � ñì., íàïðèìåð, [22]. Ñëåäîâàòåëüíî, êðàåâàÿ çàäà÷à (8v),
(2), (3) ïîðîæäàåò îïåðàòîð A, ïåðåâîäÿùèé ïðîñòðàíñòâî V â ñåáÿ: A(v) = u.

Äëÿ ðåøåíèé u(x, t) êðàåâîé çàäà÷è (8v), (2), (3) èìååò ìåñòî àïðèîðíàÿ îöåíêà

∥u∥V ≤ R0 (9)

ñ ïîñòîÿííîé R0, îïðåäåëÿþùåéñÿ ëèøü ôóíêöèÿìè f(x, t), u0(x), u1(x), µ(t), N(x),
÷èñëàìè a, T , M è îáëàñòüþ Ω. Äîêàçàòåëüñòâî ýòîé îöåíêè íåòðóäíî ïðîâåñòè, àíà-
ëèçèðóÿ ðàâåíñòâà

−
T∫
0

∫
Ω

{uττ − a∆uτ +∆2u+ [p(τ) +GM(φ(τ, v))]u}∆uτ dx dτ = −
T∫
0

∫
Ω

f(x, τ)∆uτ dx dτ,

T∫
0

∫
Ω

{uττ − a∆uτ +∆2u+ [p(τ) +GM(φ(τ, v))]u}∆2u dx dτ =
T∫
0

∫
Ω

f(x, τ)∆2u dx dτ,

T∫
0

∫
Ω

{uττ − a∆uτ +∆2u+ [p(τ) +GM(φ(τ, v))]u}uττ dx dτ =
T∫
0

∫
Ω

f(x, τ)uττ dx dτ.

Îáîçíà÷èì ÷åðåç BR1 çàìêíóòûé øàð ðàäèóñà R1 ïðîñòðàíñòâà V . Èç îöåíêè (9)
ñëåäóåò, ÷òî îïåðàòîð A â ñëó÷àå R1 ≥ R0 ïåðåâîäèò øàð BR1 â ñåáÿ. Äàëåå, èç òîé
æå îöåíêè (9) ñëåäóåò, ÷òî îïåðàòîð A áóäåò âïîëíå íåïðåðûâíûì.

Äîêàæåì, ÷òî îïåðàòîð A âïîëíå íåïðåðûâåí íà øàðå BR1 . Ïóñòü {vm(x, t)}∞m=1

åñòü ïîñëåäîâàòåëüíîñòü ôóíêöèé èç øàðà BR1 , ñõîäÿùàÿñÿ â ïðîñòðàíñòâå V ê
ôóíêöèè v(x, t). Äàëåå, ïóñòü um(x, t), m = 1, 2, . . ., u(x, t) åñòü îáðàçû ôóíêöèé
vm(x, t), m = 1, 2, . . ., v(x, t) ñîîòâåòñòâåííî ïðè äåéñòâèè îïåðàòîðà A. Îáîçíà÷èì
vm(x, t) = vm(x, t) − v(x, t), um(x, t) = um(x, t) − u(x, t). Èìååì ñëåäóþùèå ñîîòíîøå-
íèÿ

umtt − a∆umt +∆2um + [p(t) +GM(φ(t, vm))]um =

= [GM(φ(t, v))−GM(φ(t, vm))]um ïðè (x, t) ∈ Q,

um(x, t) = ∆um(x, t) = 0 ïðè (x, t) ∈ S,

um(x, 0) = umt(x, 0) = 0 ïðè x ∈ Ω.
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Èñïîëüçóÿ òåõíèêó äîêàçàòåëüñòâà îöåíêè (9) è èñïîëüçóÿ òàêæå ëèïøèöåâîñòü
ôóíêöèè GM(ξ), íåòðóäíî ïîëó÷èòü íåðàâåíñòâî

∥um∥2V ≤ C

t∫
0

|φ(τ, vm)|2 dτ.

Èç ýòîãî íåðàâåíñòâà è èç ñõîäèìîñòè ôóíêöèé vm(x, t) â ïðîñòðàíñòâå V ê íóëåâîé
ôóíêöèè ñëåäóåò ñõîäèìîñòü ∥um∥V → 0 ïðè m → ∞. Ýòà ñõîäèìîñòü îçíà÷àåò, ÷òî
îïåðàòîð A íåïðåðûâåí â ïðîñòðàíñòâå V .

Ïîêàæåì, ÷òî îïåðàòîð A êîìïàêòåí íà øàðå BR1 . Ïóñòü {vm(x, t)}∞m=1 åñòü ïðî-
èçâîëüíàÿ ïîñëåäîâàòåëüíîñòü ôóíêöèé èç øàðà BR1 , {um(x, t)}∞m=1 åñòü ïîñëåäîâà-
òåëüíîñòü îáðàçîâ ôóíêöèé vm(x, t) ïðè äåéñòâèè îïåðàòîðà A. Èç îãðàíè÷åííîñòè â
ïðîñòðàíñòâå V ïîñëåäîâàòåëüíîñòè {vm(x, t)}∞m=1, èç ñâîéñòâà ðåôëåêñèâíîñòè ãèëü-
áåðòîâà ïðîñòðàíñòâà è èç òåîðåì âëîæåíèÿ [21] ñëåäóåò, ÷òî ñóùåñòâóþò ïîäïîñëå-
äîâàòåëüíîñòü {vmk

(x, t)}∞k=1 èñõîäíîé ïîñëåäîâàòåëüíîñòè {vm(x, t)}∞m=1 è ôóíêöèÿ
v(x, t) òàêèå, ÷òî ïðè k → ∞ èìåþò ìåñòî ñõîäèìîñòè

vmk
(x, t) → v(x, t) ñëàáî â ïðîñòðàíñòâå W 4,2

2 (Q),

∆vmk
(x, t) → ∆v(x, t) ñèëüíî â ïðîñòðàíñòâàõ L2(Q) è L2(S),

vmk
(x, t) → vt(x, t) ñèëüíî â ïðîñòðàíñòâàõ L2(Q) è L2(S).

Çàìåòèì, ÷òî ôóíêöèþ φ(t, v) ìîæíî çàïèñàòü â âèäå

φ(t, v) =
1

µ(t)

{
a

∫
Ω

∆N(x)vt(x, t) dx+ a

∫
Γ

∂N(x)

∂ν
vt(x, t) ds−

−
∫
Ω

∆N(x)∆v(x, t) dx−
∫
Γ

∂N(x)

∂ν
∆v(x, t) ds

}
.

Îïðåäåëèì ôóíêöèþ u(x, t) êàê ðåøåíèå êðàåâîé çàäà÷è (8v), (2), (3) ñ ôóíêöèåé
φ(t, v), îïðåäåëåííîé óêàçàííûì âûøå îáðàçîì � óòî÷íèì, ÷òî ôóíêöèÿ u(x, t) êîð-
ðåêòíî îïðåäåëåíà. Ïîëîæèì vk(x, t) = vmk

(x, t)− v(x, t), uk(x, t) = umk
(x, t)− u(x, t).

Ïîâòîðÿÿ òåïåðü äëÿ ïîñëåäîâàòåëüíîñòåé {vk(x, t)}∞k=1 è {uk(x, t)}∞k=1 äîêàçàòåëüñòâî
íåïðåðûâíîñòè îïåðàòîðà A, ïîëó÷èì, ÷òî èìååò ìåñòî ñõîäèìîñòü ∥uk∥V → 0 ïðè
k → ∞. Ýòà ñõîäèìîñòü è äàåò êîìïàêòíîñòü îïåðàòîðà A.

Ñîãëàñíî òåîðåìå Øàóäåðà [23], îïåðàòîð A èìååò â øàðå BR0 õîòÿ áû îäíó íåïî-
äâèæíóþ òî÷êó u(x, t). Ýòà íåïîäâèæíàÿ òî÷êà áóäåò ïðåäñòàâëÿòü ñîáîé ðåøåíèå
êðàåâîé çàäà÷è (8), (2), (3). Ïîêàæåì, ÷òî ïðè âûïîëíåíèè óñëîâèé òåîðåìû ìîæíî
âûáðàòü (è çàôèêñèðîâàòü) ÷èñëî M òàê, ÷òî áóäåò âûïîëíÿòüñÿ ðàâåíñòâî

GM(φ(t, u)) = φ(t, u). (10)

Ðàññìîòðèì ðàâåíñòâî

−
T∫

0

∫
Ω

{
uττ − a∆uτ +∆2u+ [p(τ) +GM(φ(τ, u))]u

}
∆uτ dx dτ = −

T∫
0

∫
Ω

f(x, τ)∆uτ dx dτ.
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Èíòåãðèðóÿ ïî ÷àñòÿì è èñïîëüçóÿ óñëîâèÿ (2) è (3), íåòðóäíî îò äàííîãî ðàâåí-
ñòâà ïåðåéòè ê ñëåäóþùåìó

1
2

n∑
i=1

∫
Ω

u2xit
(x, t) dx+ 1

2

n∑
i=1

∫
Ω

[∆uxi
(x, t)]2 dx+ a

t∫
0

∫
Ω

(∆uτ )
2 dx dτ =

= −
n∑

i=1

t∫
0

∫
Ω

p(τ)uxi
uxiτ dx dτ −

n∑
i=1

t∫
0

∫
Ω

GM(φ(τ, u))uxi
uxiτ dx dτ−

−
t∫
0

∫
Ω

f∆uτ dx dτ +
1
2

n∑
i=1

∫
Ω

u21xi
(x) dx+ 1

2

n∑
i=1

∫
Ω

[∆u0xi
(x)]2 dx.

(11)

Îöåíèì ïðàâóþ ÷àñòü (11). Ïîëîæèì

y(t) =
n∑

i=1

∫
Ω

u2xit
(x, t) dx+

n∑
i=1

∫
Ω

[∆uxi
(x, t)]2 dx.

Óñëîâèÿ òåîðåìû, íåðàâåíñòâà (6) è (7), à òàêæå íåðàâåíñòâî Þíãà äàþò îöåíêè

|φ(τ, u)| ≤ N1

µ0

n∑
i=1

(∫
Ω

[∆uxi
(x, τ)]2 dx

) 1
2

+ aN1

µ0

n∑
i=1

∫
Ω

u2xiτ
(x, τ) dx ≤ (a+1)N1y

1
2 (τ)

µ0
,∣∣∣∣ t∫

0

∫
Ω

[
p(τ)

n∑
i=1

uxi
(x, τ)uxiτ (x, τ)

]
dx dτ

∣∣∣∣ ≤ t∫
0

|p(τ)|
(

n∑
i=1

∫
Ω

|uxi
(x, τ)||uxiτ (x, τ)| dx

)
dτ ≤

≤ 1
2

t∫
0

|p(τ)|
(

n∑
i=1

∫
Ω

u2xi
(x, τ) dx

)
dτ + 1

2

t∫
0

|p(τ)|
(

n∑
i=1

∫
Ω

u2xiτ
(x, τ) dx

)
dτ ≤

≤ 1
2
C1

t∫
0

|p(τ)|y(τ) dτ + 1
2

t∫
0

|p(τ)|y(τ) dτ = 1
2
(C1 + 1)

t∫
0

|p(τ)|y(τ) dτ,∣∣∣∣ t∫
0

∫
Ω

GM(φ(τ, u))

(
n∑

i=1

uxi
(x, τ)uxiτ (x, τ)

)
dx dτ

∣∣∣∣ ≤
≤

t∫
0

|φ(τ, u)|
(

n∑
i=1

∫
Ω

|uxi
(x, τ)||uxiτ (x, τ)|

)
dx dτ ≤

≤ (a+1)N1

2µ0

t∫
0

y1/2(τ)

(
n∑

i=1

∫
Ω

u2xi
(x, τ) dx

)
dτ+

+ (a+1)N1

2µ0

t∫
0

y1/2(τ)

(
n∑

i=1

∫
Ω

u2xiτ
(x, τ) dx

)
dτ ≤ (a+1)(C1+1)N1

2µ0

t∫
0

y3/2(τ) dτ,∣∣∣∣ t∫
0

∫
Ω

f∆uτ dx dτ

∣∣∣∣ ≤ a
2

t∫
0

∫
Ω

(∆uτ )
2 dx dτ + 1

2a

∫
Q

f 2 dx dt.

Èñïîëüçóÿ ýòè îöåíêè, íåòðóäíî îò (11) ïåðåéòè ê íåðàâåíñòâó

y(t) ≤ α1

t∫
0

p(τ)y(τ) dτ + β1

t∫
0

y3/2(τ) dτ + γ1.

Îïðåäåëèì ôóíêöèþ z(t) êàê ðåøåíèå çàäà÷è Êîøè

z′(t) = α1p(t)z(t) + β1z
3
2 (t), z(0) = γ1.
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Ñîãëàñíî îáîáùåííîé ëåììå Ãðîíóîëëà (ëåììå Ãðîíóîëëà � Áèõàðè [24, 25]), íà ïðî-
ìåæóòêå ñóùåñòâîâàíèÿ ôóíêöèè z(t) âûïîëíÿåòñÿ íåðàâåíñòâî y(t) ≤ z(t). Ñïðàâåä-
ëèâû ðàâåíñòâà

z(t) =
1

ψ2(t)
, ψ(t) =

(
1

√
γ1

− β1
2

t∫
0

e
−α1

2

τ∫
0

|p(s)| ds
dτ

)
e

α1
2

t∫
0

|p(τ)| dτ
.

Èç ïîñëåäíåãî óñëîâèÿ òåîðåìû âûòåêàåò, ÷òî ñóùåñòâóåò ïîëîæèòåëüíîå ÷èñëî m0

òàêîå, ÷òî ïðè t ∈ [0, T ] âûïîëíÿåòñÿ ψ(t) ≥ m0. Ñëåäîâàòåëüíî, ôóíêöèè z(t) è y(t)

áóäóò îãðàíè÷åíû íà îòðåçêå [0, T ]: y(t) ≤ z(t) ≤ 1
m2

0
. Äàëåå, èìååì |φ(t, u)| ≤ (a+1)N1

µ0m0
.

Âûáåðåì òåïåðü ÷èñëî M òàê, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî

M ≥ (a+ 1)N1

µ0m0

. (12)

Äëÿ òàêîãî ÷èñëà M è áóäåò âûïîëíÿòüñÿ ðàâåíñòâî (10).
Èòàê, ïðè óêàçàííîì âûøå âûáîðå ÷èñëà M äëÿ ðåøåíèÿ u(x, t) êðàåâîé çàäà-

÷è (8), (2), (3) áóäåò âûïîëíÿòüñÿ óðàâíåíèå

utt − a∆ut +∆2u+ [p(t) + φ(t, u)]u = f(x, t). (13)

Îïðåäåëèì ôóíêöèþ q(t):
q(t) = p(t) + φ(t, u).

Î÷åâèäíî, ÷òî ôóíêöèè u(x, t) è q(t) ñâÿçàíû â öèëèíäðå Q óðàâíåíèåì (1), è ÷òî
äëÿ ôóíêöèé u(x, t) è q(t) âûïîëíÿþòñÿ òðåáóåìûå âêëþ÷åíèÿ.

Íàêîíåö, âûïîëíåíèå äëÿ ðåøåíèÿ u(x, t) êðàåâîé çàäà÷è (8), (2), (3) ñ ÷èñëîìM ,
óäîâëåòâîðÿþùèì íåðàâåíñòâó (12), èíòåãðàëüíîãî óñëîâèÿ ïåðåîïðåäåëåíèÿ (4) ïî-
êàçûâàåòñÿ òàêæå, êàê ïîêàçûâàåòñÿ âûïîëíåíèå àíàëîãè÷íîãî óñëîâèÿ â ðàáîòàõ [15�
17, 19].

Èçëîæåííîå âûøå è îçíà÷àåò, ÷òî ïîñòðîåííûå ôóíêöèè u(x, t) è q(t) äàþò òðå-
áóåìîå ðåøåíèå îáðàòíîé çàäà÷è I.

Ïðèâåäåì åùå îäèí âàðèàíò òåîðåìû î ðàçðåøèìîñòè îáðàòíîé çàäà÷è I.
Îïðåäåëèì ïðîñòðàíñòâî V1:

V1 = {v(x, t) : v(x, t) ∈ L∞(0, T ;W 4
2 (Ω)),

vt(x, t) ∈ L∞(0, T ;W 3
2 (Ω)) ∩ L2(0, T ;W

4
2 (Ω)), vtt(x, t) ∈ L2(Q)}.

Çàäàäèì â ïðîñòðàíñòâå V1 íîðìó:

∥v∥V1 =
{
∥v∥2L∞(0,T ;W 4

2 (Ω)) + ∥vt∥2L∞(0,T ;W 2
2 (Ω)) + ∥vt∥2L2(0,T ;W 4

2 (Ω)) + ∥vtt∥2L2(Q)

} 1
2
.

Î÷åâèäíî, ÷òî ïðîñòðàíñòâî V1 ñ òàêîé íîðìîé áóäåò áàíàõîâûì ïðîñòðàíñòâîì.
Ïóñòü w(x, t) åñòü ôóíêöèÿ èç ïðîñòðàíñòâà V1. Îïðåäåëèì ôóíêöèþ φ̃(t, w):

φ̃(t, w) =
1

µ(t)

[
a

∫
Ω

N(x)∆wt(x, t) dx−
∫
Ω

N(x)∆2w(x, t) dx

]
.
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Äàëåå, ïîëîæèì

N0 =

(∫
Ω

N2(x) dx

) 1
2

, β2 =
(a+ 1)N0

µ0

,

γ2 =

∫
Ω

[∆u1(x)]
2 dx+

∫
Ω

[∆2u0(x)]
2 dx+

1

a

n∑
i=1

∫
Q

f 2
xi
dx dt.

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ

N(x) ∈ C2(Ω), µ(t) ∈ C2([0, T ]), f(x, t) ∈ L2(0, T ;
◦
W

1
2(Ω)); a > 0, µ0 > 0;

N(x) = 0 ïðè x ∈ Γ;

u0(x) ∈ W 4
2 (Ω), u1(x) ∈ W 2

2 (Ω);

u0(x) = ∆u0(x) = u1(x) = 0 ïðè x ∈ Γ;∫
Ω

N(x)u0(x) dx = µ(0),

∫
Ω

N(x)u1(x) dx = µ′(0);

T∫
0

e
−α1

2

t∫
0

|p(τ)| dτ
dt <

2

β2
√
γ2
.

Òîãäà îáðàòíàÿ çàäà÷à I èìååò ðåøåíèå {u(x, t), q(t)} òàêîå, ÷òî u(x, t) ∈
L∞(0, T ;W 4

2 (Ω)), ut(x, t) ∈ L2(0, T ;W
3
2 (Ω)), utt(x, t) ∈ L2(Q), q(t) ∈ L2([0, T ]).

Äîêàçàòåëüñòâî. Ïóñòü ε åñòü ïîëîæèòåëüíîå ÷èñëî. Ðàññìîòðèì êðàåâóþ çàäà÷ó:
íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ â öèëèíäðå Q ðåøåíèåì óðàâíåíèÿ

utt − a∆ut +∆2u+ [p(t) +GM(φ̃(t, u))]u+ ε∆2ut = f(x, t) (14)

è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ (2) è (3). Ðàçðåøèìîñòü äàííîé çàäà÷è
íåòðóäíî äîêàçàòü, âíîâü èñïîëüçóÿ ìåòîä íåïîäâèæíîé òî÷êè è òåîðåìó Øàóäåðà.
Äàëåå, âíîâü èñïîëüçóÿ îáîáùåííóþ ëåììó Ãðîíóîëëà, íåòðóäíî ïîëó÷èòü, ÷òî ôóíê-
öèÿ φ̃(t, u) áóäåò îãðàíè÷åííîé.

Âûáèðàÿ ïàðàìåòð M äîñòàòî÷íî áîëüøèì, ïîëó÷èì, ÷òî ðåøåíèå u(x, t) çàäà-
÷è (14), (2), (3) áóäåò ðåøåíèåì óðàâíåíèÿ

utt − a∆ut +∆2u+ [p(t) + φ(t, u)]u+ ε∆2ut = f(x, t). (15)

Èç ñêàçàííîãî âûøå ñëåäóåò, ÷òî ñåìåéñòâî çàäà÷ (15), (2), (3) ïîðîæäàåò ñåìåéñòâî
ôóíêöèé {uε(x, t)}, ïðèíàäëåæàùèõ ïðîñòðàíñòâó V1, ïðè÷åì äëÿ ýòîãî ñåìåéñòâà
áóäåò âûïîëíÿòüñÿ àïðèîðíàÿ îöåíêà

∫
Ω

[∆uεt(x, t)]
2 dx+

∫
Ω

[∆2uε(x, t)]2 dx+
n∑

i=1

t∫
0

∫
Ω

(∆uεxiτ
)2 dx dτ+

+
t∫
0

∫
Ω

(uεττ )
2 dx dτ + ε

t∫
0

∫
Ω

(∆2uετ )
2 dx dτ ≤ R,
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ïîñòîÿííàÿ R â êîòîðîé îïðåäåëÿåòñÿ ëèøü ôóíêöèÿìè f(x, t), u0(x), u1(x), µ(t),
N(x), ÷èñëîì T è îáëàñòüþ Ω. Èç ýòîé îöåíêè, èç ñâîéñòâà ðåôëåêñèâíîñòè ïðîñòðàí-
ñòâà L2 è èç òåîðåì âëîæåíèÿ (ñì. [21]) âûòåêàåò, ÷òî ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü
{εm}∞m=1 ïîëîæèòåëüíûõ ÷èñåë è ôóíêöèé u(x, t) òàêèõ, ÷òî

εm → 0 ïðè m→ ∞,

∆uεmt (x, t) →
m→∞

∆ut(x, t) ñëàáî â ïðîñòðàíñòâå L2(Q),

∆2uεm(x, t) →
m→∞

∆2u(x, t) ñëàáî â ïðîñòðàíñòâå L2(Q),

uεmtt (x, t) →
m→∞

utt(x, t) ñëàáî â ïðîñòðàíñòâå L2(Q),

εm∆
2uεmt (x, t) →

m→∞
0 ñëàáî â ïðîñòðàíñòâå L2(Q),

uεmt (x, t) →
m→∞

ut(x, t) ñèëüíî â ïðîñòðàíñòâàõ L2(Q) è L2(S),

∆uεm(x, t) →
m→∞

∆u(x, t) ñèëüíî â ïðîñòðàíñòâàõ L2(Q) è L2(S).

Ïîêàæåì, ÷òî âûïîëíÿåòñÿ òàêæå ñõîäèìîñòü

φ̃(t, uεm)uεm →
m→∞

φ̃(t, u)u ñëàáî â ïðîñòðàíñòâå L2(Q).

Èìååì ∫
Q

[φ̃(t, uεm)uεm − φ̃(t, u)u]η dx dt =

∫
Q

[φ̃(t, uεm)(uεm − u)η dx dt+

+

∫
Q

[φ̃(t, uεm)− φ̃(t, u)]uη dx dt = I1m + I2m.

Ïîñêîëüêó ôóíêöèÿ |φ̃(t, uεm)| îãðàíè÷åíà, è ïîñêîëüêó uεm(x, t) →
m→∞

u(x, t) ñèëüíî

â ïðîñòðàíñòâå L2(Q), òî âûïîëíÿåòñÿ I1m → 0 ïðè m → ∞. Äàëåå, ñïðàâåäëèâû
ðàâåíñòâà

φ̃(t, uεm)− φ̃(t, u) = 1
µ(t)

[
a
∫
Ω

N(x)∆(uεmt − ut) dx−

−
∫
Ω

N(x)∆2(uεm − u) dx

]
= 1

µ(t)

[
a
∫
Ω

∆N(x)(uεmt − ut) dx+

+a
∫
Γ

∂N(x)
∂ν

(uεmt − ut) ds−
∫
Ω

∆N(x)∆(uεm − u) dx−
∫
Γ

∂N(x)
∂ν

∆(uεm − u) ds

]
.

Îòñþäà

I2m =
∫
Q

(
a

µ(t)

∫
Ω

∆N(y)[uεmt (y, t)− ut(y, t)] dy

)
uη dx dt+

+
∫
Q

a
µ(t)

(∫
Γ

∂N(y)
∂ν

[uεmt (y, t)− ut(y, t)] dsy

)
uη dx dt−

− 1
µ(t)

∫
Q

(∫
Ω

∆N(y)∆(uεm(y, t)− u(y, t)) dy

)
uη dx dt−

− 1
µ(t)

∫
Q

(∫
Γ

∂N(y)
∂ν

∆(uεm(y, t)− u(y, t)) dsy

)
uη dx dt =

= I12m + I22m + I32m + I42m.
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Îöåíèì ñëàãàåìîå I12m:

|I12m| ≤ a
µ0

T∫
0

(∣∣∣∣ ∫
Ω

∆N(y)[uεmt (y, t)− ut(y, t)] dy

∣∣∣∣( ∫
Ω

|u||η| dx
))

dt ≤

≤ a
µ0

T∫
0

{(∫
Ω

[∆N(y)]2 dy

) 1
2
(∫

Ω

[uεmt (y, t)− ut(y, t)]
2 dy

) 1
2
(∫

Ω

u2(x, t) dx

) 1
2
(∫

Ω

η2(x, t) dx

) 1
2
}
dt.

Çàìåòèì, ÷òî ïðåäïîñëåäíèé ìíîæèòåëü ïîäèíòåãðàëüíîãî âûðàæåíèÿ çäåñü îãðàíè-
÷åí. Îòñþäà

|I12m| ≤ A
T∫
0

(∫
Ω

[uεmt (y, t)− ut(y, t)]
2 dx

) 1
2
(∫

Ω

η2(x, t) dx

) 1
2

dt ≤

≤ A

(
T∫
0

∫
Ω

[uεmt (y, t)− ut(y, t)]
2 dx dt

) 1
2
(

T∫
0

∫
Ω

η2(x, t) dx dt

) 1
2

(÷èñëî A çäåñü îïðåäåëÿåòñÿ ÷èñëàìè a, µ0, C1, R, à òàêæå ôóíêöèåé N(x)).
Ïîñêîëüêó èìååò ìåñòî ñèëüíàÿ â ïðîñòðàíñòâå L2(Q) ñõîäèìîñòü ïîñëåäîâàòåëü-

íîñòè {uεmt (x, t)} ê ôóíêöèè ut(x, t), òî èç ïîñëåäíåãî íåðàâåíñòâà âûòåêàåò ñõîäè-
ìîñòü I12m → 0 ïðè m→ ∞. Àíàëîãè÷íî ïîêàçûâàåòñÿ, ÷òî âûïîëíÿåòñÿ

I22m → 0, I32m → 0, I42m → 0 ïðè m→ ∞.

Èç äîêàçàííûõ ñõîäèìîñòåé è ñëåäóåò ñõîäèìîñòü òðåáóåìàÿ:

φ̃(t, uεm)uεm → φ̃(t, u)u ïðè m→ ∞ ñëàáî â ïðîñòðàíñòâå L2(Q).

Î÷åâèäíî, ÷òî äëÿ ïðåäåëüíîé ôóíêöèè u(x, t) áóäåò âûïîëíÿòüñÿ óðàâíåíèå

utt − a∆ut +∆2u+ [p(t) + φ̃(t, u)]u = f(x, t).

Ïîëîæèì q(t) = p(t) + φ̃(t, u). Ôóíêöèè u(x, t) è q(t) è îïðåäåëÿþò èñêîìîå ðåøåíèå
îáðàòíîé çàäà÷è I � ôóíêöèè u(x, t) è q(t) ñâÿçàíû â öèëèíäðå Q óðàâíåíèåì (1),
óñëîâèÿ (2) è (3) âûïîëíÿþòñÿ ïî ïîñòðîåíèþ. âûïîëíåíèå óñëîâèÿ (4) ïîêàçûâàåòñÿ
ñòàíäàðòíûì îáðàçîì, ïðèíàäëåæíîñòü ôóíêöèé u(x, t) è q(t) òðåáóåìûì êëàññàì
î÷åâèäíà.

Çàìå÷àíèå 1. Âûïîëíåíèå ïîñëåäíèõ íåðàâåíñòâ èç óñëîâèé òåîðåì 1 è 2 èìååò
ìåñòî, íàïðèìåð, åñëè ÷èñëî T ìàëî, èëè æå ìàëû ÷èñëà N1 èëè N0.

3. Ðàçðåøèìîñòü îáðàòíîé çàäà÷è II

Ïóñòü w(x, t) åñòü ôóíêöèÿ èç ïðîñòðàíñòâà V1. Îïðåäåëèì ôóíêöèþ φ1(t, w):

φ1(t, w) =
1

µ′(t)

[
a

∫
Ω

N(x)∆wt(x, t) dx−
∫
Ω

N(x)∆2w(x, t) dx

]
.

Äàëåå, ïîëîæèì

p1(t) =
F (t)−µ′′(t)

µ′(t)
, µ1 = min

0≤t≤T
µ′(t), p1 = vraimin

0≤t≤T
p1(t),

N2 =

{∫
Ω

[∆2u0(x)]
2 dx+

∫
Ω

[∆u1(x)]
2 dx+ 1

a

n∑
i=1

∫
Q

f 2
xi
dx dt

} 1
2

.
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Òåîðåìà 3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ

N(x) ∈ C2(Ω), µ(t) ∈ C2([0, T ]), f(x, t) ∈ L2(0, T ;
◦
W

1
2(Ω));

a > 0, µ1 > 0, p1 > 0;

N(x) = 0 ïðè x ∈ Γ;

u0(x) ∈ W 4
2 (Ω), u1(x) ∈ W 2

2 (Ω);

u0(x) = ∆u0(x) = u1(x) = 0 ïðè x ∈ Γ;∫
Ω

N(x)u0(x) dx = µ(0),

∫
Ω

N(x)u1(x) dx = µ′(0);

(a+ 1)N0N2

µ1

≤ p1.

Òîãäà îáðàòíàÿ çàäà÷à II èìååò ðåøåíèå {u(x, t), q(t)} òàêîå, ÷òî u(x, t) ∈
L∞(0, T ;W 4

2 (Ω)), ut(x, t) ∈ L2(0, T ;W
3
2 (Ω)), utt(x, t) ∈ L2(Q), q(t) ∈ L2([0, T ]).

Äîêàçàòåëüñòâî ýòîé òåîðåìû ïðîâîäèòñÿ âíîâü ñ ïîìîùüþ ìåòîäà ñðåçîê è ìå-
òîäà ðåãóëÿðèçàöèè; íåïîñðåäñòâåííàÿ òåõíèêà âïîëíå ñîîòâåòñòâóåò òåõíèêå äîêà-
çàòåëüñòâà òåîðåì 1 è 2, à òàêæå òåõíèêå, èñïîëüçîâàííîé â ðàáîòå [15].

Ðàáîòà ïîääåðæàíà Ðîññèéñêèì ôîíäîì ôóíäàìåíòàëüíûõ èññëåäîâàíèé,
ïðîåêò 15-01-06582.
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NONLINEAR INVERSE PROBLEMS WITH INTEGRAL
OVERDETERMINATION FOR NONSTATIONARY DIFFERENTIAL
EQUATIONS OF HIGH ORDER

A.I. Kozhanov1, L.A. Telesheva2
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Nonlinear inverse coe�cient problems for nonstationary higher order di�erential
equations of pseudohyperbolic type are the object of research. More precisely, we study
the problems of determining both the solution of the corresponding equation, an unknown
coe�cient at the solution or at the time derivative of the solution in the equation.
A distinctive feature of these problems is the fact that the unknown coe�cient is a function
of time only. Integral overdetermination is used as an additional condition. We prove the
existence theorems of regular solutions (those solutions that have all generalized derivatives
in the sense of S.L. Sobolev). The technique of the proof relies on the transition from
the original inverse problem to a new direct problem for an auxiliary integral-di�erential
equation, and then on the proof of solvability of the latter and construction of some solution
of the original inverse problem from a solution of the auxiliary problem.

Keywords: pseudohyperbolic equations of higher order; inverse problem; regular

solution; existence.
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