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ÎÁÐÀÒÍÎÉ ÇÀÄÀ×È ÄËß ÍÅËÈÍÅÉÍÎÃÎ ÓÐÀÂÍÅÍÈß
ÄÈÔÔÓÇÈÈ-ÐÅÀÊÖÈÈ

Õ.Ì. Ãàìçàåâ, Àçåðáàéäæàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò íåôòè
è ïðîìûøëåííîñòè, ã. Áàêó, Àçåðáàéäæàí

Ðàññìàòðèâàþòñÿ äâå îáðàòíûå çàäà÷è ïî îïðåäåëåíèþ êîýôôèöèåíòîâ äëÿ íåëè-

íåéíîãî óðàâíåíèÿ äèôôóçèè-ðåàêöèè òèïà Ôèøåðà � Êîëìîãîðîâà � Ïåòðîâñêîãî

� Ïèñêóíîâà. Äëÿ ðåøåíèÿ îáåèõ çàäà÷ ñíà÷àëà ïðîâîäÿòñÿ äèñêðåòèçàöèÿ ïðîèç-

âîäíîé ïî âðåìåíè. Â ðåçóëüòàòå îáå çàäà÷è ñâîäÿòñÿ ê äèôôåðåíöèàëüíî-ðàçíîñòíûì

çàäà÷àì îòíîñèòåëüíî ôóíêöèé, çàâèñÿùèõ îò ïðîñòðàíñòâåííîé ïåðåìåííîé. Äëÿ ÷èñ-

ëåííîãî ðåøåíèÿ ïîëó÷åííûõ çàäà÷ ïðåäëàãàåòñÿ áåçûòåðàöèîííûé âû÷èñëèòåëüíûé

àëãîðèòì, îñíîâàííûé íà ñâåäåíèè äèôôåðåíöèàëüíî-ðàçíîñòíîé çàäà÷è ê äâóì ïðÿ-

ìûì êðàåâûì çàäà÷àì è ëèíåéíîìó óðàâíåíèþ îòíîñèòåëüíî èñêîìîãî êîýôôèöèåíòà.

Êëþ÷åâûå ñëîâà: óðàâíåíèå äèôôóçèè-ðåàêöèè; óðàâíåíèå Ôèøåðà � Êîëìîãîðîâà

� Ïåòðîâñêîãî � Ïèñêóíîâà; êîýôôèöèåíòíàÿ îáðàòíàÿ çàäà÷à; èíòåãðàëüíîå óñëîâèå;

ÿâíî-íåÿâíûå ñõåìû.

Ââåäåíèå. Îäíèì èç íåëèíåéíûõ óðàâíåíèé òèïà ≪äèôôóçèÿ-ðåàêöèÿ≫ ÿâëÿåòñÿ
ëîãèñòè÷åñêîå óðàâíåíèå ñ äèôôóçèåé

∂u(x, t)

∂t
= D

∂2u(x, t)

∂x2
+ ku(x, t)(1− u(x, t)). (1)

Ýòî óðàâíåíèå ïðåäëîæåíî Í. Êîëìîãîðîâûì, È.Ã. Ïåòðîâñêèì è Í.Ñ. Ïèñêóíîâûì
[1] è Ôèøåðîì [2] äëÿ ìîäåëèðîâàíèÿ ïðîöåññà ðàñïðîñòðàíåíèÿ ãåííîé âîëíû. Óðàâ-
íåíèå (1), òàêæå íàçûâàåìîå óðàâíåíèåì Ôèøåðà � Êîëìîãîðîâà � Ïåòðîâñêîãî �
Ïèñêóíîâà (ÔÊÏÏ), íàõîäèò ïðèìåíåíèå âî ìíîãèõ îáëàñòÿõ: â çàäà÷àõ òåïëî- è
ìàññîîáìåíà, òåîðèè ãîðåíèÿ, áèîëîãèè è ýêîëîãèè, â ôèçèêå ïëàçìû è çàäà÷àõ òåî-
ðèè ôàçîâûõ ïåðåõîäîâ è ò.ä. [1�3].

Íåîáõîäèìî îòìåòèòü, ÷òî ìíîãèå õàðàêòåðèñòèêè ôèçè÷åñêèõ, õèìè÷åñêèõ, áèî-
ëîãè÷åñêèõ, ýêîëîãè÷åñêèõ è ò.ä. ïðîöåññîâ, îïèñûâàåìûõ óðàâíåíèåì (1), âî ìíîãîì
çàâèñèò îò êîýôôèöèåíòîâ äàííîãî óðàâíåíèÿ. Â ñâÿçè ñ ýòèì âàæíûìè ñ÷èòàþòñÿ
çàäà÷è ïî îïðåäåëåíèþ ýòèõ êîýôôèöèåíòîâ ñ öåëüþ îáåñïå÷åíèÿ æåëàåìîãî ïðîòå-
êàíèÿ ïðîöåññîâ.

1. Ïîñòàíîâêà çàäà÷è è ìåòîä ðåøåíèÿ. Çàäà÷à À. Ïóñòü ðàññìàòðèâàåòñÿ
óðàâíåíèå ÔÊÏÏ

∂u(x, t)

∂t
= D(t)

∂2u(x, t)

∂x2
+ k(t)u(x, t)(1− u(x, t)), 0 < x < l, 0 < t ≤ T, (2)

ãäå D(t) > 0, ñî ñëåäóþùèìè íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿìè

u(x, 0) = φ(x), (3)

u(0, t) = p(t), u(l, t) = f(t). (4)
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Õ. Ì. Ãàìçàåâ

Ïðåäïîëîæèì, ÷òî ïîìèìî ôóíêöèè u(x, t) íåèçâåñòíîé ÿâëÿåòñÿ òàêæå ôóíêöèÿ
k(t). Òðåáóåòñÿ âîññòàíîâëåíèå ýòîé ôóíêöèè ïî ñëåäóþùåìó èíòåãðàëüíîìó óñëîâèþ

l∫
0

u(x, t)dx = r(t), (5)

ãäå r(t) � çàäàííàÿ ôóíêöèÿ. Ïðåäïîëàãàåòñÿ, ÷òî ïðè ýòîì âûïîëíÿåòñÿ óñëîâèå
ñîãëàñîâàíèÿ

φ(0) = p(0), φ(l) = f(0),

l∫
0

φ(x)dx = r(0). (6)

Òàêèì îáðàçîì, çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè ôóíêöèé u(x, t) è k(t), óäî-
âëåòâîðÿþùèõ óðàâíåíèþ (2) è óñëîâèÿì (3) � (5). Äàííàÿ çàäà÷à îòíîñèòñÿ ê êëàññó
êîýôôèöèåíòíûõ îáðàòíûõ çàäà÷ [4, 5]. Îòìåòèì, ÷òî âîïðîñû ñóùåñòâîâàíèÿ, åäèí-
ñòâåííîñòè è ðàçðåøèìîñòè, à òàêæå íåêîòîðûå ïîäõîäû ê ÷èñëåííîìó ðåøåíèþ êî-
ýôôèöèåíòíûõ îáðàòíûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé èññëåäîâàíû â [6�8].

Äëÿ ðåøåíèÿ çàäà÷è (2) � (5) ñíà÷àëà äèñêðåòèçèðóåì óðàâíåíèå (2) ïî ïåðå-
ìåííîé t. Óðàâíåíèå (2) è óñëîâèÿ (2) � (5) çàïèøåì ïðè tj, j = 1,m. Ïðîèçâîä-

íóþ
∂u(x, t)

∂t
â óðàâíåíèè (2) àïïðîêñèìèðóåì ðàçíîñòüþ ≪íàçàä≫

∂u(x, t)

∂t

∣∣
t=tj ≈

u (x, tj)− u (x, tj−1)

∆t
, ãäå ∆t = T/m � øàã ïî âðåìåíè. Äëÿ äèôôóçèîííîãî ÷ëåíà

èñïîëüçóåì íåÿâíóþ àïïðîêñèìàöèþ ïî âðåìåíè, à äëÿ íåëèíåéíîãî ìëàäøåãî ÷ëåíà
� ïîëóÿâíóþ àïïðîêñèìàöèþ. Îáîçíà÷èâ uj(x) ≈ u (x, tj), çàäà÷ó (2) � (5) çàïèøåì â
ñëåäóþùåì âèäå

uj (x)− uj−1 (x)

∆t
= Dj d

2uj(x)

dx2
+ kjuj−1(x)(1− uj−1(x)), 0 < x < l, (7)

uj(0) = pj, uj(l) = f j, (8)

l∫
0

uj(x)dx = rj, j = 1, 2, . . . ,m, (9)

u0 (x) = φ(x), (10)

ãäå kj ≈ k(tj), r
j = r(tj), p

j = p(tj), f
j = f(tj), D

j = D(tj).
Ïðåäïîëîæèì, ÷òî ðåøåíèå ïîëó÷åííîé äèôôåðåíöèàëüíî-ðàçíîñòíîé çàäà÷è

(7) � (10) íà êàæäîì âðåìåííîì ñëîå j = 1, 2, . . . ,m ìîæíî ïðåäñòàâèòü â âèäå

uj (x) = wj(x) + kjϕj (x) , (11)

ãäå wj(x), ϕj (x), j = 1,m � íåèçâåñòíûå ôóíêöèè. Ïîäñòàâèâ ñîîòíîøåíèå (11) â (7),
(8) è ó÷èòûâàÿ ïðîèçâîëüíîñòè ôóíêöèé wj(x), ϕj (x), ïîëó÷èì

wj(x)− uj−1 (x)

∆t
−Dj d

2wj(x)

dx2
= 0, 0 < x < l, (12)

wj(0) = pj, wj(l) = f j, (13)
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ϕj (x)

∆t
−Dj d

2ϕj(x)

dx2
− uj−1(x)(1− uj−1(x)) = 0, 0 < x < l, (14)

ϕj(0) = 0, ϕj(l) = 0, j = 1, 2, . . . ,m. (15)

Òàêèì îáðàçîì, ðåøåíèå îáðàòíîé çàäà÷è (7) � (10) uj(x), kj, j = 1,m îïðåäå-
ëÿåòñÿ ïî ñëåäóþùåé ñõåìå: äëÿ êàæäîãî ôèêñèðîâàííîãî çíà÷åíèÿ j = 1, 2, . . . ,m
îïðåäåëÿþòñÿ ðåøåíèÿ ïðÿìûõ çàäà÷ (12), (13) è (14), (15); ïîëó÷åííûå ðåøåíèÿ
ïîäñòàâëÿþòñÿ â äîïîëíèòåëüíîå ñîîòíîøåíèå (9) è èç ïîëó÷åííîãî óðàâíåíèÿ îïðå-
äåëÿåòñÿ ïðèáëèæåííîå çíà÷åíèå èñêîìîé ôóíêöèè k(t) ïðè t = tj, ò.å.

kj =

rj −
l∫

0

wj(x)dx

 /

l∫
0

ϕj(x)dx

ïî ôîðìóëå (11) îïðåäåëÿåòñÿ ïðèáëèæåíèå ê èñêîìîé ôóíêöèè u(x, t) ïðè t = tj.
Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷ (12), (13) è (14), (15) ìîæíî èñïîëüçîâàòü ìåòîä

êîíå÷íûõ ðàçíîñòåé [6].
Çàäà÷à Â. Ïðåäïîëîæèì, ÷òî ñíîâà ðàññìàòðèâàåòñÿ óðàâíåíèå ÔÊÏÏ

∂u(x, t)

∂t
= D(t)

∂2u(x, t)

∂x2
+ k(t)u(x, t)(1− u(x, t)), 0 < x < l, 0 < t ≤ T, (16)

ñî ñëåäóþùèìè íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿìè

u(x, 0) = φ(x), (17)

u(0, t) = p(t), u(l, t) = f(t). (18)

Ïîìèìî ôóíêöèè u(x, t) íåèçâåñòíîé ÿâëÿåòñÿ òàêæå ôóíêöèÿ D(t). Òðåáóåòñÿ
âîññòàíîâëåíèå ýòîé ôóíêöèè ïî ñëåäóþùåìó èíòåãðàëüíîìó óñëîâèþ

l∫
0

u(x, t)dx = r(t). (19)

Ïðåäïîëàãàåòñÿ, ÷òî âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâàíèÿ (6).
Ïðåäïîëîæèì, ÷òî êîýôôèöèåíò äèôôóçèè ïðåäñòàâëÿåòñÿ â âèäå D(t) = D0 +

d(t) > 0, ãäå D0 = const > 0 çàäàííîå ÷èñëî, à d(t) � íåèçâåñòíàÿ ôóíêöèÿ.

Ñíîâà äèñêðåòèçèðóåì ïðîèçâîäíóþ
∂u(x, t)

∂t
ðàçíîñòüþ ≪íàçàä≫ â óðàâíåíèè (16)

ïðè tj, j = 1,m è èñïîëüçóåì ÿâíî-íåÿâíóþ àïïðîêñèìàöèþ ïî âðåìåíè äëÿ äèô-
ôóçèîííîãî ÷ëåíà, à ïîëóÿâíóþ àïïðîêñèìàöèþ äëÿ íåëèíåéíîãî ìëàäøåãî ÷ëåíà.
Òîãäà çàäà÷à (16) � (19) ñ ó÷åòîì ïðåäñòàâëåíèÿ êîýôôèöèåíòà äèôôóçèè çàïèøåòñÿ
â ñëåäóþùåì âèäå

uj (x)− uj−1 (x)

∆t
= D0

d2uj(x)

dx2
+ dj

d2uj−1(x)

dx2
+ kjuj−1(x)(1− uj−1(x)), 0 < x < l, (20)

uj(0) = pj, uj(l) = f j, (21)
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l∫
0

uj(x)dx = rj, j = 1, 2, . . . ,m, (22)

u0 (x) = φ(x), (23)

ãäå dj ≈ d(tj).
Ïðåäïîëîæèì, ÷òî ðåøåíèå äèôôåðåíöèàëüíî-ðàçíîñòíîé çàäà÷è (20)�(23) íà

êàæäîì âðåìåííîì ñëîå j = 1, 2, . . . ,m, ìîæíî ïðåäñòàâèòü â âèäå

uj (x) = wj(x) + djϕj (x) , (24)

ãäå wj(x), ϕj (x), j = 1,m � íåèçâåñòíûå ôóíêöèè. Ïîäñòàâèâ ñîîòíîøåíèå (24) â (20),
(21) ïîëó÷èì ñëåäóþùèå êðàåâûå çàäà÷è îòíîñèòåëüíî ôóíêöèé wj(x), ϕj (x)

wj (x)− uj−1 (x)

∆t
−D0

d2wj(x)

dx2
− kjuj−1(x)(1− uj−1(x)) = 0, 0 < x < l, (25)

wj(0) = pj, wj(l) = f j. (26)

ϕj(x)

∆t
−D0

d2ϕj(x)

dx2
− d2uj−1(x)

dx2
= 0, 0 < x < l , (27)

ϕj (0) = 0, ϕj (l) = 0, j = 1, 2, . . . ,m. (28)

Ïîäñòàâèâ (24) â èíòåãðàëüíîå óñëîâèå (22), ïîëó÷èì

dj =

rj −
l∫

0

wj(x)dx

 /

l∫
0

ϕj(x)dx. (29)

Òàêèì îáðàçîì, ðåøåíèå îáðàòíîé çàäà÷è (20) � (23) uj (x), dj, j = 1,m îïðåäå-
ëÿåòñÿ ïî ñëåäóþùåé ñõåìå: äëÿ êàæäîãî ôèêñèðîâàííîãî çíà÷åíèÿ j = 1, 2, . . . ,m,
îïðåäåëÿþòñÿ ðåøåíèÿ ïðÿìûõ çàäà÷ (25), (26) è (27), (28); ïî ôîðìóëå (29) îïðå-
äåëÿåòñÿ ïðèáëèæåííîå çíà÷åíèå èñêîìîé ôóíêöèè d(t) ïðè t = tj; è, ïî ôîðìóëå
(24) îïðåäåëÿåòñÿ ïðèáëèæåíèå ê èñêîìîé ôóíêöèè u(x, t) ïðè t = tj. Äëÿ ÷èñëåííî-
ãî ðåøåíèÿ çàäà÷ (25), (26) è (27), (28) òàêæå ìîæíî èñïîëüçîâàòü ìåòîä êîíå÷íûõ
ðàçíîñòåé.

2. Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ. Íà îñíîâå ïðåäëîæåííûõ âû÷èñëèòåëüíûõ
àëãîðèòìîâ áûëè ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû äëÿ ìîäåëüíûõ çàäà÷. Íèæå
ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííîãî ýêñïåðèìåíòà äëÿ äâóõ ìîäåëüíûõ çàäà÷. Ñõåìà
÷èñëåííîãî ýêñïåðèìåíòà çàêëþ÷àåòñÿ â ñëåäóþùåì: çàäàþòñÿ ôóíêöèè k(t) (â çà-
äà÷å À) è D(t) (â çàäà÷å Â) è îïðåäåëÿþòñÿ ðåøåíèÿ ïðÿìûõ çàäà÷ (2) � (5) è (16)

� (19). Äàëåå ïî ôîðìóëå r(t) =
l∫
0

u(x, t)dx îïðåäåëÿåòñÿ ôóíêöèÿ r(t), è íàéäåííàÿ

çàâèñèìîñòü ïðèíèìàåòñÿ çà òî÷íûå äàííûå äëÿ âîññòàíîâëåíèÿ ôóíêöèè k(t) è D(t),
ñîîòâåòñòâåííî.

Ðåçóëüòàòû ÷èñëåííîãî ýêñïåðèìåíòà, ïðîâåäåííîãî äëÿ ñëó÷àÿ l = 1, T = 1,
k(t) = 3+2 cos 1000t, D0 = 0, 5, d(t) = 0, 3+0, 2 sin 100t, p(t) = 1, f(t) = 0, φ(x) = 1−x
ïðåäñòàâëåíû â òàáëèöàõ 1, 2.
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Òàáëèöà 1
×èñëåííûå ðåçóëüòàòû ïî çàäà÷å A

tj
Çíà÷åíèå ôóíêöèè k(t)
Òî÷íîå Âû÷èñëåííîå ïðè ∆t = 10−4, ∆x = 4 · 10−2

0,1 4,725 4,725
0,2 3,974 3,974
0,3 2,956 2,956
0,4 1,949 1,949
0,5 1,232 1,232
0,6 1,002 1,002
0,7 1,322 1,322
0,8 2,104 2,104
0,9 3,132 3,132
1,0 4,125 4,125

Òàáëèöà 2

×èñëåííûå ðåçóëüòàòû ïî çàäà÷å B

tj
Çíà÷åíèå ôóíêöèè d(t)
Òî÷íîå Âû÷èñëåííîå ïðè ∆t = 10−4, ∆x = 4 · 10−2

0,1 0,191 0,192
0,2 0,483 0,483
0,3 0,102 0,102
0,4 0,449 0,449
0,5 0,248 0,247
0,6 0,239 0,239
0,7 0,445 0,445
0,8 0,101 0,101
0,9 0,479 0,479
1,0 0,199 0,199

Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ïîêàçûâàþò, ÷òî èñêîìûå ôóíêöèè k(t) è
D(t) âîññòàíàâëèâàþòñÿ ñ âûñîêîé òî÷íîñòüþ ïðè âñåõ ðàñ÷åòíûõ ñåòêàõ ïî âðåìåíè.

Àíàëèç ðåçóëüòàòîâ ÷èñëåííîãî ýêñïåðèìåíòîâ ñâèäåòåëüñòâóåò, ÷òî äëÿ ïîâûøå-
íèÿ òî÷íîñòè ðåøåíèé íåîáõîäèìî èñïîëüçîâàòü ìåëêèå øàãè ðàçíîñòíîé ñåòêè.

Çàêëþ÷åíèå. Â ïðåäëîæåííîì âû÷èñëèòåëüíîì àëãîðèòìå ýôôåêò ðåãóëÿðèçàöèè
îáåñïå÷èâàåòñÿ çà ñ÷åò âûáîðà ðàçíîñòíîé ñåòêè ïî âðåìåíè.
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A NUMERICAL METHOD OF SOLVING THE COEFFICIENT
INVERSE PROBLEM FOR THE NONLINEAR EQUATION
OF DIFFUSION-REACTION
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We consider two inverse problems for determining the coe�cients for a one-dimensional

nonlinear di�usion-reaction equation of the Fisher�Kolmogorov�Petrovsky�Piskunov type.

The �rst problem consists in determining the kinetic coe�cient for a nonlinear lower term,

depending only on the time variable, according to a given integral condition. And the second

problem consists in determining the time-dependent di�usion coe�cient, again according

to a given integral condition.

To solve both problems, the time derivative of the derivative is �rst sampled. In

the �rst problem, the di�usion term is approximated in time according to the implicit

scheme, and the nonlinear minor term in the semi-explicit scheme. And in the second

problem, the di�usion term is approximated in time in an explicitly implicit scheme, and

the nonlinear minor term is again in a semi-explicit scheme. As a result, both problems

reduce to di�erential-di�erence problems with respect to functions depending on the spatial

variable. For numerical solution of the problems obtained, a non-iterative computational

algorithm is proposed, based on reduction of the di�erential-di�erence problem to two direct

boundary-value problems and a linear equation with respect to the unknown coe�cient. On

the basis of the proposed numerical method, numerical experiments were performed for

model problems.

Keywords: di�usion-reaction equation; Fisher�Kolmogorov�Petrovsky�Piskunov

equation; coe�cient inverse problem; integral condition; di�erential-di�erence problem;

explicitly implicit schemes.
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