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Of concern is the semilinear mathematical model of ion-acoustic waves in plasma. It

is studied via the solvability of the Cauchy problem for an abstract complete semilinear

Sobolev type equation of higher order. The theory of relatively polynomially bounded

operator pencils, the theory of di�erentiable Banach manifolds, and the phase space method

are used. Projectors splitting spaces into direct sums and an equation into a system of two

equivalent equations are constructed. One of the equations determines the phase space of

the initial equation, and its solution is a function with values from the eigenspace of the

operator at the highest time derivative. The solution of the second equation is the function

with values from the image of the projector. Thus, the su�cient conditions were obtained

for the solvability of the problem under study. As an application, we consider the fourth-

order equation with a singular operator at the highest time derivative, which is in the base

of mathematical model of ion-acoustic waves in plasma. Reducing the model problem to an

abstract one, we obtain su�cient conditions for the existence of a unique solution.
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Introduction

Let Ω = (0, a)× (0, b)× (0, c) ⊂ R3. In a cylinder Ω×R consider equation which arose
in a theory of ion-acoustic waves in plasma [1]

(∆− λ)utttt + (∆− λ′)utt + α
∂2u

∂x2
3

= ∆(u3) (1)

with the Cauchy�Dirichlet conditions

u(x, 0) = u0(x), ut(x, 0) = u1(x),
utt(x, 0) = u2(x), uttt(x, 0) = u3(x), x ∈ Ω,

u(x, t) = 0, (x, t) ∈ ∂Ω× R.
(2)

In suitable Banach spaces U and F mathematical model (1), (2) can be reduced to the
Cauchy problem

u(k)(0) = uk, k = 0, 1, . . . , n− 1, (3)

for a semilinear Sobolev type equation of higher order

Au(n) = Bn−1u
(n−1) +Bn−2u

(n−2) + . . .+B0u+N(u), (4)
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where u(k) is the time derivative of order k, the operators A,Bn−1, Bn−2, . . . , B0 ∈
L(U;F), N ∈ C∞(U;F). By Sobolev type equations we mean those equations that are
not solvable with respect to the highest time derivative in particular when the operator
A is not invertible. Such situations often arise when kerA ̸= {0}. Mathematical models
representable in form (3), (4) will be called Sobolev type mathematical models of higher
order.

It is known that the Cauchy problem (3) for Sobolev type equations is unsolvable
in principle for arbitrary initial data u0, u1, . . . , un−1. In our opinion, the most fruitful
approach to the study of such equations is the phase space method developed by
G.A. Sviridyuk and T.G. Sukacheva for the study of semilinear Sobolev type equations of
the �rst order [2]. The essence of this method consists in reducing the singular equation (2)
to a regular one, de�ned, however, not on the entire space, but on some subset containing
admissible initial values, understood as the phase space of the original equation.

A theory of complete linear Sobolev type equations of higher order is presented in [3].
Semilinear Sobolev type equations of the �rst order were studied in [4,5]. Initial-boundary
value problems for Sobolev type equations of the �rst and higher order �nd application in
mathematical modelling [6, 7].

The aim of the work is to develop a method of analytical investigation of Sobolev type
mathematical models of higher order. In addition to the phase space method, the methods
of the theory of relatively polynomially bounded operator pencils [8] are also used. In this
article we also rely on the theory of di�erentiable Banach manifolds [9].

1. Theory of Relatively Polynomially Bounded Operator Pencils

Let U,F be Banach spaces and operators A,B0, B1, . . . , Bn−1 ∈ L(U;F). By B⃗ denote

the pencil formed by operators Bn−1, . . . , B1, B0. The sets ρA(
−→
B ) = {µ ∈ C : (µnA −

µn−1Bn−1 − . . . − µB1 − B0)
−1 ∈ L(F;U)} and σA(

−→
B ) = C \ ρA(B⃗) are called an A-

resolvent set and an A-spectrum of the pencil
−→
B respectively. The operator-function of a

complex variable RA
µ (
−→
B ) = (µnA−µn−1Bn−1− . . .−µB1−B0)

−1 with the domain ρA(
−→
B )

is called an A-resolvent of the pencil
−→
B .

De�nition 1. The operator pencil B⃗ is called polynomially bounded with respect to an
operator A (or polynomially A-bounded) if ∃a ∈ R+ ∀µ ∈ C (|µ| > a) ⇒ (RA

µ (B⃗) ∈
L(F;U)).

Remark 1. If there exists an operator A−1 ∈ L(F;U) then the pencil B⃗ is A-bounded.

In [10] A.A. Zamyshlyaeva received the necessary condition for the construction of
projectors ∫

γ

µkRA
µ (B⃗)dµ ≡ O, k = 0, 1, . . . , n− 2, (5)

where the circuit γ = {µ ∈ C : |µ| = r > a}.

Lemma 1. [10] Let the operator pencil B⃗ be polynomially A-bounded and condition (5)
be ful�lled. Then the operators
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P =
1

2πi

∫
γ

RA
µ (B⃗)µn−1Adµ, Q =

1

2πi

∫
γ

µn−1ARA
µ (B⃗)dµ

are projectors in spaces U and F respectively.

Denote U0 = kerP, F0 = kerQ, U1 = im P, F1 = im Q. According to lemma 1
U = U0 ⊕ U1, F = F0 ⊕ F1. By Ak (Bk

l ) denote restriction of operators A (Bl) on
Uk, k = 0, 1; l = 0, 1, . . . , n− 1.

Theorem 1. [10] Let the operator pencil B⃗ be polynomially A-bounded and condition (5)
be ful�lled. Then

(i) Ak ∈ L(Uk;Fk), k = 0, 1;
(ii) Bk

l ∈ L(Uk;Fk), k = 0, 1, l = 0, 1, . . . , n− 1;
(iii) operator (A1)−1 ∈ L(F1;U1) exists;
(iv) operator (B0

0)
−1 ∈ L(F0;U0) exists.

Using theorem 1 construct operators H0 = (B0
0)

−1A0 ∈ L(U0), H1 = (B0
0)

−1B0
1 ∈

L(U0),. . ., Hn−1 = (B0
0)

−1B0
n−1 ∈ L(U0) and S0 = (A1)−1B1

0 ∈ L(U1), S1 = (A1)−1B1
1 ∈

L(U1), . . ., Sn−1 = (A1)−1B1
n−1 ∈ L(U1).

De�nition 2. De�ne the family of operators {K1
q , K

2
q , . . . , K

n
q } as follows:

Ks
0 = O, s ̸= n, Kn

0 = I,
K1

1 = H0, K
2
1 = −H1, . . . , K

s
1 = −Hs−1, . . . , K

n
1 = Hn−1,

K1
q = Kn

q−1H0, K
2
q = K1

q−1 −Kn
q−1H1, . . . , K

s
q = Ks−1

q−1 −Kn
q−1Hs−1, . . . ,

Ks
q = Kn−1

q−1 −Kn
q−1Hn−1, q = 1, 2, . . . .

The A-resolvent can be represented by a Laurent series [10]

(µnA− µn−1Bn−1 − . . .− µB1 −B0)
−1 = −

∞∑
q=0

µqKn
q (B

0
0)

−1(I−Q)+

+
∞∑
q=1

µ−q(µn−1Sn−1 + · · ·+ µS1 + S0)
qL−1

1 Q.

Using this representation we classify the character of the point at in�nity of the A-
resolvent of the operator pencil B⃗.

De�nition 3. The point ∞ is called

• a removable singularity of an A-resolvent of the pencil B⃗, if Ks
1 ≡ O, s = 1, 2, . . . , n;

• a pole of order p ∈ N of an A-resolvent of the pencil B⃗, if ∃ p such that Ks
p ̸≡ O, s =

1, 2, . . . , n, but Ks
p+1 ≡ O, s = 1, 2, . . . , n;

• an essential singularity of an A-resolvent of the pencil B⃗, if Kn
q ̸≡ O for all q ∈ N.

Further a removable singularity of an A-resolvent of the pencil B⃗ will be called a pole
of order 0 for brevity. If the operator pencil B⃗ is polynomially A-bounded and the point

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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∞ is a pole of order p ∈ {0}∪N of an A-resolvent of the pencil
→
B then the operator pencil

B⃗ is called polynomially (A, p)-bounded.

Theorem 2. [3] Let A, Bn−1, . . ., B1, B0 ∈ L(U,F) and A be a Fredholm operator. Then
the following statements are equivalent:

(i) The lengths of all chains of the B⃗-adjoined vectors of the operator A are bounded
by number (p+ n− 1) ∈ {0} ∪ N and the chain of length (p+ n− 1) exists.

(ii) The operator pencil B⃗ is polynomially (A, p)-bounded.

2. Banach Manifolds

Let M be a Ck-manifold modelled by a Banach space U. By TM denote a tangent
bundle of the manifold M and by T nM denote a tangent bundle of order n. The set TM
has the structure of a smooth Ck−1-manifold, modelled by Banach space U by construction,
and tangent bundle T nM is a manifold of class Ck−n. Further we assume that k > n.

By πl denote a canonical projection from a tangent bundle of order l to a tangent
bundle of order l − 1 where l = 1, 2, . . . , n and by πl

∗ denote projection from tangent
bundle of order l to a manifold M, i.e. πl

∗ = π1π2 . . . πl.
Consider a curve α : J → M of class Cs, (s ≤ k) where J is some interval containing

zero. By canonical lifting of the curve α we call a curve α1 in TM α1 : J → TM such
that π1α1 = α. Similarly, by the lifting of order l of curve α in T lM we call a curve
αl : J → T lM such that πl

∗α
l = α. Therefore lifting of order l of the curve is a mapping

of class s− l ≥ 1.
On the basis of the de�nition of a second-order di�erential equation [9] introduce

De�nition 4. A di�erential equation of order n on a manifold M is a vector �eld ξ of
class Ck−n on the tangent bundle T n−1M such that for all v ∈ T n−1M the equality

πnξ(v) = v

holds.

It follows from the de�nition that ξ is a di�erential equation of order n i� every integral
curve β for ξ is a lifting of order n− 1 of the curve πn−1

∗ β. In other words

(πn−1
∗ β)n−1 = β.

Let M be an open set in the Banach space U. In this case, for any vector �eld on
T n−1M, the main part of di�erential equation

f : T n−1M → Un

has n components f = (f1, f2, . . . , fn) each of which maps T n−1M into U.

Lemma 2. [9] The mapping f of class Ck−n is the main part of a di�erential equation
of order n i�

f(g1, g2, . . . , gn) = (g2, g3, . . . , gn, fn(g1, g2, . . . , gn)).

Following [9] we formulate and prove
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Theorem 3. Let M be a Banach Ck-manifold, ξ be a di�erential equation of order n of
class Ck−n. Then for any point (u0, u1, . . . , un−1) ∈ T n−1M there exists a unique curve
u ∈ C l

(
(−τ, τ);M

)
, τ = τ(u0, u1, . . . , un−1) > 0, l ≥ n, lying in M, passing through the

point (u0, u1, . . . , un−1) such that

u(n) = fn(u, u̇, ü, . . . , u
(n−1)),

u(k)(0) = uk, k = 0, 1, . . . , n− 1.
(6)

Proof. Since T n−1M is a Ck−n+1-manifold and ξ is a vector �eld of class C l on T n−1M,
then for any point (u0, u1, . . . , un−1) ∈ T n−1M, there exists a unique integral curve
φ(t), t ∈ (−τ, τ), passing through the point (u0, u1, . . . , un−1) (φ(0) = (u0, u1, . . . , un−1)).
We represent a curve in the form of n components and consider it locally

φ(t) = (u(t), u1(t), . . . , un−1(t)) ∈ M× Un−1.

By lemma 2, if f is the main part of di�erential equation ξ, then

φ̇ = (u̇(t), u̇1(t), . . . , u̇n(t)) = f(u(t), u1(t), . . . , un−1(t)) =

= (u1(t), . . . , un−1(t), fn(u(t), u1(t), . . . , un−1(t))).

Therefore, the di�erential equation can be rewritten in more convenient form

u̇(t) = u1(t),
u̇1(t) = u2(t),
. . .
u̇n−1(t) = fn(u(t), u1(t), . . . , un−1(t))

or u(n)(t) = fn(u(t), u1(t), . . . , un−1(t)). Making the reverse substitution, we obtain

u(n) = fn(u, u̇, ü, . . . , u
(n−1)).

Thus, the curve (π∗φ)(t) = u(t), t ∈ (−τ, τ), lies in M and satis�es (6).

2

3. The Cauchy Problem

Turn to problem (3), (4) and give de�nition of its solution.

De�nition 5. If a vector-function u ∈ C∞((−τ, τ);U), τ ∈ R+ satis�es equation (4)
then it is called a solution of this equation. If the vector-function satis�es in addition
condition (3) then it is called a solution of (3), (4).

De�nition 6. The set P is called a phase space of (4), if
(i) for all (u0, u1, . . . , un−1) ∈ T n−1P there exists a unique solution of (3), (4);
(ii) a solution u = u(t) of (4) lies in P as a trajectory, i.e. u(t) ∈ P for all t ∈ (−τ, τ).

If kerA = {0} then equation (2) can be reduced to an equivalent equation

u(n) = F (u, u̇, . . . , u(n−1)),
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where F (u, u̇, . . . , u(n−1)) = A−1(Bn−1u
(n−1)+Bn−2u

(n−2)+ . . .+B0u+N(u)) is a mapping
of class C∞ by construction. The existence of a unique solution u of (3), (4) for all
(u0, u1, . . . , un−1) follows from theorem 3.

Let kerA ̸= {0} and operator pencil B⃗ be (A, 0)-bounded, then by theorem 1
equation (4) can be reduced to an equivalent system of equations 0 = (I−Q)(B0 +N)(u0 + u1),

dn

dtn
u1 = A−1

1 Q(Bn−1
dn−1

dtn−1
+Bn−2

dn−2

dtn−2
+ . . .+B0 +N)(u0 + u1),

(7)

where u1 = Pu, u0 = (I − P )u.
Now consider a set M = {u ∈ U : (I − Q)(B0u + N(u)) = 0}. Let the set M be not

empty, i.e. there is a point u0 ∈ M. Denote u0
1 = Pu ∈ U1.

The set M is called a Banach Ck-manifold at point u0 if there exist neighborhoods
O ⊂ M andO1 ⊂ U1 of points u0 and u1

0 respectively and a C
k-di�eomorphism δ : O1 → O

such that δ−1 is a restriction of projector P on O. The set M is called a Banach Ck-
manifold modelled by the space U1 if it is a Banach Ck-manifold at any point. Connected
Ck-manifold is simple if any atlas is equivalent to an atlas including only one map.

Let the following condition be ful�lled

(I−Q)(B0 +N ′
u0
) : U0 → F0 is a toplinear isomor�sm. (8)

According to the implicit function theorem [11] there exist neighborhoods O0 ⊂ U0 and
O1 ⊂ U1 of points u0

0 = (I−P )u0, u
1
0 = Pu0 respectively and the operator B ∈ C∞(O1;O0)

such that u0
0 = B

(
u1
0

)
. Construct an operator δ = I + B : O1 → M, δ

(
u1
0

)
= u0. Then

the operator δ−1 together with the set O1 makes a map of M and is a restriction of P on
δ[O1] = O ⊂ M. Thus we prove

Lemma 3. The set M = {u ∈ U : (I − Q)(B0u + N(u)) = 0} under condition (8) is a
C∞-manifold at point u0.

Lets act with the Frechet derivative δ
(n)

(u1
0,u

1
1,...,u

1
n−1)

of order n on the second equation of

system (7). Since δ(u1) = u and

δ
(n)

(u1
0,u

1
1,...,u

1
n−1)

u1(n) =
dn

dtn
(
δ(u1)

)
we obtain equation u(n) = F (u, u̇, . . . , u(n−1)), where

F (u, u̇, . . . , u(n−1)) = δ
(n)

(u1
0,u

1
1,...,u

1
n−1)

A−1Q(Bn−1u
(n−1) +Bn−2u

(n−2) + . . .

+B0u+N(u)) ∈ C∞(U).

By virtue of theorem 3, we get

Theorem 4. Let the operator pencil B⃗ be (A, 0)-bounded, N ∈ C∞(U;F) and condition
(8) be ful�lled. Then for any (u0, u1, . . . , un−1) ∈ T n−1M there exists a unique solution of
(3), (4) lying in M as trajectory.
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4. Mathematical Model of Ion-Acoustic Waves in Plasma

Turn to the model example (1), (2). In order to reduce (1), (2) to (3), (4) set

U = {u ∈ W l+2
2 (Ω) : u(x) = 0, x ∈ ∂Ω}, F = W l

2(Ω).

De�ne operators A = ∆ − λ, B2 = (λ′ −∆), B0 = −α ∂2

∂x2
3
, B3 = B1 = O. Operators

A,B3, B2, B1, B0 are ∈ L(U;F) for all l ∈ {0} ∪ N.
Denote the eigenfunctions of the Dirichlet problem (2) for the Laplace operator by

φkmn =
{
sin πkx1

a
sin πmx2

b
sin πnx3

c

}
, where k, m, n ∈ N and denote the eigenvalues by

λkmn = −
√(

πk
a

)2
+
(
πm
b

)2
+
(
πn
c

)2
. The spectrum σ(∆) is negative, discrete, �nite and

tends only to −∞. Since {φkmn} ⊂ C∞(Ω) we obtain

µ4A− µ3B3 − µ2B2 − µB1 −B0 =

=
∞∑

k,m,n=1

[(λkmn − λ)µ4 + (λkmn − λ′)µ2 − α
(πn

c

)2

] < φkmn, · > φkmn,

where < ·, · > is the inner product in L2(Ω).

Remark 2. In the case when (i) λ ̸∈ σ(∆) the A-spectrum of pencil B⃗ σA(B⃗) = {µj
rmn :

r,m, n ∈ N, j = 1, ..., 4}, where µj
rmn are the roots of equation.

(λrmn − λ)µ4 + (λrmn − λ′)µ2 − α
(πn

c

)2

= 0. (9)

In the case when (ii) (λ ∈ σ(∆)) ∧ (λ ̸= λ′) the A-spectrum of pencil B⃗ σA(B⃗) = {µj
l,k :

k ∈ N}, where µj
l,k are the roots of equation (9) with λ = λl. In the case when (iii)

(λ ∈ σ(∆)) ∧ (λ = λ′) the A-spectrum of pencil B⃗ σA(B⃗) = {µj
l,k : k ∈ N, k ̸= l}.

Check condition (5). In case (i) there exists A−1 ∈ L(F1;U1) therefore condition (5) is
ful�lled [3].

In case (ii)

1

2πi

∫
γ

∞∑
k,m,n=1

µr < φkmn, · > φkmndµ

(λkmn − λ)µ4 + (λkmn − λ′)µ2 − α(πn
c
)2

=

=
1

2πi

∫
γ

∞∑
k,m,n=1

µr < φkmn, · > φkmndµ

(λkmn − λ′)µ2 − α(πn
c
)2

̸= 0,

when r = 1, therefore condition (5) is not ful�lled and this case is excluded from further
considerations. In case (iii) (λ ∈ σ(∆)) ∧ (λ = λ′) condition (5) is ful�lled.

Lemma 4. Let (i) λ ̸∈ σ(∆)) or (ii) (λ ∈ σ(∆))∧ (λ = λ′). Then pencil B⃗ is polynomially
(A, 0)-bounded.

Proof. In case (i) kerA = {0} that is, the operator A has no eigenvectors and, by remark 1

the pencil B⃗ is (A, 0)-bounded.
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In case (ii) λ ∈ σ(∆) and λ = λ′ construct the chain of B⃗-adjoined vectors of an
eigenvector φ0 =

∑
λ=λkmn

akmnφkmn ∈ kerA \ {0}. Since B3 = B1 = O the �rst three

B⃗-adjoined vectors can be taken equal to zero. On the fourth we obtain

B0φ0 = B0(
∑

λ=λkmn

akmnφkmn) = −α
(πn

c

)2 ∑
λ=λkmn

akmnφkmn ̸∈ imA,

since
∑

λ=λkmn

|akmn| > 0.

Therefore the eigenvector φ0 doesn't have a B⃗-adjoined vector of order four, the length
of the chains of B⃗-adjoined vectors of operator A is bounded by three, and the chain of
length three exists.

2
Construct projectors. In case (i) P = I and Q = I. In case (ii)

P = I−
∑

λ=λkmn

< φkmn, · > φkmn,

and the projector Q has the same form but it is de�ned on space F. Construct the set

M = {u ∈ U :
∑

λ=λkmn

< α
(πn

c

)2

u+∆(u3), φkmn > φkmn = 0}.

By theorem 4 we have

Theorem 5. (i) Let λ ̸∈ σ(∆), (u0, u1, . . . , un−1) ∈ Un. Then for some τ =
τ(u0, u1, . . . , un−1) > 0 there exists a unique solution u ∈ Cn

(
(−τ, τ),U

)
of

problem (1), (2).
(ii) Let (λ ∈ σ(∆)) ∧ (λ = λ′), (u0, u1, . . . , un−1) ∈ T n−1M and condition (8) be
ful�lled. Then for some τ = τ(u0, u1, . . . , un−1) > 0 there exists a unique solution
u ∈ Cn

(
(−τ, τ),M

)
of problem (1), (2).
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ÇÀÄÀ×À ÊÎØÈ ÄËß ÓÐÀÂÍÅÍÈß ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ
ÂÛÑÎÊÎÃÎ ÏÎÐßÄÊÀ

À.À. Çàìûøëÿåâà, Å.Â. Áû÷êîâ

Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. ×åëÿáèíñê,
Ðîññèéñêàÿ Ôåäåðàöèÿ

Â ñòàòüå èññëåäîâàíà ïîëóëèíåéíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü èîííî-çâóêîâûõ âîëí

â ïëàçìå íà îñíîâå ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ àáñòðàêòíîãî ïîëíîãî ïîëóëè-

íåéíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà. Èñïîëüçóåòñÿ òåîðèÿ îòíîñè-

òåëüíî ïîëèíîìèàëüíî îãðàíè÷åííûõ ïó÷êîâ îïåðàòîðîâ, òåîðèÿ äèôôåðåíöèðóåìûõ

áàíàõîâûõ ìíîãîîáðàçèé è ìåòîä ôàçîâîãî ïðîñòðàíñòâà. Ïîñòðîåíû ïðîåêòîðû, ðàñ-

ùåïëÿþùèå ïðîñòðàíñòâî â ïðÿìóþ ñóììó, è óðàâíåíèå íà äâà ýêâèâàëåíòíûõ óðàâ-

íåíèÿ. Îäíî èç óðàâíåíèé îïðåäåëÿåò ôàçîâîå ïðîñòðàíñòâî, è åãî ðåøåíèåì ÿâëÿåòñÿ

ôóíêöèÿ ñî çíà÷åíèÿìè èç ñîáñòâåííîãî ïîäïðîñòðàíñòâà îïåðàòîðà ïðè ñòàðøåé ïðî-

èçâîäíîé ïî âðåìåíè. Ðåøåíèåì âòîðîãî óðàâíåíèÿ ÿâëÿåòñÿ ôóíêöèÿ ñî çíà÷åíèÿìè

èç îáðàçà ïðîåêòîðà. Òàêèì îáðàçîì, áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøè-

ìîñòè èçó÷àåìîé çàäà÷è. Â êà÷åñòâå ïðèëîæåíèÿ ðàññìîòðåíî óðàâíåíèå ÷åòâåðòîãî

ïîðÿäêà ñ ñèíãóëÿðíûì îïåðàòîðîì ïðè ñòàðøåé ïðîèçâîäíîé ïî âðåìåíè, ëåæàùåå â

îñíîâå ìàòåìàòè÷åñêîé ìîäåëè èîííî-çâóêîâûõ âîëí â ïëàçìå. Ðåäóöèðîâàâ ìîäåëüíóþ

çàäà÷ó ê àáñòðàêòíîé, áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåí-

íîãî ðåøåíèÿ ïîëóëèíåéíîé ìàòåìàòè÷åñêîé ìîäåëè èîííî-çâóêîâûõ âîëí â ïëàçìå.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà; ïîëóëèíåéíîå

óðàâíåíèå; ïîëèíîìèàëüíûé ïó÷îê îïåðàòîðîâ; ìåòîä ôàçîâîãî ïðîñòðàíñòâà.
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