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Least Absolute Deviations (LAD) method is a method alternative to the Ordinary
Least Squares OLS method. It allows to obtain robust errors in case of violation of OLS
assumptions. We present two types of LAD: Weighted LAD method and Generalized LAD
method. The established interrelation of methods made it possible to reduce the problem
of determining the GLAD estimates to an iterative procedure with WLAD estimates.
The latter is calculated by solving the corresponding linear programming problem. The
su�cient condition imposed on the loss function is found to ensure the stability of the
GLAD estimators of the autoregressive models coe�cients under emission conditions. It
ensures the stability of GLAD-estimates of autoregressive models in terms of outliers.
Special features of the GLAD method application for the construction of the regression
equation and autoregressive equation without exogenous variables are considered early.
This paper is devoted to extension of the previously discussed methods to the problem of
estimating the parameters of autoregressive models with exogenous variables.
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Introduction

One of the important problems in measurement theory is the identi�cation of linear
autoregressive models [1�4]

yt =
m∑
j=1

ajyt−j +
n∑

j=1

bjxtj + ϵt, t = 1, 2, . . . , T, (1)

here y1, y2, . . . , yn are the values of the state variable, x1t, x2t, . . . , xnt are the values of
controls at time points t = 1, 2, . . . , T , ϵ1, ϵ2, . . . , ϵt are random errors, a1, a2, a3 . . . , am
and b1, b2, b3 . . . , bm are unknown coe�cients.

We consider the evaluation of the coe�cients of the linear autoregressive equation
(1) with exogenous variables. Ordinary Least Squares (OLS) is the parametric method
in common used for estimation of the regression equation coe�cients. We need some
strict assumptions to use OLS. They include independence and normal distribution of
errors and determinacy of explanatory variables [5]. Even minor violations of stated
assumptions dramatically lower the e�ciency of estimators. Let us note the instability
of OLS estimation process in case of presence of large measurements errors. In this case,
estimated coe�cients become inconsistent. Finding estimates of autoregressive equation
becomes substantially complicated due to the poor conditionality of the equations system
representing necessary conditions for minimization of squared deviations sum.

Least Absolute Deviations (LAD) method is a method alternative to OLS. It allows
to obtain robust errors in case of violation of OLS assumptions [5].
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We present two types of LAD:Weighted LADmethod [6] and Generalized LADmethod
[9]. The interrelation of methods established in [10] made it possible to reduce the problem
of determining the GLAD estimates to an iterative procedure with WLAD estimates.
The latter is calculated by solving the corresponding linear programming problem. The
su�cient condition [9] imposed on the loss function is found to ensure the stability of
the GLAD estimators of the autoregressive models coe�cients under emission conditions.
It ensures the stability of GLAD estimates of autoregressive models in terms of outliers.
Special features of the GLAD method application for the construction of the regression
equation are considered in [10]. Special features of the use of GLAD for constructing the
autoregressive equation without exogenous variables are considered in [9]. This paper is
devoted to extension of the previously discussed methods to the problem of estimating the
parameters of autoregressive models with exogenous variables.

1. The Relationship between WLAD and GLAD Estimates

One can get the WLAD estimations of coe�cients by solving the problem

(a∗1, a
∗
2, ..., a

∗
m, b

∗
1, b

∗
2, ..., b

∗
n)=arg min

(a1,a2,...,am)∈Rm,
(b1,b2,...,bn)∈Rn

T∑
t=1

(
pt

∣∣∣∣∣yt −
m∑
j=1

ajyt−j −
n∑

j=1

bjxtj

∣∣∣∣∣
)
, (2)

where pt ≥ 0, t = 1, 2, . . . , T are predetermined coe�cients. This problem represents
the problem of convex piecewise linear optimization, and the introduction of additional
variables reduces it to the problem of linear programming

min
(a1,a2,...,am)∈Rm,
(b1,b2,...,bn)∈Rn

(u1,u2,...,uT )∈RT

{
T∑
t=1

ptut

∣∣∣∣ −ut ≤ yt −
∑m

j=1 ajyt−j −
∑n

j=1 bjxtj ≤ ut,

ut ≥ 0, t = 1, 2, . . . , T

}
. (3)

This problem has a canonical form with n+m+T+1 variables and 3n inequality constraints
including the conditions for the non-negativity of the variables uj, j = 1, 2, . . . , T . The
main problem with the use of WLAD method is the absence of general formal rules for
choosing weight coe�cients. Consequently, this approach requires additional research.

The GLAD estimates can be obtained from the solution of the problem

(a1
∗, a2

∗, . . . , am
∗, b1

∗, b2
∗, . . . , bn

∗) =

= arg min
(a1,a2,...,am)∈Rm

(b1,b2,...,bn)∈Rn

T∑
t=1

ρ

(
yt −

m∑
j=1

ajyt−j −
n∑

j=1

bjxtj

)
, (4)

where ρ(∗) is a convex upward monotonically increasing twice continuously di�erentiable
function such that ρ(0) = 0.

Theorem 1. All local minima of the GLAD estimation problem for the coe�cients of the
autoregressive equation (1) belong to the set

U =


(
a1

(k), a2
(k), . . . , am

(k), b1
(k), b2

(k), . . . , bn
(k)
)
:

yt =
m∑
j=1

ajyt−j +
n∑

j=1

bjxtj,

t ∈ k = {k1, k2, . . . , km+n : 1 ≤ k1 < k2 < . . . < km+n ≤ T}

 .
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Proof. The set U contains the solutions of all possible joint systems of m + n linearly
independent equations

yt =
m∑
j=1

ajyt−j +
n∑

j=1

bjxtj, t ∈ k

with m+ n unknowns a1, a2, a3 . . . , am, b1, b2, b3 . . . , bn.
If the solution (a1, a2, a3 . . . , am, b1, b2, b3 . . . , bn) ̸∈ U then there exists an

ϵ-neighbourhood for which the loss function is continuous and convex upwards.
Consequently, such a solution can not be a local minimum. This implies the assertion
of the theorem.

2
Obviously, the number of systems is equal Cn+m

T . Thus, the solution of problem (3) can
be reduced to choosing the best of Cn+m

T solutions of linear algebraic equations systems.
This approach is applicable for m ≤ 3 . To compute GLAD estimates for higher order

dimension problems the interrelation between WLAD and GLAD estimates have to be
used from

Theorem 2. Let U be the set of local extrema of problem (4) then:
(1) for each collection of weights {pt}nt=1

arg min
(a1,a2,...,am)∈Rm

(b1,b2,...,bn)∈Rn

n∑
t=1

pt

∣∣∣∣∣yt −
m∑
j=1

ajyt−j −
n∑

j=1

bjxtj

∣∣∣∣∣ ∈ U ; (5)

(2) for all
(
a1

(k), a2
(k), . . . , am

(k), b1
(k), b2

(k), . . . , bn
(k)
)
∈ U there is such a collection

of weights {pt}nt=1 that

(a1
∗, a2

∗, a3
∗ . . . , am

∗, b1
∗, b2

∗, . . . , bn
∗) ∈

∈ arg min
(a1,a2,...,am)∈Rm

(b1,b2,...,bn)∈Rn

n∑
t=1

pt

∣∣∣∣∣yt − m∑
j=1

ajyt−j −
n∑

j=1

bjxtj

∣∣∣∣∣. (6)

Proof. The proof of the �rst part of the theorem essentially repeats the proof of Theorem 1.
The validity of the second part of the theorem follows from the fact that the weights of
the active part of the constraints can be considered as non-zero, and the weights of the
inactive part are equal to zero. In this case the minimal value of the loss function is equal
to zero and it is achieved by solving the chosen system of equations. This implies the
assertion of the theorem.

2
Theorems 1 and 2 give a way to determine the weight coe�cients for the linear

programming problem (3) and thus allow the problem (4) to be reduced to solving the
sequence of linear programming problems (3).

2. Algorithm for Computing GLAD Estimates

The primal solution of problem (4) is based on the usage of theorem 1 and involves
�nding all node points and choosing one of them as a solution that ensures the minimum
of the objective function.
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The brute force algorithm requires the solution of Cn+m
T linear equations systems

of order m + n. For large values of n and m this leads to a signi�cant computational
complexity. An alternative approach is based on the reduction of this problem to the
sequence linear programming problems (3). Consider possible algorithms based on this
approach.

Algorithm GLAD estimator
Input:
number of measures T ;
values {yt}Tt=1 of the endogenous variable;
values {{xtj}Tt=1}nj=1 of exogenous variables;
function ρ(∗).
Output:
estimation of coe�cients of autoregressive equation

(a1
∗, a2

∗, a3
∗ . . . , am

∗, b1
∗, b2

∗, . . . , bn
∗) .

Step 1. For all t = 1, 2, . . . , T do pt = 1; k := 0;
(
a1

(k), a2
(k), a3

(k) . . . , am
(k)
)(

b1
(k), b2

(k), b3
(k) . . . , bn

(k)
)(

u1
(k), u2

(k), u3
(k), . . . , ut

(k)
)
 :=

:= arg min
(a1,a2,...,am)∈Rm

(b1,b2,,...,bn)∈Rn

(u1,u2,,...,ut)∈RT

 T∑
t=1

ptut :

∣∣∣∣∣∣ −ut ≤ yt −
m∑
j=1

ajyt−j −
n∑

j=1

bjxtj ≤ ut,

ut ≥ 0, t = 1, 2, . . . , T

 .

Step 2. For all t = 1, 2, . . . , T do k := k + 1;
(
a1

(k), a2
(k), a3

(k) . . . , am
(k)
)(

b1
(k), b2

(k), b3
(k) . . . , bn

(k)
)(

u1
(k), u2

(k), u3
(k), . . . , ut

(k)
)
 :=

:= arg min
(a1,a2,...,am)∈Rm

(b1,b2,,...,bn)∈Rn

(u1,u2,,...,ut)∈RT

 T∑
t=1

ptut

∣∣∣∣∣∣ −ut ≤ yt −
m∑
j=1

ajyt−j −
n∑

j=1

bjxtj ≤ ut,

ut ≥ 0, t = 1, 2, . . . , T

 .

Step 3. If(
a1

(k), a2
(k), a3

(k) . . . , am
(k)

b1
(k), b2

(k), b3
(k) . . . , bn

(k)

)
̸=
(

a1
(k−1), a2

(k−1), a3
(k−1) . . . , am

(k−1)

b1
(k−1), b2

(k−1), b3
(k−1) . . . , bn

(k−1)

)
then go to Step 2.
Step 4. Stop. Target values are(

a1
(k), a2

(k), a3
(k) . . . , am

(k)

b1
(k), b2

(k), b3
(k) . . . , bn

(k)

)
.

The performance justi�cation of this algorithm leads us to the following theorem.
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Theorem 3. If the loss function ρ(∗) is convex upward, monotone increasing, continuously
di�erentiable on the positive semi-axis, and satis�es the condition ρ(0) = M < ∞ then
the sequence (

a1
(k), a2

(k), a3
(k) . . . , am

(k)

b1
(k), b2

(k), b3
(k) . . . , bn

(k)

)
constructed by the GLAD estimation algorithm converges to the global extremum of problem
(4).

Proof. It follows from the requirements imposed on the function ρ(∗) that at any point uk

an approximation

ν(u
(k))(u) = ρ(u(k))− ρ′(u(k)) · u(k) + ρ′(u(k)) · u (7)

is a majorant, i.e.

(∀u ̸= uk)(ρ(u) < vu(k)(u)), ρ(uk) = v(uk). (8)

Therefore, in accordance with the algorithm

n∑
t=1

ρ

(∣∣∣∣∣yt −
m∑
j=1

aj
(k)yt−j −

n∑
j=1

bj
(k)xtj

∣∣∣∣∣
)

=

=
n∑

t=1



ρ

(∣∣∣∣∣yt − m∑
j=1

aj
(k)yt−j −

n∑
j=1

bj
(k)xtj

∣∣∣∣∣
)
−

−pt ·

∣∣∣∣∣yt − m∑
j=1

aj
(k)yt−j −

n∑
j=1

bj
(k)xtj

∣∣∣∣∣+
+pt ·

∣∣∣∣∣yt − m∑
j=1

aj
(k)yt−j −

n∑
j=1

bj
(k)xtj

∣∣∣∣∣


≥

≥
n∑

t=1


ρ

(∣∣∣∣∣yt − m∑
j=1

aj
(k)yt−j −

n∑
j=1

bj
(k)xtj

∣∣∣∣∣
)
−

−pt ·

∣∣∣∣∣yt − m∑
j=1

aj
(k)yt−j −

n∑
j=1

bj
(k)xtj

∣∣∣∣∣

+

+ min
(a1,a2,a3...,am)∈Rm

n∑
t=1

(
pt ·

∣∣∣∣∣yt −
m∑
j=1

ajyt−j −
n∑

j=1

bjxtj

∣∣∣∣∣
)

=

=
n∑

t=1


ρ

(∣∣∣∣∣yt − m∑
j=1

aj
(k)yt−j −

n∑
j=1

bj
(k)xtj

∣∣∣∣∣
)
−

−pt ·

∣∣∣∣∣yt − m∑
j=1

aj
(k)yt−j −

n∑
j=1

bj
(k)xtj

∣∣∣∣∣

+

+
n∑

t=1

(
pt ·

∣∣∣∣∣yt −
m∑
j=1

aj
(k+1)yt−j −

n∑
j=1

bj
(k+1)xtj

∣∣∣∣∣
)

=
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=
n∑

t=1

(
ν(u

(k))

∣∣∣∣∣yt −
m∑
j=1

aj
(k+1)yt−j −

n∑
j=1

bj
(k+1)xtj

∣∣∣∣∣
)

≥

≥
n∑

t=1

ρ

(∣∣∣∣∣yt −
m∑
j=1

aj
(k)yt−j −

n∑
j=1

bj
(k)xtj

∣∣∣∣∣
)
.

The �rst equality and the inequality following it are obvious. The second equation is a
consequence of changing the notation of the variables in step 1. The third equation is the
result of the choice of the weight coe�cients in step 2 and equality (7). The last inequality
is a consequence of relations (8). Therefore

n∑
t=1

ρ

(∣∣∣∣∣yt −
m∑
j=1

aj
(k)yt−j −

n∑
j=1

bj
(k)xtj

∣∣∣∣∣
)

=

=
n∑

t=1

ν(u
(k))

(∣∣∣∣∣yt −
m∑
j=1

aj
(k+1)yt−j −

n∑
j=1

bj
(k+1)xtj

∣∣∣∣∣
)

≥

≥
n∑

t=1

ρ

(∣∣∣∣∣yt −
m∑
j=1

aj
(k+1)yt−j −

n∑
j=1

bj
(k+1)xtj

∣∣∣∣∣
)
,

moreover, equality is attained only if for all t = 1, 2, . . . n and for all k = 1, 2, . . . ,m. That
is why the sequence{

n∑
t=1

ρ

(∣∣∣∣∣yt −
m∑
j=1

aj
(k)yt−j −

n∑
j=1

bj
(k)xtj

∣∣∣∣∣
)}

k=0,1,...

is monotonically decreasing and bounded below by zero, hence it has a unique limit point.
The existence of limit point of the sequence(

a1
(k), a2

(k), a3
(k) . . . , am

(k)

b1
(k), b2

(k), b3
(k) . . . , bn

(k)

)
, k = 1, 2, . . .

follows from continuity and monotonicity of functions ρ(∗) . The limit point(
a1

∗, a2
∗, a3

∗, . . . , am
∗

b1
∗, b2

∗, b3
∗, . . . , bn

∗

)
built by the algorithm is the global minimum because for any(

a1, a2, a3, . . . , am
b1, b2, b3, . . . , bn

)
we have the following sequence of statements

T∑
t=1

ρ

(∣∣∣∣∣yt − m∑
j=1

a∗jyt−j −
n∑

j=1

b∗jxtj

∣∣∣∣∣
)

=

=
T∑
t=1

(
ν(u∗)

∣∣∣∣∣yt− m∑
j=1

aj
∗yt−j−

n∑
j=1

bj
∗xtj

∣∣∣∣∣
)

≤
T∑
t=1

(
νu∗)(∣∣∣∣∣yt − m∑

j=1

ajyt−j −
n∑

j=1

bjxtj

∣∣∣∣∣
)
⇔
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⇔



T∑
t=1


ρ′

∣∣∣∣∣yt − m∑
j=1

aj
∗yt−j −

n∑
j=1

bj
∗xtj

∣∣∣∣∣×∣∣∣∣∣yt − m∑
j=1

aj
∗yt−j −

n∑
j=1

bj
∗xtj

∣∣∣∣∣

 ≤

≤
T∑
t=1


ρ′

∣∣∣∣∣yt − m∑
j=1

aj
∗yt−j −

n∑
j=1

bj
∗xtj

∣∣∣∣∣×∣∣∣∣∣yt − m∑
j=1

ajyt−j −
n∑

j=1

bjxtj

∣∣∣∣∣




⇔

⇔

(
T∑
t=1

∣∣∣∣∣yt −
m∑
j=1

a∗jyt−j −
n∑

j=1

b∗jxtj

∣∣∣∣∣ ≤
T∑
t=1

∣∣∣∣∣yt −
m∑
j=1

ajyt−j −
n∑

j=1

bjxtj

∣∣∣∣∣
)

⇒

⇒

(
T∑
t=1

ρ

(∣∣∣∣∣yt −
m∑
j=1

a∗jyt−j −
n∑

j=1

b∗jxtj

∣∣∣∣∣
)

≤
T∑
t=1

ρ

(∣∣∣∣∣yt −
m∑
j=1

ajyt−j −
n∑

j=1

bjxtj

∣∣∣∣∣
))

.

2
The advantage of the proposed algorithm in front of the bushing is a su�ciently high

rate of convergence with e�cient use of linear programming methods. Indeed, the linear
programming problem in step 2 for iteration k di�ers from the corresponding problem at
step k − 1 only by the coe�cients of the objective function which allows us to use the
optimal basic solution of the previous iteration as the initial basic solution at the current
iteration.

A feature of �nding the high-order autoregression equation is the high sensitivity of
the algorithm to rounding errors. One may eliminate this problem by using the unerring
execution of basic arithmetic operations over the �eld of rational numbers [7] and the
application of parallelization [8].

Conclusion

The relationship between the generalized and weighted method of the smallest modules
was established for the problems of autoregressive analysis with exogenous variables. This
relationship makes it possible to reduce the problem of determining the GLAD estimates
to the iterative procedure with WLAD estimates. The latter is calculated by solving the
corresponding linear programming problem.

The su�cient condition imposed on the loss function is found to ensure the stability of
the GLAD estimators of the autoregressive models coe�cients under emission conditions.
It ensures the stability of GLAD estimates of autoregressive models in terms of outliers.
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ÓÑÒÎÉ×ÈÂÀß ÈÄÅÍÒÈÔÈÊÀÖÈß ËÈÍÅÉÍÛÕ
ÀÂÒÎÐÅÃÐÅÑÑÈÎÍÍÛÕ ÌÎÄÅËÅÉ Ñ ÝÊÇÎÃÅÍÍÛÌÈ
ÏÅÐÅÌÅÍÍÛÌÈ ÍÀ ÎÑÍÎÂÅ ÎÁÎÁÙÅÍÍÎÃÎ ÌÅÒÎÄÀ
ÍÀÈÌÅÍÜØÈÕ ÌÎÄÓËÅÉ

À.Â. Ïàíþêîâ, ß.À. Ìåçàë

Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. ×åëÿáèíñê,
Ðîññèéñêàÿ Ôåäåðàöèÿ

Ìåòîä íàèìåíüøèõ ìîäóëåé (ÌÍÌ) ÿâëÿåòñÿ àëüòåðíàòèâîé ìåòîäó íàèìåíüøèõ

êâàäðàòîâ (ÌÍÊ). ÌÍÌ ïîçâîëÿåò ïîëó÷èòü íàäåæíûå îöåíêè ïðè íàðóøåíèè ïðåä-

ïîëîæåíèé ÌÍÊ. Â ðàáîòå ðàñìîòðåíû äâà òèïà ÌÍÌ: âçâåøåííûé ìåòîä (ÂÌÍÌ) è

îáîáùåííûé (ÎÌÍÌ). Óñòàíîâëåííàÿ âçàèìîñâÿçü ìåòîäîâ ïîçâîëèëà ñâåñòè ïðîáëå-

ìó îïðåäåëåíèÿ ÎÌÍÌ-îöåíîê ê èòåðàöèîííîé ïðîöåäóðå ñ ÂÌÍÌ-îöåíêàìè, êîòîðûå

âû÷èñëÿþòñÿ ïóòåì ðåøåíèÿ ñîîòâåòñòâóþùåé çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ.

Íàéäåíî äîñòàòî÷íîå óñëîâèå, íàëàãàåìîå íà ôóíêöèþ ïîòåðü, îáåñïå÷èâàþùåå óñòîé-

÷èâîñòü ÎÌÍÌ-îöåíîê êîýôôèöèåíòîâ àâòîðåãðåññèîííûõ ìîäåëåé. Ýòî îáåñïå÷èâàåò

42 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2018, vol. 11, no. 1, pp. 35�43



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

ñòàáèëüíîñòü ÎÌÍÌ-îöåíîê àâòîðåãðåññèîííûõ ìîäåëåé ïðè íàëè÷èè âûáðîñîâ. Îñî-
áåííîñòè èçâåñòíûõ ñïîñîáîâ ïðèìåíåíèÿ ÎÌÍÌ äëÿ èäåíòèôèêàöèè óðàâíåíèÿ ðå-
ãðåññèè è óðàâíåíèÿ àâòîðåãðåññèè áåç ýêçîãåííûõ ïåðåìåííûõ îáîáùåíû äî ñïîñîáà
èäåíòèôèêàöèè ìîäåëåé àâòîðåãðåññèè ñ ýêçîãåííûìè ïåðåìåííûìè.

Êëþ÷åâûå ñëîâà: àëãîðèòì; ìîäåëü àâòîðåãðåññèè; ëèíåéíîå ïðîãðàììèðîâàíèå;

ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ.
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