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In the three-dimensional statement, we consider the Brinkman equation together with

the equation of heterogeneous heat transfer for an unidirectional �ow of the Newtonian �uid

under laminar regime through horizontal porous channel having a constant rectangular

cross-section with known thermal �ows at the boundary and small values of the Darcy

numbers. Due to the linearity of the formulated system of model equations, we obtain

analytical solution of the system using the Laplace and Fourier integral transformation.

The obtained solution allows to estimate the length of the input hydrodynamic section,

the coe�cient of hydraulic resistance, and the local Nusselt numbers. The results obtained

for the hydrodynamic subproblem with a large porosity and thermal subproblem with a

stationary temperature �eld agree with the classical data.

Keywords: porous medium; convective heat transfer; rectangular channel; coe�cient of

hydraulic resistance; initial hydrodynamic section.

Introduction

The most e�ective active method to intensify a heat transfer in heat exchangers of
di�erent energy systems is the use of porous mediums as �llers of the channels through
which the �uid (gaseous) heat carriers with simultaneous transfer of heat are transfered
[1]. The role of this intensi�cation method signi�cantly increases, if powerful heat �ows
are removed from the compact heat-stressed surfaces. For example, in electronic miniature
devices the electromagnetic energy dissipates into thermal energy [2]. In order to choose
the constructions of compact heat exchangers correctly, the analysis of transfer phenomena
in the exchangers requires an estimation of the heat transfer in the three-dimensional
statement, taking into account the hydrodynamic structure of �ow in the input section of
the porous channel. Therefore, the identi�cation of hydrodynamic characteristics of porous
heat exchangers in the form of regular parallelepipeds is necessary [4]. Up the present, the
heat transfer in the porous channel having rectangular cross section was not considered [5].
The papers [6, 7] are among the �rst publications, where the problem was solved on the
basis of the stationary Darcy � Brinkman equation in the Stokes approximation and the
one-temperature model of heat transfer with di�erent boundary conditions for the constant
axial heat �ow. The experimental studies show that we should abandon hypothesis about
local thermal equilibrium between the porous �ller and �uid (gaseous) heat carrier [8].
Therefore, under the same assumptions as in [6, 7] and within the framework of linear
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statement of the problem, the possibility to obtain a solution using the two-temperature
model of the heat transfer is shown [9]. However, according to [10], if we do not accept
the above simpli�cations, then the analytical solution is di�cult to be obtained in this
statement and it is necessary to use the numerical integration. For low porosity, the velocity
pro�le of the heat carrier is determined almost instantly in the input section of the porous
channel [11]. However, the appearence of such a �ller as metal foam with a high degree of
porosity [12] additionally requires to estimate the possible in�uence of the hydrodynamic
initial section on the heat transfer in the porous channel.

In this connection, we analytically analyze the heat transfer of the mass in the
rectangular porous channel under the laminar �ow of the heat carrier within the framework
of the Brinkman approximation of the Darcy � Brinkman � Forchheimer equation and the
two-temperature model of the heat exchange in a wide range of the main parameters
variation. Also, we determine the conditions under which the in�uence of the length of the
hydrodynamic initial section on the heat transfer can be neglected.

1. Basic Equations and Assumptions

According to [13], we represent the physical model of a porous medium in the form of
a dense non deformable packing of spheres. The emptiness of the packing is connected and
�lled with moving Newtonian �uid without phase transitions in Laminar regime under the
action of an applied pressure gradient.

The hydrodynamic subproblem is described within the framework of the Darcy �
Brinkman � Forchheimer phenomenological model by the Xu � Cheng equations [14],
obtained by the method of volume averaging:

∇ · V̄ = 0, (1)

ρf
ε

[
∂V̄

∂τ
+

(
V̄ · ∇

)
V̄

ε

]
= ρf ḡ −∇p+ µf∇2V̄ −

[
µf

V̄

K
+ ρf

bV̄
∣∣V̄ ∣∣

√
K

]
, (2)

here τ is time; ρf , µf are density and dynamic viscosity of the �uid; ε is porosity; V̄
is vector of the �uid velocity; ḡ is vector of the free fall acceleration; p is pressure. The
permeability of a porous medium is determined from the modi�ed Kozeny � Karman
equation [15]

K = ε2d2p
/
[150− (1− ε)],

the Forchheimer friction factor is

b ≈ 0, 00117dp/ (1− ε),

where dp is a number-average diameter of spherical particles in the porous layer.
The temperature �elds are determined from the equations of the Schumann two-

temperature model [16]:
for a �uid

ε (ρcp)f
∂tf
∂τ

+ ε (ρcp)f V̄ · ∇tf = ∇ ·
(
λf
e • ∇tf

)
± αsfasf (ts − tf ) , (3)

for the skeleton of a porous medium

(1− ε) (ρcp)s
∂ts
∂τ

= ∇ · (λs
e • ∇ts)∓ αsfasf (ts − tf ) , (4)
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where λf
e , λ

s
e are tensors of the e�ective heat conductivity coe�cients of the �uid and the

material of a porous body skeleton, respectively; tf , ts are temperatures of the �uid and
the skeleton of a porous body, respectively; αsf is a coe�cient of the heat transfer between
the liquid phase and the skeleton of a porous body; asf is characteristic area of the wetted
surface in a porous body; ρs, cps is density and mass heat capacity of the skeleton of the
porous body; cpf is mass heat capacity of the liquid.

We assume that the thermophysical parameters in (1) � (4) are homogeneous in spatial
coordinates and do not depend on temperature. In this case, according to [17],

asf = 6 (1− ε) /dp, αsf = λf

[
2 + 1, 1Pr0

1/3 (
ρf
∣∣V̄ ∣∣ dp/µf

)0,6]
/dp,

λf
e =

[
ε+ (0, 1÷ 0, 5) Pr0

(
ρf
∣∣V̄ ∣∣ dp
µf

)]
λf , λs

e = (1− ε)λs,

where Pr0 = µfcpf/λf , λf , λs is heat conductivity of the �uid and the skeleton of a porous
body, respectively.

The phenomenological nature of the model in a porous body allows to formulate the
boundary conditions within the framework of the classical analysis of the problems of heat
and mass transfer for homogeneous media [18].

Despite the simpli�ed formulation of the problem, the integration of the system (1) �
(4) with heat boundary conditions of the �rst or second genus on the side of the cooled
surface causes the same di�culties as the joint integration of the Navier � Stokes and
the heat transfer equations [19]. An overview of numerical and approximate analytical
methods for solving the system (1) � (4) is given in [20].

2. Mathematical Model

As opposed to the constructive �at heat exchangers for which the analysis of
hydrodynamics and heat exchange in 2-D format can be applied, for heat exchangers
having commensurate ratio of the width and height of the �ow section, it is necessary to
solve the problem in a three-dimensional statement.

Suppose that a laminar �ow of a heat carrier (a Newtonian incompressible medium)
having temperature t0 with velocity u0 is given to the input of a porous heat exchanger
having length l with a constant cross section of height h1 and width h2 (Fig. 1). We assume

Fig. 1. 3-D analytical model of the heat exchanger
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that the body of the heat exchanger is impenetrable for the heat carrier, the lateral and
upper surfaces of the heat carrier are heat insulated, and the heat �ow q0 is given in the
lower surface. According to the considered analytical model, the equation (1) � (4) in the
dimensionless form is the following:

∂U

∂x
+

∂V

∂Y
+

∂W

∂Z
= 0, (5)

∂U

∂Θ
+ U

∂U

∂X
+ V

∂U

∂Y
+W

∂U

∂Z
= − ∂P

∂X
++

1

Re

(
∂2U

∂X2
+

∂2U

∂Y 2
+

∂2U

∂Z2

)
−

−
(

1

Re ·Da
+

B√
Da

√
U2 + V 2 +W 2

)
U,

(6)

∂V

∂Θ
+ U

∂V

∂X
+ V

∂V

∂Y
+W

∂V

∂Z
= −∂P

∂Y
+

1

Re

(
∂2W

∂X2
+

∂2W

∂Y 2
+

∂2W

∂Z2

)
−

−
(

1

Re ·Da
+

B√
Da

√
U2 + V 2 +W 2

)
V,

(7)

∂W

∂Θ
+ U

∂W

∂X
+ V

∂W

∂Y
+W

∂W

∂Z
= −∂P

∂Z
+

1

Re

(
∂2W

∂X2
+

∂2W

∂Y 2
+

∂2W

∂Z2

)
−

−
(

1

Re ·Da
+

B√
Da

√
U2 + V 2 +W 2

)
W,

(8)

1

ε

∂Tf

∂Θ
+ U

∂Tf

∂X
+ V

∂Tf

∂Y
+W

∂Tf

∂Z
=

1

Re ·Pr

(
∂2Tf

∂X2
+

∂2Tf

∂Y 2
+

∂2Tf

∂Z2

)
+

+
NupRe

Pr ·Re 2
p

(ΛTs − Tf ) ,
(9)

(1− ε) Lu · Pr ·Re ∂Ts

∂Θ
=

∂2Ts

∂X2
+

∂2Ts

∂Y 2
+

∂2Ts

∂Z2
−

−Nup

(
Re

Re p

)2

(ΛTs − Tf ) ,
(10)

where Θ = u0τ/ (εdh), X = x/dh, Y = y/dh, Z = z/dh, U = u/u0,
V = υ/u0, W = ω/u0, u, υ, ω are components of the �uid velocity vector; dh =
2h1h2/ (h1 + h2), Tf = λf

e (tf − t0)
/
(q0dh), Ts = λs

s (ts − t0) / (q0dh), P = ε2p/ (ρfu
2
0),

B = ε2b is the dimensionless Forchheimer parameter; Re = ρfu0dh/ (µfε
2) is the

Reynolds number; Re p = ρfu0dp/ [6 (1− ε)µf ] is the local Reynolds number; Pr =

ε (ρcp)f µf

/(
λf
eρf
)
is the Prandtl number; Nup = αsfdp

/
λf
e is the local Nusselt number;

Lu =
[
λf
e

/
(ρcp)f

]/ [
λs
e

/
(ρcp)s

]
is the modi�ed Lykov number; Da = K/d2h is the Darcy

number; Λ = λf
e

/
λs
e . The system (5) � (10) provides the possibility �rst to analyze the

hydrodynamic subproblem and then the heat subproblem.
Laminar �ow of the heat-carrier allows to accept the hypothesis that the �ow in

a porous heat exchanger is unidirectional, i.e. (V = W ≡ 0). Let us take into account
the small value of the inertial e�ects under the decreasing pressure [21] and boundary
layer linearization [22], as well as the relation Θ = X/ε. Therefore, the hydrodynamic
subproblem (5) � (8) is reduced to the initial-boundary value problem

∂U

∂X
= −1

ε

dP

dX
+

1

εRe

(
∂2U

∂Y 2
+

∂2U

∂Z2

)
− U

ε · Re ·Da
, (11)
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U (0, X, Z) = 1, (12)

U (X, 0, Z) = U (X, Y, 0) = U (X,H1, Z) = U (X,Y,H2) = 0, (13)

where H1 = (1 + η) /2, H2 = (1 + η−1) /2, η = h1/h2 are such that dP/dX is determined
by the condition that the �ow of �uid through the cross section of the porous heat
exchanger remains

1

H1 ·H2

H1∫
0

H2∫
0

U (∞, Y, Z) dY dZ = 1. (14)

Consider the heat subproblem for the stationary heat transfer regime in a porous heat
exchanger assuming that ∂2Tf,s/∂X

2 ≪ (∂2Tf,s/∂Y
2 & ∂2Tf,s/∂Z

2) under keeping the
condition dh ≪ l [3]

U
∂Tf

∂X
=

1

Re ·Pr

(
∂2Tf

∂Y 2
+

∂2Tf

∂Z2

)
+

Nup · Re
Pr ·Re 2

p

(ΛTs − Tf ) , (15)

∂2Ts

∂Y 2
+

∂2Ts

∂Z2
− Nup

(
Re

Re p

)2

(ΛTs − Tf ) = 0 (16)

with the boundary conditions
Tf (0, Y, Z) = 0, (17)

∂Tf,s (X, 0, Z)

∂Y
= −1, (18)

∂Tf,s (X,H1, Z)

∂Y
=

∂Tf,s (X,Y, 0)

∂Z
=

∂Tf,s (X, Y,H2)

∂Z
= 0. (19)

3. The Hydrodynamic Subproblem

The system (11) � (13) is linear. Therefore, in order to solve the system we can use the
Laplace one-side integral transformation [23] with respect to the variable X and the �nite
integral sinus-transformation [24] with respect to the variables X and Z. As a result,

U (X,Y, Z) =
4

H1H2

∞∑
m=1

∞∑
n=1

(λmµn)
−1 [1− (−1)m] [1− (−1)n]×

×
[(

1 + C
amn

)
exp (amnX)− C

amn

]
sin (λmY ) sin (µnZ) ,

(20)

where λm = mπ/H1, µn = nπ/H2, amn = −
(
λ2
m + µ2

n +Da −1
) /

(εRe ),
C = −ε−1dP/dX.

The parameter C is found from the condition (14)

C =

{
− 4

H1H2

∞∑
m=1

∞∑
n=1

(λmµn)
−2 [1− (−1)m]

2 · [1− (−1)n]
2
/amn

}−1

, (21)

which allows to determine the coe�cient of hydraulic resistance according to Fanning [25]

ξ = 2ξ−1C. (22)
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The length of the hydrodynamic initial section is calculated for the quasiregular regime
[22] (m = n = 1) by the relation

1− U (X,H1/2, H2/2)

U (∞, H1/2, H2/2)
= γ

(the relative deviation γ is usually taken to be 0,02), therefore

X = − εRe(
π
H1

)2
+
(

π
H2

)2
+ 1

Da

ln


γC

C −
[(

π
H1

)2
+
(

π
H2

)2
+ 1

Da

]
(εRe )−1

 . (23)

Calculations show that for large values of the number Da (rare�ed skeleton) with
increase in the number Re the unevenness of the velocity �eld in a porous heat exchanger
is essentially inhomogeneous both in the hydrodynamic initial section and along the cross
section with a quasi-parabolic pro�le (Fig. 2).

Fig. 2. A dimensionless velocity �eld in the cross section z = 0, 5 for Da = 0, 1, η = 0, 1,
ε = 0, 4 and di�erent values of the numbers Re : a � 10; b � 100; c � 1000

The decrease in the value of the numbers Da signi�cantly reduces the length of the
hydrodynamic initial section, but the inhomogeneity of the velocity pro�le remains. Note
that only for su�ciently small values Da ≤ 10−4 there exists the homogeneous of the
velocity �eld, and along the entire �ow U ≈ 1 (hydrodynamic regime of ideal displacement
by heat carrier). The increase in the porosity of the skeleton under all other equal conditions
leads to an increase in the length of the hydrodynamic initial section. The transition of
the heat carrier �ow to the �at case is observed for η ≤ 0, 01.

The hydraulic coe�cient of resistance ξ decreases with an increase in number Re , which
agrees with the classical data. A sharp increase in the coe�cient of resistance takes place in
the region of small values of the numbers Da , because the permeability of the skeleton of
the heat exchanger porous medium decreases. Calculations show that the passage section in
the form of a square is the most preferable from the point of view of the minimum pressure
loss when moving the heat carrier in a porous heat exchanger, because in this case the
wetted surface is minimal. Note that if there is no porous skeleton (ε → 1,Da → ∞), then
the resistance coe�cient correlates with the value for a laminar �ow of the Newtonian
�uid in a rectangular channel for di�erent η [26].

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, � 3. Ñ. 40�53

45



V.I. Ryazhskikh, D.A. Konovalov, A.V. Ryazhskikh, A.A. Boger, S.V. Dakhin

An analysis of the obtained relation for calculating the length of the initial segment
shows that the length is directly proportional to Re and for ε → 1, Da → ∞ coincides
with the data of [27].

4. Heat Subproblem

In practically important cases Da ≪ 10−5, therefore the system (15) � (19) is
essentially simpli�ed, because U ≈ 1. As for the hydrodynamic subproblem, we obtain
a solution to the equations of the heat subproblem in the analytical form using the one-
sided integral Laplace transform of the variable X and a consistent application of the �nal
integral cosine transform with respect to the variables Y and Z, respectively:

Tf (X, Y, Z) =
1

H1H2

{
2Ω0

Re ·Pr
X + 2

∞∑
m=1

bm
am

[exp (amX)− 1] cos (pmY ) +

+2
∞∑
n=1

bn
an

[exp (anX)− 1] cos (qnZ)+

+4
∞∑

m=1

∞∑
n=1

bmn

amn

[exp (amnX)− 1] cos (qnZ) cos (pmY )

}
,

(24)

where pm = mπ/H1, m = 1,∞, qn = nπ/H2, n = 1,∞,

am =
Nup

(
Re
Re p

)2 Nup Re

Re 2
p·Pr

Λ

p2m+Nup
(

Re
Re p

)2
Λ

−
(

p2m
Re ·Pr +

Nup Re

Re 2
p·Pr

)
, bm =

Ω0
Re ·Pr

[
p2m+Nup

(
Re
Re p

)2
Λ

]
+Ω0

Nup Re

Re 2
p·Pr

Λ

p2m+Nup
(

Re
Re p

)2
Λ

,

an =
Nup

(
Re
Re p

)2 Nup Re

Re 2
p·Pr

Λ

q2n+Nup
(

Re
Re p

)2
Λ

−
(

q2n
Re ·Pr +

Nup Re

Re 2
p·Pr

)
, bn =

Ωn
Re ·Pr

[
q2n+Nup

(
Re
Re p

)2
Λ

]
+Ωn

Nup Re

Re 2
p·Pr

Λ

q2n+Nup
(

Re
Re p

)2
Λ

,

amn =
Nup

(
Re
Re p

)2 Nup Re

Re 2
p·Pr

Λ

p2m+q2n+Nup
(

Re
Re p

)2
Λ
−
(

p2m
Re ·Pr +

q2n
Re ·Pr +

Nup Re

Re 2
p·Pr

)
,

bmn =
Ωn

Re ·Pr

[
p2m+q2n+Nup

(
Re
Re p

)2
Λ

]
+Ωn

Nup Re

Re 2
p·Pr

Λ

p2m+q2n+Nup
(

Re
Re p

)2
Λ

,

Ωn =


2
π

∑∞
k=1

1
k

[
1− (−1)k

] ⟨
H2

2π(k−n)
{1− cos [π (k − n)]}+

+ H2

2π(k+n)
{1− cos [π (k + n)]}

⟩
, if n ̸= k,

0, if k = n.

Ts (X,Y, Z) =
1

H1H2

 Ω0

Nup

(
Re
Re p

)2
Λ

+
2Ω0X

Re ·Pr ·Λ
+

+2
∞∑

m=1

fm

[(
1− cm

dm

)
exp (−dmX) +

cm
dm

]
cos (pmY )+

+2
∞∑
n=1

fn

[(
1− cn

dn

)
exp (−dnX) +

cn
dn

]
cos (qnZ)+

+4
∞∑

m=1

∞∑
n=1

fmn

[(
1− cmn

dmn

)
exp (−dmnX) +

cmn

dmn

]
cos (qnZ) cos (pmY )

}
,

(25)
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where

cm = p2m
Re ·Pr +

Nup Re

Re 2
p·Pr

+ Nup
Re ·Pr

(
Re
Re p

)2
,

dm = p2m
Re ·Pr +

Nup Re

Re 2
p·Pr

− Nup

(
Re
Re p

)2
Nup Re

Re 2
p·Pr

Λ

/[
p2m +Nup

(
Re
Re p

)2
Λ

]
,

fm = Ω0

/[
p2m +Nup

(
Re
Re p

)2
Λ

]
, cn = q2n

Re ·Pr +
Nup Re

Re 2
p·Pr

+ Nup
Re ·Pr

(
Re
Re p

)2
,

dn = q2n
Re ·Pr +

Nup Re

Re 2
p·Pr

− Nup

(
Re
Re p

)2
Nup Re

Re 2
p·Pr

Λ

/[
q2n +Nup

(
Re
Re p

)2
Λ

]
,

fn = Ωn

/[
q2n +Nup

(
Re
Re p

)2
Λ

]
, cmn = p2m

Re ·Pr +
q2n

Re ·Pr +
Nup Re

Re 2
p·Pr

+ Nup
Re ·Pr

(
Re
Re p

)2
,

dmn = p2m
Re ·Pr +

q2n
Re ·Pr +

Nup Re

Re 2
p·Pr

− Nup

(
Re
Re p

)2
Nup Re

Re 2
p·Pr

Λ

/[
p2m + q2n +Nup

(
Re
Re p

)2
Λ

]
,

fmn = Ωn

/[
p2m + q2n +Nup

(
Re
Re p

)2
Λ

]
.

Note that the porosity in the explicit form does not enter into the solution to the heat
subproblem (24), (25), but is contained in the de�ning dimensionless numbers. Therefore,
we represent the de�ning parameters as follows:

Re = Re 0
/
ε2,Re p = Re 0

p

/
[6 (1− ε)],Pr = εPr0

/ (
ε+ 0, 3Pr0Re 0

p

)
,

Nup =
(
2 + 1, 1Pr0

1/3

Re 3/5
p

)
/
(
ε+ 0, 3Pr0Re 0

p

)
,

where Re 0 = ρfu0dh/µf , Re
0
p = ρfu0dp/µf .

Calculation analysis of the heat subproblem in Fig. 3 shows that the small Reynolds
numbers equalize the temperature of the heat carrier and the porous skeleton due to
the greater heat conductivity of the porous matrix material. However, in this case the
e�ciency of the heat transfer is very low, and the increase in the velocity of the heat
carrier sharply increases the e�ciency. But at the same time, a signi�cant inhomogeneity
of the temperature �eld takes place. And as expected, the temperature of the heat carrier
near the cooled surface is much higher, therefore the surface overheats. This situation can
cause a phase transition (boil of the cooler). An increase in the local Reynolds number,
that is an increase in the permeability with a constant velocity of the heat carrier at the
input of the heat exchanger, leads to a deterioration in the thermal indices.

In order to increase the cooling e�ect of the surface extracting heat and at the same
time reduce a heat load on the heat carrier, we can variate the Prandtl numbers such that
to increase the numbers.

Note that the parameter Λ characterizes the ratio of e�ective thermal conductivities
of the heat carrier and a material of the porous structure. A decrease in the parameter Λ
leads to an increase in the heat dissipation, and the increase in porosity worsens the entire
spectrum of thermal indices of the heat exchanger.

It is established that an increase in the ratio of the height to the width of the �ow
section, with all other equal conditions, leads to a more intensive cooling of the surface
extracting heat (Fig. 4). In this case, there is an analogy with the functioning of the cooling
edge for the usual method to intensify the heat transfer, i.e. there exists an optimal ratio
of the height and width of �ow section of the porous heat exchanger, which provides the
maximum heat dissipation from the cooled surface.
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Fig. 3. Dimensionless �elds of heat carrier temperatures and matrix of a porous layer in
the plane z = 0, 5 for ε = 0, 2, Re 0

p = 100, Pr0 = 0, 002, Λ = 0, 1, η = 1 and for di�erent
Re : a � 10; b � 1000; c � 10000

Therefore, we analyze the calculation of temperature �elds of the heat carrier and the
matrix of the porous medium in the heat exchanger. The results of the analysis con�rm
that the mathematical model is qualitative, adequate, correct and agrees with the modern
concepts of the heat exchange in the porous media. Estimation of the local Nusselt number
for a porous heat exchanger

Nu (X) =
[
T̄f (X, 0)− ⟨Tf (X)⟩

]−1
, (26)

where T̄f (X, 0) = 1
H2

H2∫
0

T (X, 0, Z) dZ, ⟨Tf (X)⟩ = 1
H1·H2

H1∫
0

H2∫
0

Tf (X,Y, Z) dY dZ is

constructed by the following considerations. The averaging of the heat subproblem (15) �
(19) for U = 1 leads the subproblem to the di�erential-algebraic system:

d ⟨Tf (X)⟩
dX

=
1

Re ·Pr
+

NupRe

Re 2
p Pr

[Λ ⟨Ts (X)⟩ − ⟨Tf (X)⟩] ,

Nup

(
Re

Re p

)2

[Λ ⟨Ts (X)⟩ − ⟨Tf (X)⟩] = 1, ⟨Tf (0)⟩ = 0,

and the solution of the system is the following:

⟨Tf (X)⟩ = 1
Pr

[
1
Re

+Nu2
p

(
Re
Re p

)3]
X,

⟨Ts (X)⟩ = 1
Λ

{
Nup

(
Re
Re p

)2
+ 1

Pr

[
1
Re

+Nu2
p

(
Re
Re p

)3]
X

}
.

(27)
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Fig. 4. Dimensionless �elds of heat carrier temperatures and matrices of a porous layer in
the plane z = 0, 5 for ε = 0, 2, Re 0 = 10000, Re 0

p = 100, Pr0 = 0, 002, Λ = 0, 1 and for
di�erent η : a � 0,5; b � 2; c � 5

Note that the axial change in temperatures of the heat carrier and matrix of the porous
medium is linear.

The result of the averaging of the heat subproblem only for the variable Z is analogous
to the �at case, the solution of which was obtained in [28]. In this solution suppose that
the height of the �at channel is equal to the hydraulic diameter of the cross section of the
porosity of the 3-D heat exchanger, then

T̄f (X, 0) =
2

Re ·Pr ·af
[
1− exp

(
afX

)]
+ 2

∞∑
k=1

cfk
bfk

[
1− exp

(
bfkX

)]
, (28)

where
af = Nup Re

Re p Pr

(
1

Re p
− 1
)
,

bk =
π2k2

Re ·Pr +
Nup Re

Re 2
p Pr

− Nu2p Re 3

Re 4
p Pr

Λ

/[
π2k2 +Nup

(
Re
Re p

)2
Λ

]
,

cfk =
(

2Nup Re

Re 2
p Pr

Λ + πk2

Re ·Pr

)/[
π2k2 +Nup

(
Re
Re p

)2
Λ

]
.

The calculations of the local Nusselt number for a porous heat exchanger according
to the formula (26) with taking into account the ratio (27) and (28) prove (Fig. 5) that
together with the increase of the porosity its meaning decreases with simultenuous decrease
of the heat initial section because of the deceleration of the heat carrier in the matrix of
the skeleton.
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Fig. 5. The local Nusselt number for a porous heat exchanger for Re 0 = 10000; Re 0
p = 100;

Pr0 = 0, 002; Λ = 0, 1, η = 1 and di�erent values of porosity ε: a � 0,2; b � 0,4

Conclusion

The presented mathematical model gives a wide range of di�erent heat-hydraulic
characteristics of porous heat exchangers and can be considered as universal tool to develop
a new one and to choose the rational modes of functioning of the existing heat exchange
equipment.
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ÀÍÀËÈÒÈ×ÅÑÊÎÅ ÐÅØÅÍÈÅ ÇÀÄÀ×È ÊÎÍÂÅÊÒÈÂÍÎÃÎ
ÒÅÏËÎÏÅÐÅÍÎÑÀ Â ÏÎÐÈÑÒÎÌ ÏÐßÌÎÓÃÎËÜÍÎÌ ÊÀÍÀËÅ
ÏÐÈ ÒÅÐÌÈ×ÅÑÊÈÕ ÃÐÀÍÈ×ÍÛÕ ÓÑËÎÂÈßÕ ÂÒÎÐÎÃÎ ÐÎÄÀ

Â.È. Ðÿæñêèõ1, Ä.À. Êîíîâàëîâ1, À.Â. Ðÿæñêèõ1, À.À. Áîãåð2,

Ñ.Â. Äàõèí1

1Âîðîíåæñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, ã. Âîðîíåæ
2Âîåííûé ó÷åáíî-íàó÷íûé öåíòð Âîåííî-âîçäóøíûõ ñèë ≪Âîåííî-âîçäóøíàÿ
àêàäåìèÿ èìåíè ïðîôåññîðà Í.Å. Æóêîâñêîãî è Þ.À. Ãàãàðèíà≫, ã. Âîðîíåæ

Â òðåõìåðíîé ïîñòàíîâêå ðàññìîòðåíî óðàâíåíèå Áðèíêìàíà ñîâìåñòíî ñ óðàâ-

íåíèåì ãåòåðîãåííîãî òåïëîïåðåíîñà äëÿ îäíîíàïðàâëåííîãî òå÷åíèÿ íüþòîíîâñêîé

æèäêîñòè ïðè ëàìèíàðíîì ðåæèìå ÷åðåç ãîðèçîíòàëüíûé ïîðèñòûé êàíàë ïîñòîÿí-

íîãî ïðÿìîóãîëüíîãî ïîïåðå÷íîãî ñå÷åíèÿ ñ èçâåñòíûìè òåðìè÷åñêèìè ïîòîêàìè íà

ãðàíèöå è ìàëûìè çíà÷åíèÿìè ÷èñåë Äàðñè. Â ñèëó ëèíåéíîñòè ñôîðìóëèðîâàííîé

ñèñòåìû óðàâíåíèé ìîäåëè ïîëó÷åíî åå àíàëèòè÷åñêîå ðåøåíèå ñ èñïîëüçîâàíèåì èí-

òåãðàëüíûõ ïðåîáðàçîâàíèé Ëàïëàñà è Ôóðüå. Íàéäåííîå ðåøåíèå ïîçâîëèëî îöåíèòü

äëèíó âõîäíîãî ãèäðîäèíàìè÷åñêîãî ó÷àñòêà, êîýôôèöèåíò ãèäðàâëè÷åñêîãî ñîïðî-

òèâëåíèÿ è ëîêàëüíûå ÷èñëà Íóññåëüòà. Ïîëó÷åííûå ðåçóëüòàòû äëÿ ãèäðîäèíàìè÷å-

ñêîé ïîäçàäà÷è ïðè áîëüøîé ïîðèñòîñòè è òåïëîâîé ïîäçàäà÷è ïðè ñòàöèîíàðíîì ïîëå

òåìïåðàòóð ñîãëàñóþòñÿ ñ êëàññè÷åñêèì äàííûìè.

Êëþ÷åâûå ñëîâà: ïîðèñòûå ñðåäû; êîíâåêòèâíûé òåïëîîáìåí; ïðÿìîóãîëüíûé

êàíàë; êîýôôèöèåíò ãèäðàâëè÷åñêîãî ñîïðîòèâëåíèÿ; íà÷àëüíûé ãèäðîäèíàìè÷åñêèé

ó÷àñòîê.
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