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APPROXIMATION OF THE SOLUTION SET FOR A SYSTEM
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The paper is focused on the modelling of a one-dimensional chaotic process which
dynamics is described by a one-parameter nonlinear map. The problem is to estimate the
initial condition and model parameter from measurements corrupted by additive errors.
The considered guaranteed (set-membership) approach assumes that the prior information
about the unknown variables (initial condition, model parameter and measurement errors)
is presented as interval estimates. In this context, the estimation problem can be stated as
a problem of solving a system of nonlinear inequalities. Due to the nonlinearity, it is not
possible to obtain an exact characterization of the solution set. The developed algorithm
computes an outer approximation as a union of non-overlapping boxes.

Keywords: chaotic process; nonlinear modelling; guaranteed approach; interval estimate;
outer approzimation.

Introduction. Consider the model of a one-dimensional chaotic process

zr = f(Tr-1, ), (1)

where f is a chaotic map [1|. The problem is to estimate the unknown initial condition z
and model parameter A\ from measurements

yk:xk+vk7k:1a27"'7Na (2)

where vy are measurement errors. The optimization approach is based on the minimization
of a cost function that measures the similarity between the data obtained from the model
equation (1) and measurements (2) [2]. The most common technique is the least squares
method and its modifications (see review in [3]|). The main difficulty of the optimization
approach is that the cost function becomes extremely complex and has a large number
of local minima [4]. Thus it is necessary to use global optimization algorithms, e.g.,
particle swarm optimization and differential evolution [5]. One of the promising approaches
is preprocessing of measurements to specify the set of possible values of the unknown
variables (the search set). It decreases the number of local minima of the cost function.
Guaranteed estimation [6-10] assumes that the prior information about the initial
condition z, parameter A and measurement errors v is presented as interval estimates:

zo€ Xo=[2g, To |, )\€A0:[307X0}7UkEVkZ[Q;“@k]. (3)

The equations (1), (2) and restrictions (3) lead to the following system of nonlinear
inequalities:

y1 — 01 < f(wo, ) < yn — vy,

Yo — Ua < 2 (20, A) < o — vy,

(4)

yy — Oy < [N (30, ) < Yy — vy,
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where f* is the k-fold composition of the map f with itself:

2o, A) = fUF(f - flzo, M) .. )

k

Let P* C Xy x Ag be the set of all solutions (zg,A) of the system (4). Due to the
nonlinearity, it is not possible to obtain an exact characterization of the solution set
P*. In this paper, the guaranteed algorithm (GA) [11] is applied to construct an outer
approximation of the solution set P* [7—10]. The GA computes interval estimates X, Ay
that contain the true values of the state x; and parameter A, respectively:

vy € Xp =[x, T |, )\GAkZ[Aka}-

1. Guaranteed Algorithm. The GA is based on interval analysis [7] and the map f is
considered as an interval function. In this section, the following notations will be used:

FXSA) ={u|u=f(z,\),z€ X\ € A},
f(x,A):{u | UZf([E,)\>,/\€A}7
FXN) ={u|u= f(z,\),z € X}.

The GA is a recurrent procedure that can be used in the forward and backward time
directions (denoted by the superscripts "+" and "—", respectively).

Forward GA recursions. Suppose that X, AJ are the prior interval estimates for
k = 0. The following steps represent the computation of the interval estimates X7, A} for
k=1,2,...,N.

Step 1. The predicted state set X}, is defined by the interval estimates X, |, A},
found at the previous time step:

Xise-1 = F(X, M)

Step 2. The consistent state set Y} is defined by the observation ¥, and the interval
estimate V}, of the measurement error vg:

Yk:{x’xzyk—U,UEVk}Z[yk—ﬁk, yk_Qk]-

Step 3. The interval estimate X, of the state x is the intersection of the predicted
state set X1 and the consistent state set Yj:

X = Xpjp1 N Vi
Step 4. The interval estimate A} C A; | of the parameter \ is given by
A= e N T FANXEL )N XY # 0f.

Backward GA recursions. For the last time step, let Xy = X5, Ay = AL For k =
N —1,N —2,...,0 the interval estimates X, , A, are defined by the following steps.
Step 1. The interval estimate X, C X, of the state z; is given by

Xy ={zeX{ | flz. A )N X, #0}
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Step 2. The interval estimate A, C A, of the parameter A is given by
Ay = e [ FLX) N Xy, # 0}

If the prior information (3) is correct, the result of the forward and backward
computations is guaranteed: at every time step k£ found interval estimates always contain
the true values of the unknown variables. In this way, the GA can be used to specify the
prior interval estimates X, A for the initial condition ¢ and parameter \: X, C X,
Ay C A{. In the case of incorrect prior information (ro ¢ X or A ¢ AJ), the result
is the empty sets: X; = @, A; = ©. Thus, the GA is a procedure to verify if the box
Pt = X x A{ contains any solutions of the system (4) and to compute a more accurate
outer approximation P~ = X; x A; such that P* C P~ C P*,

2. Numerical Example. Consider the chaotic process xj given by the logistic map
T = A1 (1 — 25—1)

with the initial condition zqg = 0,3 and parameter A = 3,7. The measurement errors v
are pseudo-random numbers with normal distribution, zero mean and standard deviation
o0 = 0,1 (the values are generated by the function randn of Matlab). The available N = 30
measurements ¥y, are shown in Fig. 1. The prior interval estimates are taken as follows:

Xo = [07 075] , Ao = [37 4]7 Vi = [_307 30} :

“x Tt

0,7:\//\/\ \//\/\ A/\I\AA 07:/\/\ A /\I\/\
VAL VLV

e AYRRATAAY! IR RTINS
V Vo V ooy

0,25 0,25 V

0 0
0 10 20 30 k 0 10 20 30 k

Fig. 1. Chaotic process zj given by the logistic map and its noisy measurements yy

The goal is to construct an outer approximation of the solution set P* as a union of
non-overlapping boxes |7,9,10]. Let the set P = X, x Ag be the initial approximation.
Obviously the set P can be divided into non-overlapping boxes:

P=|JPD, PO = x{’ x A,
el

As mentioned on the previous section, the GA allows to verify if the box P® contains any
solutions of the system (4) and to compute the box P® = X{” x Al such that P®) C PO,
)?éi) C Xéi), K(()i) C A(()i). As a result, the current approximation can be specified. New outer
approximation is the union

BB,

iel
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where I C I. Then the same procedure can be recursively applied to the boxes ﬁ(i), iel
In the considered example, each box is divided into four equal ones. The evolution of the
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Fig. 2. Evolution of the outer approximation

outer approximation is shown in Fig. 2.

Conclusion. Guaranteed approach for modelling a one-dimensional chaotic process leads
to solving a system of nonlinear inequalities. The developed algorithm can be applied to
construct an outer approximation of the solution set. If the parameter estimation problem
is solved by the least squares method, obtained approximation can be used as a set of
possible values of the unknown variables. It decreases the number of local minima of the
cost function.
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ATITIPOKCUMAIINS MHOXKECTBA PEIIIEHUN CUCTEMBI
HEJIMHEVHBIX HEPABEHCTB ITPU MOJEJINUPOBAHUU
OJHOMEPHOI'O XAOTUYECKOI'O ITPOLHECCA

A.C. Illeaydvxro, KOxHO-YpanbcKuil Tocy1apcTBEHHBINH YHUBEPCHTET,
r. Heyabunck, Poccuiickaa Penepatius

B pabore paccmarpuBaeTcsa KiacCc MOJETEN OTHOMEDHBIX XaOTUYEeCKUX MMPOIECCOB, 33~
JMAHHBIX B BUJIE OJHONAPAMETPUYECKNX HEJIMHENHbIX oTobpakenuii. Permaercs 3amgada ore-

HUBaHUA HAYaJbHOI'O YCJOBHUA H IIapaMeTpPa MOAEIH II0 3alllyMJICHHBIM HN3MEPEHHUAM.
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[Tpumenenue rapaHTUPOBAHHOIO (TEOPETUKO-MHOMXKECTBEHHOIO) [OIXO0/IA IIPEIIOIATAET, YTO
anpuopsas uHQOPMalKsd O HEU3BECTHBIX [IEPEMEHHbIX (HAYAJIbHOM yCJI0BHUU, IAPAMETPE MO-
JIeJId U QJJMTUBHBIX OIMUOKAX M3MEPEHWii) MPeICTaBIeHa B BUJIE WHTEPBAJILHBIX OIEHOK.
IIpm maHHDBIX TPEANONOKEHUIX 3327y ONEHUBAHUSA MOXKHO WHTEPIIPETUPOBATEL KaK 3aJady
MTOUCKA, PEITeHnil CUCTEMbI HEeITMHEWHBIX HepaBeHCTB. [Ipy 3TOM BCeCTBUE HETWHEHHOCTH
TOYHOE ONKMCAHME MHOXKECTBA PEIEHUIl CHCTEMBI HEBO3MOKHO. Pe3ysibrarom pa3zpabarbiBa-
€MOr0 AJTOPUTMA SIBJISETCH BHEIIHSA ANMPOKCHMAIINSA MHOYKECTBA DEIeHuil B BUIE 00b-
€/TMHEeHN S HellePEeCEKAIOITNXCS TTOIMHOKECTB.

Karonesvie cro06a: xaomuveckuli npoyece; HeAUHeHas Modeas; 2apanmuposambiil nod-

$Od; UHMEPBAADHAA 0UEHKA, BHEWHAA ANINMPOKCUMAUUA.
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