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Â ëàãðàíæåâûõ êîîðäèíàòàõ ïîñòðîåíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è î ñõîäÿ-

ùåéñÿ óäàðíîé âîëíå â öèëèíäðè÷åñêîì ñîñóäå ñ íåïðîíèöàåìîé ñòåíêîé äëÿ ïðîèç-

âîëüíûõ ïîêàçàòåëåé àâòîìîäåëüíîñòè. Íà ãðàíèöå öèëèíäðà çàäàíà îòðèöàòåëüíàÿ

ñêîðîñòü. Â íà÷àëüíûé ìîìåíò âðåìåíè èç ýòîé òî÷êè íà÷íåò ðàñïðîñòðàíÿòüñÿ óäàð-

íàÿ âîëíà ê öåíòðó ñèììåòðèè. Ãðàíèöà öèëèíäðà áóäåò äâèãàòüñÿ ïî îïðåäåëåííîìó

çàêîíó, ñîãëàñîâàííîìó ñ äâèæåíèåì óäàðíîé âîëíû. Â ýéëåðîâûõ ïåðåìåííûõ îíà

äâèæåòñÿ, íî â ëàãðàíæåâûõ ïåðåìåííûõ åå òðàåêòîðèÿ ÿâëÿåòñÿ âåðòèêàëüíîé ëèíè-

åé. Âîîáùå ãîâîðÿ, âñå òðàåêòîðèè ÷àñòèö ÿâëÿþòñÿ âåðòèêàëüíûìè ëèíèÿìè, âäîëü

êîòîðûõ ñîõðàíÿåòñÿ òî çíà÷åíèå ýíòðîïèè, êîòîðîå âîçíèêëî íà óäàðíîé âîëíå. Ïî-

ëó÷åíû óðàâíåíèÿ, îïðåäåëÿþùèå ñòðóêòóðó òå÷åíèÿ ãàçà ìåæäó ôðîíòîì óäàðíîé

âîëíû è ãðàíèöåé, êàê ôóíêöèè âðåìåíè è ëàãðàíæåâîé êîîðäèíàòû, à òàê æå çàâèñè-

ìîñòü ýíòðîïèè îò ñêîðîñòè óäàðíîé âîëíû. Çàäà÷à ðåøåíà â ëàãðàíæåâûõ êîîðäèíà-

òàõ è ïðèíöèïèàëüíî îòëè÷àåòñÿ îò ðàíåå èçâåñòíûõ ïîñòàíîâîê çàäà÷è î ñõîæäåíèè

àâòîìîäåëüíîé óäàðíîé âîëíû ê öåíòðó ñèììåòðèè è åå îòðàæåíèè îò öåíòðà, êîòî-

ðûå ïîñòðîåíû äëÿ áåñêîíå÷íîé îáëàñòè â ýéëåðîâûõ êîîðäèíàòàõ äëÿ åäèíñòâåííîãî

çíà÷åíèÿ êîýôôèöèåíòà àâòîìîäåëüíîñòè ñîîòâåòñòâóþùåãî åäèíñòâåííîìó çíà÷åíèþ

ïîêàçàòåëÿ àäèàáàòû.

Êëþ÷åâûå ñëîâà: óäàðíàÿ âîëíà; öèëèíäðè÷åñêàÿ ñèììåòðèÿ; èäåàëüíûé ãàç; àíà-

ëèòè÷åñêîå ðåøåíèå.

Ââåäåíèå

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå äèíàìè÷åñêèõ ïðîöåññîâ â ìåõàíèêå ñïëîøíûõ
ñðåä â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ îäíèì èç âàæíåéøèõ èíñòðóìåíòîâ èññëåäîâàíèé.
Äëÿ ðåøåíèÿ êîíêðåòíûõ çàäà÷ èñïîëüçóþòñÿ óæå ñóùåñòâóþùèå èëè ñîçäàþòñÿ íî-
âûå ìîäåëè è ÷èñëåííûå ìåòîäû. Äëÿ îöåíêè ñâîéñòâ ðàçíîñòíûõ ñõåì, àïïðîêñèìè-
ðóþùèõ çàêîíû ñîõðàíåíèÿ, øèðîêî ïðèìåíÿþòñÿ àïðèîðíûå ìåòîäû, òàêèå, êàê èñ-
ñëåäîâàíèå óñòîé÷èâîñòè, àïïðîêñèìàöèè, êîíñåðâàòèâíîñòè, äèñòðàêöèè è äð. Ñëå-
äóåò, îäíàêî, îòìåòèòü, ÷òî áîëüøàÿ ÷àñòü ýòèõ ìåòîäîâ ðàçðàáîòàíà äëÿ àêóñòè÷å-
ñêèõ ïðèáëèæåíèé ê èñõîäíûì óðàâíåíèÿì è äëÿ ïðîñòåéøèõ óðàâíåíèé ñîñòîÿíèÿ.
Â ìåõàíèêå ñïëîøíûõ ñðåä ñâîéñòâà ìàòåìàòè÷åñêîé ìîäåëè èç-çà íåëèíåéíîñòåé,
îïðåäåëÿåìûõ ðåàëüíûìè óðàâíåíèÿìè ñîñòîÿíèÿ, íàëè÷èåì óäàðíûõ âîëí, ïëàñòè÷-
íîñòüþ è äðóãèìè ñâîéñòâàìè âåùåñòâà, ìîãóò çàìåòíî îòëè÷àòüñÿ îò ïðåäñêàçàíèé
ëèíåéíîé òåîðèè.

Ïðè ïåðåõîäå ê íåëèíåéíûì óðàâíåíèÿì ëèíåéíàÿ òåîðèÿ òåðÿåò ñâîþ ñòðîãîñòü.
Âàæíîñòü òåîðåìû ñõîäèìîñòè [1] ñèëüíî ïðåóâåëè÷èâàåòñÿ, ïîñêîëüêó îíà âñå-òàêè
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äîêàçàíà äëÿ ëèíåéíûõ, à íå äëÿ íåëèíåéíûõ óðàâíåíèé, à ðåàëüíûå ðàñ÷åòû ïðî-
âîäÿòñÿ ïðè êîíå÷íûõ ∆x è ∆t, à íå ïðè ∆x → 0, ∆t → 0. Î÷åíü ÿðêî âçãëÿäû
íà îòíîñèòåëüíîñòü ≪ñòðîãèõ≫ êðèòåðèåâ óñòîé÷èâîñòè è ñõîäèìîñòè èçëîæåíû â [2].
Ïîýòîìó âàæíåéøèìè ñïîñîáîì ïðîâåðêè äîñòîèíñòâ è íåäîñòàòêîâ ìàòåìàòè÷åñêîé
ìîäåëè â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ ðàñ÷åò ýòàëîííûõ çàäà÷, èìåþùèõ àíàëèòè÷å-
ñêîå ðåøåíèå, è ñðàâíåíèå ðåçóëüòàòîâ ðàñ÷åòîâ ñ ýòèìè ðåøåíèÿìè. Íà÷èíàÿ ñ 40-õ
ãîäîâ ïðîøëîãî ñòîëåòèÿ ïîÿâèëñÿ ðÿä ðàáîò [3�11], ñîäåðæàùèõ àâòîìîäåëüíîå ðå-
øåíèå çàäà÷è î ôîêóñèðîâêå óäàðíîé âîëíû â áåñêîíå÷íîì èäåàëüíîì ãàçå. Îäíàêî
ðåàëüíûå òåëà èìåþò êîíå÷íûå ðàçìåðû. Â äàííîé ðàáîòå ðàññìîòðåíà çàäà÷à î ñõî-
äÿùåéñÿ óäàðíîé âîëíå â öèëèíäðè÷åñêîì ñîñóäå ñ íåïðîíèöàåìîé ñòåíêîé, èìåþùàÿ
àíàëèòè÷åñêîå ðåøåíèå.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ öèëèíäðè÷åñêèé ñîñóä ñ íåïðîíèöàåìîé ñòåíêîé, â êîòîðîì íà-
õîäèòñÿ ãàç ìàññîé M0 è íà÷àëüíûìè ïðè t = t0 ïàðàìåòðàìè ãàçà ρ0 = const, U0 = 0,
P0 = 0, E0 = 0, ãäå ρ � ïëîòíîñòü, U � ñêîðîñòü, P � äàâëåíèå, E � óäåëüíàÿ âíóòðåí-
íÿÿ ýíåðãèÿ. Çàäà÷à èìååò öèëèíäðè÷åñêóþ ñèììåòðèþ. Ëàãðàíæåâîé êîîðäèíàòîé
ÿâëÿåòñÿ öèëèíäðè÷åñêàÿ ìàññà M . Âòîðîé íåçàâèñèìîé ïåðåìåííîé ÿâëÿåòñÿ âðåìÿ
t. Â òî÷êå t0, M0 çàäàíà ñêîðîñòü U1 < 0. Òàêèì îáðàçîì, â ýòîé òî÷êå çàäàí ñèëü-
íûé ðàçðûâ, êîòîðûé ïðè t > t0 ðàñïðîñòðàíÿåòñÿ ê öåíòðó ñèììåòðèè è â ìîìåíò tf
ôîêóñèðóåòñÿ â òî÷êó M = 0. Ãðàíèöà öèëèíäðà ïðè t > t0 äâèæåòñÿ â ïåðåìåííûõ
r, t, íî â ïåðåìåííûõ M , t åå òðàåêòîðèÿ ÿâëÿåòñÿ âåðòèêàëüíîé ëèíèåé. Âîîáùå
ãîâîðÿ, âñå òðàåêòîðèè ÷àñòèö ÿâëÿþòñÿ âåðòèêàëüíûìè ëèíèÿìè, âäîëü êîòîðûõ
ñîõðàíÿåòñÿ òî çíà÷åíèå ýíòðîïèè, êîòîðîå âîçíèêëî íà óäàðíîé âîëíå. Ïàðàìåòðû
ãàçà ìåæäó óäàðíîé âîëíîé è ãðàíèöåé îïðåäåëÿþòñÿ ñèñòåìîé çàêîíîâ ñîõðàíåíèÿ
Ýéëåðà-Ãåëüìãîëüöà. Óðàâíåíèå ñîñòîÿíèÿ èñïîëüçóþòñÿ â äâóõ ôîðìàõ

P = (γ − 1) ρE, P = F (s) ργ, (1)

ãäå F (s) � ôóíêöèÿ îò ýíòðîïèè.

2. Ñîîòíîøåíèÿ íà óäàðíîé âîëíå

Çàêîíû ñîõðàíåíèÿ íà óäàðíîé âîëíå ïðè U0 = 0, P0 = 0, E0 = 0, F0 = 0 èìåþò
âèä [12]

ρw (D − Uw)− ρ0D = 0, (2)

ρ0DUw − Pw = 0, (3)

ρ0D

(
Ew +

1

2
U2
w

)
− PwUw = 0. (4)

Èíäåêñîì ≪w≫ îáîçíà÷åíû âåëè÷èíû íà óäàðíîé âîëíå, D � ñêîðîñòü óäàðíîé âîëíû.
Ïðåîáðàçóåì ýòè óðàâíåíèÿ ê âèäó, ñîäåðæàùåìó çàâèñèìîñòè Uw, ρw, Fw, Pw îò
ñêîðîñòè óäàðíîé âîëíû â ëàãðàíæåâûõ êîîðäèíàòàõ. Ëàãðàíæåâà êîîðäèíàòà Mw

óäàðíîé âîëíû â ñëó÷àå ñôåðè÷åñêè ñèììåòðè÷íîãî òå÷åíèÿ ñâÿçàíà ñ åå ýéëåðîâîé
êîîðäèíàòîé rw óðàâíåíèåì

Mw = πρ0r
2
w. (5)
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Ñêîðîñòü óäàðíîé âîëíû â ëàãðàíæåâûõ êîîðäèíàòàõ åñòü èçìåíåíèåMw ñî âðåìåíåì

W =
dMw

dt
= 2πρ0rwD. (6)

Çàìåíèì ýéëåðîâó êîîðäèíàòó óäàðíîé âîëíû åå ëàãðàíæåâîé êîîðäèíàòîé. Äëÿ ýòîãî
âûðàçèì rw èç (5) è ïîäñòàâèì â (6)

W = (2Mw)
1/2 (2πρ0)

1/2D. (7)

Âûðàçèâ â (7) D ÷åðåç W è Mw è ïîäñòàâèâ â (2)�(4), ïîëó÷èì ñ ïîìîùüþ (1) çàâè-
ñèìîñòè

ρw =
γ + 1

γ − 1
ρ0, (8)

Uw =
2

γ + 1
(2πρ0)

−1/2 (3Mw)
−1/2 W, (9)

Pw =
2

γ + 1
(2π)−1 (2Mw)

−1 W 2. (10)

Èç (1), (8) è (10) ñëåäóåò âûðàæåíèå äëÿ Fw

Fw =

[
2

γ + 1

(
γ − 1

γ + 1

)γ

ρ−γ
0 (2π)−1

]
(2Mw)

−1 W 2. (11)

Â òî÷êå t = t0, Mw = M0, Uw = Uw0, Pw = Pw0, Fw = Fw0.

Uw = U0

(
W

W0

)(
M0

Mw

)1/2

, Pw = P0

(
W

W0

)2 (
M0

Mw

)
, Fw = F0

(
W

W0

)2 (
M0

Mw

)
.

(12)
Ïî àíàëîãèè ñ [13�14] çàäàäèì òðàåêòîðèþ óäàðíîé âîëíû â âèäå

Mw = M0φ (t)n , (13)

ãäå φ = (tf − t) / (tf − t0). Ïðîäèôôåðåíöèðîâàâ Mw ïî t, ïîëó÷èì âûðàæåíèå äëÿ
ñêîðîñòè óäàðíîé âîëíû â ëàãðàíæåâûõ êîîðäèíàòàõ

W = W0φ
n−1, (14)

ãäå

W0 = − M0n

tf − t0
. (15)

Èñêëþ÷èâ â (13) è (14) ôóíêöèþ îò âðåìåíè, ïîëó÷èì çàâèñèìîñòü W îò Mw

W

W0

=

(
Mw

M0

)(n−1)/n

. (16)

Ñ ïîìîùüþ ñîîòíîøåíèÿ (16) èñêëþ÷èì W â (12)

Uw = Uw0

(
Mw

M0

)(n−2)/2n

, Pw = Pw0

(
Mw

M0

)(n−2)/n

, Fw = Fw0

(
Mw

M0

)(n−2)/2n

. (17)
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Âåëè÷èíà Fw âäîëü òðàåêòîðèè ÷àñòèöû ñ êîîðäèíàòîé Mw ïîñòîÿííà. Ñëåäîâàòåëü-
íî, çàâèñèìîñòü ýíòðîïèè îò ìàññû ìåæäó óäàðíîé âîëíîé è ãðàíèöåé ãàçà èìååò
âèä

F = Fw0

(
M

M0

)(n−2)/n

. (18)

Èç (5) ñëåäóåò çàâèñèìîñòü rw îò Mw

rw = r0

(
Mw

M0

)1/2

. (19)

3. Ïàðàìåòðû òå÷åíèÿ çà ôðîíòîì óäàðíîé âîëíû

Ïàðàìåòðû àäèàáàòè÷åñêîãî òå÷åíèÿ çà óäàðíîé âîëíîé îïðåäåëÿþòñÿ óðàâíåíè-
ÿìè, òðàåêòîðèè, ñîõðàíåíèÿ ìàññû è äâèæåíèÿ(

∂r

∂t

)
M

− U = 0, (20)

(
∂ρ

∂t

)
M

+ 2πρ2
∂ (r2U)

∂M
= 0, (21)

(
∂U

∂t

)
M

+ 2πr
∂ (Fργ)

∂M
= 0. (22)

Ýòè óðàâíåíèÿ ñîäåðæàò òðè èñêîìûõ ôóíêöèè r, ρ è U . Âåëè÷èíà F îïðåäåëÿåòñÿ
íà óäàðíîé âîëíå è çàâèñèò òîëüêî îò M (17).

Ïåðåéäåì â (20) � (22) ê íîâûì èñêîìûì ôóíêöèÿì

R = r2, C = rU. (23)

Ïîñëå ïåðåõîäà ê ôóíêöèÿì R è C óðàâíåíèÿ (20) � (22) ïðèìóò âèä(
∂R

∂t

)
M

− 2C = 0, (24)

(
∂ρ

∂t

)
M

+ 2πρ2
∂C

∂M
= 0, (25)

(
∂C

∂t

)
M

+ 2πR
∂ (Fργ)

∂M
− 2C2R−1 = 0. (26)

Èç (17), (19) è (23) ñëåäóþò çàâèñèìîñòè Rw è Cw îò Mw

Rw = R0
Mw

M0

, Cw = C0

(
Mw

M0

)(n−1)/n

. (27)

Óðàâíåíèÿ (24) � (26) ÿâëÿþòñÿ îñíîâíûìè äëÿ îòûñêàíèÿ R, C è ρ â îáëàñòè èíòå-
ãðèðîâàíèÿ Mw ≤ M ≤ M0, t0 ≤ t ≤ tf .

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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Ïåðåéäåì îò ïåðåìåííûõ t, M ê ïåðåìåííûì t, ξ (t, M). Óðàâíåíèÿ (24) � (26)
ïðèìóò âèä (

∂R

∂t

)
ξ

+

(
∂R

∂ξ

)
t

(
∂ξ

∂t

)
M

− 2C = 0, (28)(
∂ρ

∂t

)
ξ

+

(
∂ρ

∂ξ

)
t

(
∂ξ

∂t

)
M

+ 2πρ2
(
∂C

∂ξ

)
t

(
∂ξ

∂M

)
t

= 0, (29)(
∂C

∂t

)
ξ

+

(
∂C

∂ξ

)
t

(
∂ξ

∂t

)
M

− C2

R
+

+2πR

[
ργ

(
∂F

∂ξ

)
t

(
∂ξ

∂M

)
t

+ γFργ−1

(
∂ρ

∂ξ

)
t

(
∂ξ

∂M

)
t

]
= 0.

(30)

Çàâèñèìîñòü ξ (t, M) çàäàäèì òàê, ÷òîáû íà óäàðíîé âîëíå áûëî ξ = 1. Èç (13)
ñëåäóåò, ÷òî ïðîùå âñåãî âçÿòü òàêóþ çàâèñèìîñòü â âèäå

ξ =
M

M0

φ−n. (31)

4. Ðàçäåëåíèå ïåðåìåííûõ

Ïðåäñòàâèì R, ρ è C â âèäå ïðîèçâåäåíèé äâóõ ôóíêöèé, îäíà èç êîòîðûõ ÿâëÿ-
åòñÿ ôóíêöèåé òîëüêî t, à äðóãàÿ òîëüêî îò ξ

R = αR (t)T (ξ) ρ = αρ (t) δ (ξ) C = αC (t)Z (ξ) . (32)

Ïîñêîëüêó íà óäàðíîé âîëíå ξ = 1, òî çíà÷åíèÿ T1 = T (1) , δ1 = δ (1) , Z1 = Z (1)
äîëæíû áûòü ïîñòîÿííûìè. Èç (27) è (31) ñëåäóåò çàâèñèìîñòü Rw (t)

Rw = R0 φ
n. (33)

Ñðàâíèâ ýòó çàâèñèìîñòü ñ (32) íà óäàðíîé âîëíå, ïîëó÷èì âûðàæåíèå äëÿ αR

αR (t) = R0 φ
n T−1

1 . (34)

Àíàëîãè÷íî äëÿ αρ è αC ïîëó÷àåì ñîîòíîøåíèÿ

αρ = ρ0

(
γ + 1

γ − 1

)
δ−1
1 , αC (t) = C0 φ

n−1 Z−1
1 . (35)

Ïîäñòàâèâ (32) � (35) â (28) � (30) è âîñïîëüçîâàâøèñü (15), ïîëó÷èì òðè óðàâíåíèÿ
äëÿ T , δ è Z

ξT ′ = A1, (36)

δ1B1Z
′ − ξ Z1δ

′ = 0, (37)

− ξ

Z1

Z ′ +
C1 γ ξ

δ1
δ′ = C2, (38)

ãäå øòðèõ îçíà÷àåò äèôôåðåíöèðîâàíèå ïî ξ. Êîýôôèöèåíòû óðàâíåíèé (36) � (38)
A1, B1, C1, C2 ñ ïîìîùüþ (5), (6), (12) è (21) ïðåîáðàçóþòñÿ ê âèäó

A1 = T − 2Z T1

(γ + 1)Z1

, B1 =
2δ2

(γ − 1) δ21
, C1 =

δγ−1 T ξ−2/n

δγ−1
1 T1

,

C2 =
Z2 T1

(γ + 1)Z2
1 T

− (n− 1)Z

nZ1

− C1
(n− 2) δ

n δ1
.

(39)
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Óðàâíåíèÿ (36) � (38) îáðàçóþò îòíîñèòåëüíî T ′, δ′, Z ′ ñèñòåìó ëèíåéíûõ íåîäíî-
ðîäíûõ óðàâíåíèé. Îïðåäåëèòåëü ñèñòåìû ðàâåí

∆ = B1C1γξ − ξ2.

Åñëè ∆ ̸= 0, òî ðåøåíèå ñèñòåìû (36) � (38) ñóùåñòâóåò è èìååò âèä

T ′ =
A1

ξ
, δ′ =

B1C2 δ1
∆

, Z ′ =
ξ C2 Z1

∆
. (40)

Íà óäàðíîé âîëíå ïðè ξ = 1 âåëè÷èíû T, δ, Z, ∆ è êîýôôèöèåíòû (39) ïðèíèìàþò
çíà÷åíèÿ

T = T1, δ = δ1, Z = Z1, A1 =
(γ − 1)T1

γ + 1
, B1 =

2

(γ − 1)

C1 = 1, C2 =
3 (γ + 1)− n (2γ + 1)

n (γ + 1)
, ∆(1) =

(γ + 1)

(γ − 1)
.

5. Ðåøåíèå

Èíòåãðèðîâàíèå ñèñòåìû óðàâíåíèé (40) íà÷èíàåòñÿ â òî÷êå ξ = 1 (íà óäàðíîé
âîëíå). Ðàñ÷åòû ïîêàçûâàþò, ÷òî ñóùåñòâóåò ïðîìåæóòîê çíà÷åíèé n òàêèõ, ÷òî îïðå-
äåëèòåëü â íîëü íå îáðàùàåòñÿ. Ïðè íåêîòîðîì çíà÷åíèè n∗ îïðåäåëèòåëü îáðàùàåòñÿ
â íîëü ïðè ξ = ξ∗. Â ýòîé òî÷êå ðåøåíèå ñóùåñòâóåò, åñëè C2 òîæå îáðàùàåòñÿ â íîëü.
Êàæäîìó çíà÷åíèþ γ ñîîòâåòñòâóåò îäíî çíà÷åíèå n∗ (ñì. òàáë.). Â ýòîé æå òàáëèöå
ïðèâåäåíû çíà÷åíèå ξ∗, ïðè êîòîðûõ îäíîâðåìåííî ∆(ξ∗) = 0, C2 (ξ∗) = 0. Ïðîôèëè
äàâëåíèé, ïëîòíîñòåé è ñêîðîñòåé ïðè n = n∗ äëÿ òðåõ ìîìåíòîâ âðåìåíè ïðèâåäåíû
íà ðèñ. 1.

Òàáëèöà

Çíà÷åíèÿ n∗ è ξ∗, ñîîòâåòñòâóþùèå ðàçëè÷íûì çíà÷åíèÿì ïîêàçàòåëÿ àäèàáàòû γ

γ 1,1 1,2 4/3 1,4 5/3
n∗ 1,770501 1,722331 1,684516 1,670651 1,631252
ξ∗ 6,768540 4,873946 3,896265 3,616019 2,990161

Ïðè 0 < n < n∗ îïðåäåëèòåëü ñèñòåìû óðàâíåíèé (40) ïîëîæèòåëåí âî âñåì
ïðîìåæóòêå èçìåíåíèÿ ξ 1 ≤ ξ < ∞. Â ýòîì ñëó÷àå ïðîèñõîäèò êîëëàïñ ãàçîâîãî
öèëèíäðà � åãî îáúåì ñòðåìèòñÿ ê íóëþ. Ñòðóêòóðà òå÷åíèÿ ãàçà ìåæäó ôðîíòîì
óäàðíîé âîëíû è ãðàíèöåé öèëèíäðà ïîêàçàíà íà ðèñ. 2.

Â îáëàñòè n > n∗ îïðåäåëèòåëü îáðàùàåòñÿ â íîëü ïðè íåêîòîðîì çíà÷åíèè ξn,
êîòîðîå çàâèñèò îò n. Íî â ýòîé òî÷êå C2 (ξn) â íîëü íå îáðàùàåòñÿ. Òàêèì îáðàçîì
ðåøåíèå ñóùåñòâóåò â îáëàñòè 1 ≤ ξ < ξn. Íà ãðàíèöå ãàçîâîãî öèëèíäðà ïðèM = M0

çíà÷åíèå ξn äîñòèãàåòñÿ â ìîìåíò

tn = tf − (tf − t0) ξ
−1/n
n .

Èç òî÷êè M0, tn âûõîäèò ëèíèÿ, íà êîòîðîé ξ = ξn

Mn = M0ξn

(
tf − t

tf − t0

)n

. (41)

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, � 4. Ñ. 46�55

51



Â.Ô. Êóðîïàòåíêî, Ô.Ã. Ìàãàçîâ, Å.Ñ. Øåñòàêîâñêàÿ

Ðèñ. 1. Çàâèñèìîñòè ñêîðîñòè, äàâëåíèÿ è ïëîòíîñòè îò ýéëåðîâîé êîîðäèíàòû r äëÿ
γ=5/3, n = n∗ = 1, 631252 è òðåõ ìîìåíòîâ âðåìåíè

Ðèñ. 2. Çàâèñèìîñòè ñêîðîñòè, äàâëåíèÿ è ïëîòíîñòè îò ëàãðàíæåâîé êîîðäèíàòû äëÿ
γ=5/3, n = 1 ìåíüøå n∗=1, 631252 è òðåõ ìîìåíòîâ âðåìåíè

Îíà ôîêóñèðóåòñÿ îäíîâðåìåííî ñ óäàðíîé âîëíîé, ò.ê. ïðè t = tf , Mn = 0. Â îá-
ëàñòè ìåæäó ëèíèåé (41) è óäàðíîé âîëíîé (13) äëÿ êàæäîãî n > n∗ ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå. Ñòðóêòóðà òå÷åíèÿ ãàçà ïîêàçàíà íà ðèñ. 3.

Ðèñ. 3. Çàâèñèìîñòè ñêîðîñòè, äàâëåíèÿ è ïëîòíîñòè îò ýéëåðîâîé êîîðäèíàòû r
ìåæäó óäàðíîé âîëíîé è õàðàêòåðèñòèêîé äëÿ γ=5/3, n = 2 áîëüøå n∗=1, 631252 è
òðåõ ìîìåíòîâ âðåìåíè

Â ëàãðàíæåâûõ êîîðäèíàòàõ ïîñòðîåíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è î öèëèí-
äðè÷åñêè ñèììåòðè÷íîé ñõîäÿùåéñÿ óäàðíîé âîëíå äëÿ ïðîèçâîëüíûõ ïîêàçàòåëåé n,
êîòîðûå îïðåäåëÿþò ñõîæäåíèå óäàðíîé âîëíû.

Ñòàòüÿ âûïîëíåíà ïðè ïîääåðæêå Ïðàâèòåëüñòâà ÐÔ (Ïîñòàíîâëåíèå � 211
îò 16.03.2013 ã.), ñîãëàøåíèå � 02.À03.21.0011.
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FOCUSING OF CYLINDRICALLY SYMMETRIC SHOCK IN A GAS

V.F. Kuropatenko 1,2, F.G. Magazov2, E.S. Shestakovskaya2

1Russian Federal Nuclear Center � Zababakhin All Russia Research Institute
of Technical Physics, Snezhinsk, Russian Federation
2South Ural State University, Chelyabinsk, Russian Federation
E-mail: v.f.kuropatenko@yandex.ru, leshest@list.ru, magazov farit@mail.ru

The analytical solution of the problem of converging the shock in the cylindrical vessel

with an impermeable wall is constructed for arbitrary self-similar coe�cients in Lagrangian

coordinates. The negative velocity is set at the cylinder boundary. At the initial time

the shock spreads from this point into the center of symmetry. The cylinder boundary

moves under the particular law which conforms to the movement of the shock. It moves in

Euler coordinates, but the boundary trajectory is a vertical line in Lagrangian coordinates.

Generally speaking, all the trajectories of the particles are vertical lines. The value of entropy

which appeared on the shock etains along each of these lines. Equations that determine the

structure of the gas �ow between the shock front and the boundary as a function of time

and the Lagrangian coordinate are obtained, as well as the dependence of the entropy on the

shock velocity. Thus, the problem is solved for Lagrangian coordinates. It is fundamentally

di�erent from previously known formulations of the problem of the self-convergence of the

self-similar shock to the center of symmetry and its re�ection from the center which were

constructed for the in�nite area in Euler coordinates for a unique self-similar coe�cient

corresponding to the unique value of the adiabatic index.

Keywords: shock; cylindrical symmetry; ideal gas; analytical solution.
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