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The paper is focused on the modelling of a one-dimensional chaotic process which
dynamics is described by a one-parameter nonlinear map. The problem is to estimate the
initial condition and model parameter from measurements corrupted by additive errors.
The considered guaranteed (set-membership) approach assumes that the prior information
about the unknown variables (initial condition, model parameter and measurement errors)
is presented as interval estimates. In this context, the estimation problem can be stated as
a problem of solving a system of nonlinear inequalities. Due to the nonlinearity, it is not
possible to obtain an exact characterization of the solution set. The developed algorithm
computes an outer approximation as a union of non-overlapping boxes.
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outer approximation.

Introduction. Consider the model of a one-dimensional chaotic process

xk = f(xk−1, λ), (1)

where f is a chaotic map [1]. The problem is to estimate the unknown initial condition x0

and model parameter λ from measurements

yk = xk + vk, k = 1, 2, . . . , N, (2)

where vk are measurement errors. The optimization approach is based on the minimization
of a cost function that measures the similarity between the data obtained from the model
equation (1) and measurements (2) [2]. The most common technique is the least squares
method and its modi�cations (see review in [3]). The main di�culty of the optimization
approach is that the cost function becomes extremely complex and has a large number
of local minima [4]. Thus it is necessary to use global optimization algorithms, e.g.,
particle swarm optimization and di�erential evolution [5]. One of the promising approaches
is preprocessing of measurements to specify the set of possible values of the unknown
variables (the search set). It decreases the number of local minima of the cost function.

Guaranteed estimation [6�10] assumes that the prior information about the initial
condition x0, parameter λ and measurement errors vk is presented as interval estimates:

x0 ∈ X0 = [ x0 , x0 ] , λ ∈ Λ0 =
[
λ0 , λ0

]
, vk ∈ Vk = [ vk , vk ] . (3)

The equations (1), (2) and restrictions (3) lead to the following system of nonlinear
inequalities: 

y1 − v1 ≤ f(x0, λ) ≤ y1 − v1,

y2 − v2 ≤ f 2(x0, λ) ≤ y2 − v2,

. . .

yN − vN ≤ fN(x0, λ) ≤ yN − vN ,

(4)
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where fk is the k-fold composition of the map f with itself:

fk(x0, λ) = f(f(f . . . f︸ ︷︷ ︸
k

(x0, λ) . . .)).

Let P ∗ ⊆ X0 × Λ0 be the set of all solutions (x0, λ) of the system (4). Due to the
nonlinearity, it is not possible to obtain an exact characterization of the solution set
P ∗. In this paper, the guaranteed algorithm (GA) [11] is applied to construct an outer
approximation of the solution set P ∗ [7�10]. The GA computes interval estimates Xk, Λk

that contain the true values of the state xk and parameter λ, respectively:

xk ∈ Xk = [ xk , xk ] , λ ∈ Λk =
[
λk , λk

]
.

1. Guaranteed Algorithm. The GA is based on interval analysis [7] and the map f is
considered as an interval function. In this section, the following notations will be used:

f(X,Λ) = {u | u = f(x, λ), x ∈ X,λ ∈ Λ} ,
f(x,Λ) = {u | u = f(x, λ), λ ∈ Λ} ,
f(X,λ) = {u | u = f(x, λ), x ∈ X} .

The GA is a recurrent procedure that can be used in the forward and backward time
directions (denoted by the superscripts "+" and "−", respectively).

Forward GA recursions. Suppose that X+
0 , Λ

+
0 are the prior interval estimates for

k = 0. The following steps represent the computation of the interval estimates X+
k , Λ

+
k for

k = 1, 2, . . . , N .
Step 1. The predicted state set Xk/k−1 is de�ned by the interval estimates X

+
k−1, Λ

+
k−1

found at the previous time step:

Xk/k−1 = f(X+
k−1,Λ

+
k−1).

Step 2. The consistent state set Yk is de�ned by the observation yk and the interval
estimate Vk of the measurement error vk:

Yk = {x | x = yk − v, v ∈ Vk} = [ yk − vk , yk − vk ] .

Step 3. The interval estimate X+
k of the state xk is the intersection of the predicted

state set Xk/k−1 and the consistent state set Yk:

X+
k = Xk/k−1 ∩ Yk.

Step 4. The interval estimate Λ+
k ⊆ Λ+

k−1 of the parameter λ is given by

Λ+
k =

{
λ ∈ Λ+

k−1 | f(λ,X+
k−1) ∩X+

k ̸= ⊘
}
.

Backward GA recursions. For the last time step, let X−
N = X+

N , Λ
−
N = Λ+

N . For k =
N − 1, N − 2, . . . , 0 the interval estimates X−

k , Λ
−
k are de�ned by the following steps.

Step 1. The interval estimate X−
k ⊆ X+

k of the state xk is given by

X−
k =

{
x ∈ X+

k | f(x,Λ−
k+1) ∩X−

k+1 ̸= ⊘
}
.
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Step 2. The interval estimate Λ−
k ⊆ Λ−

k+1 of the parameter λ is given by

Λ−
k =

{
λ ∈ Λ−

k+1 | f(λ,X−
k ) ∩X−

k+1 ̸= ⊘
}
.

If the prior information (3) is correct, the result of the forward and backward
computations is guaranteed: at every time step k found interval estimates always contain
the true values of the unknown variables. In this way, the GA can be used to specify the
prior interval estimates X+

0 , Λ
+
0 for the initial condition x0 and parameter λ: X−

0 ⊆ X+
0 ,

Λ−
0 ⊆ Λ+

0 . In the case of incorrect prior information (x0 /∈ X+
0 or λ /∈ Λ+

0 ), the result
is the empty sets: X−

0 = ⊘, Λ−
0 = ⊘. Thus, the GA is a procedure to verify if the box

P+ = X+
0 × Λ+

0 contains any solutions of the system (4) and to compute a more accurate
outer approximation P− = X−

0 × Λ−
0 such that P ∗ ⊆ P− ⊆ P+.

2. Numerical Example. Consider the chaotic process xk given by the logistic map

xk = λxk−1(1− xk−1)

with the initial condition x0 = 0, 3 and parameter λ = 3, 7. The measurement errors vk
are pseudo-random numbers with normal distribution, zero mean and standard deviation
σ = 0, 1 (the values are generated by the function randn of Matlab). The available N = 30
measurements yk are shown in Fig. 1. The prior interval estimates are taken as follows:

X0 = [0, 0, 5] , Λ0 = [3, 4] , Vk = [−3σ, 3σ] .

Fig. 1. Chaotic process xk given by the logistic map and its noisy measurements yk

The goal is to construct an outer approximation of the solution set P ∗ as a union of
non-overlapping boxes [7, 9, 10]. Let the set P = X0 × Λ0 be the initial approximation.
Obviously the set P can be divided into non-overlapping boxes:

P =
∪
i∈I

P (i), P (i) = X
(i)
0 × Λ

(i)
0 .

As mentioned on the previous section, the GA allows to verify if the box P (i) contains any
solutions of the system (4) and to compute the box P̃ (i) = X̃

(i)
0 ×Λ̃

(i)
0 such that P̃ (i) ⊆ P (i),

X̃
(i)
0 ⊆ X

(i)
0 , Λ̃

(i)
0 ⊆ Λ

(i)
0 . As a result, the current approximation can be speci�ed. New outer

approximation is the union

P̃ =
∪
i∈Ĩ

P̃ (i),
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Fig. 2. Evolution of the outer approximation

where Ĩ ⊆ I. Then the same procedure can be recursively applied to the boxes P̃ (i), i ∈ Ĩ.
In the considered example, each box is divided into four equal ones. The evolution of the
outer approximation is shown in Fig. 2.

Conclusion. Guaranteed approach for modelling a one-dimensional chaotic process leads
to solving a system of nonlinear inequalities. The developed algorithm can be applied to
construct an outer approximation of the solution set. If the parameter estimation problem
is solved by the least squares method, obtained approximation can be used as a set of
possible values of the unknown variables. It decreases the number of local minima of the
cost function.
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ÀÏÏÐÎÊÑÈÌÀÖÈß ÌÍÎÆÅÑÒÂÀ ÐÅØÅÍÈÉ ÑÈÑÒÅÌÛ
ÍÅËÈÍÅÉÍÛÕ ÍÅÐÀÂÅÍÑÒÂ ÏÐÈ ÌÎÄÅËÈÐÎÂÀÍÈÈ
ÎÄÍÎÌÅÐÍÎÃÎ ÕÀÎÒÈ×ÅÑÊÎÃÎ ÏÐÎÖÅÑÑÀ

À.Ñ. Øåëóäüêî, Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
ã. ×åëÿáèíñê, Ðîññèéñêàÿ Ôåäåðàöèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ êëàññ ìîäåëåé îäíîìåðíûõ õàîòè÷åñêèõ ïðîöåññîâ, çà-

äàííûõ â âèäå îäíîïàðàìåòðè÷åñêèõ íåëèíåéíûõ îòîáðàæåíèé. Ðåøàåòñÿ çàäà÷à îöå-

íèâàíèÿ íà÷àëüíîãî óñëîâèÿ è ïàðàìåòðà ìîäåëè ïî çàøóìëåííûì èçìåðåíèÿì.

156 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2018, vol. 11, no. 1, pp. 152�157



ÊÐÀÒÊÈÅ ÑÎÎÁÙÅÍÈß

Ïðèìåíåíèå ãàðàíòèðîâàííîãî (òåîðåòèêî-ìíîæåñòâåííîãî) ïîäõîäà ïðåäïîëàãàåò, ÷òî
àïðèîðíàÿ èíôîðìàöèÿ î íåèçâåñòíûõ ïåðåìåííûõ (íà÷àëüíîì óñëîâèè, ïàðàìåòðå ìî-
äåëè è àääèòèâíûõ îøèáêàõ èçìåðåíèé) ïðåäñòàâëåíà â âèäå èíòåðâàëüíûõ îöåíîê.
Ïðè äàííûõ ïðåäïîëîæåíèÿõ çàäà÷ó îöåíèâàíèÿ ìîæíî èíòåðïðåòèðîâàòü êàê çàäà÷ó
ïîèñêà ðåøåíèé ñèñòåìû íåëèíåéíûõ íåðàâåíñòâ. Ïðè ýòîì âñëåäñòâèå íåëèíåéíîñòè
òî÷íîå îïèñàíèå ìíîæåñòâà ðåøåíèé ñèñòåìû íåâîçìîæíî. Ðåçóëüòàòîì ðàçðàáàòûâà-
åìîãî àëãîðèòìà ÿâëÿåòñÿ âíåøíÿÿ àïïðîêñèìàöèÿ ìíîæåñòâà ðåøåíèé â âèäå îáú-
åäèíåíèÿ íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ.

Êëþ÷åâûå ñëîâà: õàîòè÷åñêèé ïðîöåññ; íåëèíåéíàÿ ìîäåëü; ãàðàíòèðîâàííûé ïîä-

õîä; èíòåðâàëüíàÿ îöåíêà; âíåøíÿÿ àïïðîêñèìàöèÿ.
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