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In this paper we prove some new results on Sturm�Liouville abstract problems of the

second order di�erential equations of elliptic type in a new non-commutative framework.

We study the case when the second member belongs to a Sobolov space. Existence,

uniqueness and optimal regularity of the strict solution are proved. This paper is naturally

the continuation of the ones studied by Cheggag et al in the commutative case. We also

give an example to which our theory applies.
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Introduction

In a complex Banach space X consider the following second order di�erential
coe�cient-operator equation

u′′(x) + Au(x)− ωu (x) = f(x), x ∈ (0, 1), (1)

together with the abstract Robin boundary conditions

u′(0)−Hu(0) = d0, u(1) = u1. (2)

Here A and H are closed linear operators with domains D(A) and D (H) in X, f belongs
to Lp(0, 1;X) with 1 < p < ∞, d0 and u1 are given elements of X and ω is some large
positive number.

Our goal is to seek for a classical solution to (1) � (2), that is a function u such that
i) u ∈ W 2,p(0, 1;X) ∩ Lp(0, 1;D(A)),
ii) u(0) ∈ D(H),
iii) u satis�es (1), (2).

Consider some �xed ω0 > 0 and for ω > ω0 set

Aω = A− ωI.

This paper is a natural continuation of [1] and [2], where the authors have studied (1)
� (2) in a commutative framework, when

f ∈ Lp(0, 1;X) with 1 < p <∞ and f ∈ Cθ ([0, 1] ;X) with θ ∈ ]0, 1[ .

In [1] authors have assumed that

X is a UMD space, (3)
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Aω0 is a linear closed operator in X, [0,+∞[ ⊂ ρ (Aω0) and

sup
λ>0

∥∥λ (Aω0 − λI)−1
∥∥
L(X)

< +∞ (4)

(note that the previous assumption implies that, for all ω > ω0, the operator Qω =
−(−Aω)

1/2 is an in�nitesimal generator of a bounded analytic semigroup on X).{
for any s ∈ R, (−Aω0)

is ∈ L (X) and there exists θA ∈ ]0, π[ such that
sup
s∈R

∥∥e−θA|s|(−Aω0)
is
∥∥
L(X)

< +∞, (5)

{
H is a linear closed operator in X, R− ⊂ ρ(H) and
sup
ξ>0

∥ξ(H + ξI)−1∥L(X) < +∞, (6)

(Aω0 − λI)−1(H + ξI)−1 = (H + ξI)−1(Aω0 − λI)−1, λ > 0, ξ > 0, (7){
∃C > 1,∃θH ∈]0, π[: ∀s ∈ R, (H)is ∈ L (X) and
∥H is∥L(X) 6 CeθH |s|,

(8)

θA
2

+ θH ∈]0, π[. (9)

Assumptions (3) � (9) imply that

Qω −H is closed and boundedly invertible,

and there exists ω∗ > ω0 such that, for all ω > ω∗, the operator Λω de�ned by{
D (Λω) = D (Qω) ∩D (H) ,
Λω = (Qω −H) + e2Qω (Qω +H) ,

is also closed and boundedly invertible, see for instance [1, Proposition 7 and Lemma 8,
pp. 987�988].

Under these hypotheses, the authors built the representation formula of the solution
of (1), (2) in the form

u (x) =
(
exQω−e(2−x)Qω

)
Λ−1

ω d0+e
(1−x)Qωu1+

(
exQω−e(2−x)Qω

)
(Qω+H)Λ−1

ω e
Qωu1+

+
1

2

(
exQω − e(2−x)Qω

)
(Qω +H) Λ−1

ω Q−1
ω

1∫
0

(
esQω − e(2−s)Qω

)
f (s) ds−

−1

2
e(1−x)QωQ−1

ω

1∫
0

e(1−s)Qωf (s)ds+
1

2
Q−1

ω

x∫
0

e(x−s)Qωf (s)ds+
1

2
Q−1

ω

1∫
x

e(s−x)Qωf (s)ds,

(10)

and have proved the following result.

Theorem 1. Assume (3) � (9). Let f ∈ Lp(0, 1;X) with 1 < p < ∞. Then there exists
ω∗ > ω0 such that for all ω > ω∗ the two following assertions are equivalent:

1. Λ−1
ω d0, u1 ∈ (D (A) , X) 1

2p
,p .

2. Problem (1), (2) has a strict solution u, that is,

u ∈ W 2,p(0, 1;X) ∩ Lp(0, 1;D(A)),

u(0) ∈ D(H) and u satis�es (1), (2).

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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Moreover, in this case, u is uniquely determined by (10).

Recently, in [3], the authors have developed an interesting new approach concerning
some general Sturm�Liouville problems with the same Robin boundary condition in 0.
They have assumed that:

• Λω is boundedly invertible.
• Λ−1

ω is a regularizing operator in the sense that

Λ−1
ω (D(Qω)) ⊂ D(Q2

ω). (11)

1. New Considerations and Main Result

Consider problem (1), (2). In this work we will suppose that

X is a UMD space, (12){
Aω0 is a linear closed operator in X, [0,+∞[ ⊂ ρ (Aω0) and

sup
λ>0

∥∥λ (Aω0 − λI)−1
∥∥
L(X)

< +∞, (13)

{
for any s ∈ R, (−Aω0)

is ∈ L (X) and there exists θA ∈ ]0, π[ such that
sup
s∈R

∥∥e−θA|s|(−Aω0)
is
∥∥
L(X)

< +∞, (14)

and 
∃ν ∈]0, 1

2
[, ∃C > 0 : ∀µ > 0,∀ω > ω0, D(Aω) ⊂ D (H)

and
∥∥H (Aω − µI)−1

∥∥
L(X)

6 C

|ω + µ|1/2+ν
. (15)

Observe that we have assumed that operator Q is principal but we do not suppose the
commutativity between H and the resolvent of A.

This article is organized as follows. In Section 2 we do some consequences and present
preliminary technical results. In Section 3 we recall the representation formula of the
solution u of (1) � (2). In Section 4 we prove our main result. Finally, in Section 5 we give
some examples of application to boundary value problems.

2. Consequences

Let us write some remarks which follow from the above assumptions.

Remark 1.
1. (12) implies that X is re�exive, moreover the operator Aω0 is sectorial, thus D(A)

is dense in X.
2. From (13) and (14) we get for any s ∈ R

sup
s∈R

∥∥∥∥e−(θA/2)|s|
(√

−Aω0

)is∥∥∥∥
L(X)

< +∞.

3. By using Lemma 2.6, statement b, p. 103 in G. Dore and S. Yakubov [4], we get{
∃K0, K1 > 0, ∃c0 > 0 such that ∀ω > 0, ∥ e2Qω ∥L(X)6 K0e

−2c0
√
ω

and ∥ Qωe
2Qω ∥L(X)6 K1e

−2c0
√
ω.

(16)
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4. Under (13), for all ω > ω0, the operator I − e2Qω is boundedly invertible (see
A. Lunardi [5, Corollary 2.3.7, p. 62]).

5. Suppose that problem (1), (2) has a strict solution u. Then, from above

u ∈ W 2,p (0, 1;X) ∩ Lp
(
0, 1;D(Q2

ω)
)
, 1 < p <∞,

which implies
u (0) , u (1) ∈

(
D(Q2

ω), X
)

1
2p

,p
=
(
X,D(Q2

ω)
)
1− 1

2p
,p
, (17)

(see Grisvard [6, Teorema 2, p. 678]). Recall that, for m ∈ N\ {0}, we have

(D (Qm
ω ) , X)1/mp,p = DQm

ω
(1− 1/mp, p) ,

in virtue of [6]. So, by the well known reiteration Lions theorem, we get

DQm
ω
(1− 1/mp, p) = DQω (m− 1/p, p) = DQω (m− 1 + (1− 1/p) , p) =

=
{
φ ∈ D (Qm−1

ω ) : Qm−1
ω φ ∈ (D (Qω) , X)1/p,p

}
= (D (Qω) , X)(m−1)+1/p,p .

In particular, for m = 2:

(D (Q2
ω) , X)1/2p,p = DQ2

ω
(1− 1/2p, p) = (D (Qω) , X)1+1/p,p =

=
{
φ ∈ D (Qω) : Qωφ ∈ (D (Qω) , X)1/p,p

}
⊂ D (Qω) ,

from which it follows that
u (0) , u (1) ∈ D(Qω).

6. Assumptions (4) and (5) involve that, for ω ≥ ω0,−Aω belong to the classBIP (X, θ)
[7, 8, De�nition 1, p. 431].

Lemma 1. Assume that (13) and (15) hold. Then there exist constants C > 0 and
ω1 > ω0 such that, for all ω > ω1 operator Qω ±H is boundedly invertible and∥∥(Qω ±H)−1

∥∥
L(X)

<
C√
ω
.

Proof. For all ω > ω0 we have

Q−1
ω =

(
−
√
− (A− ωI)

)−1

=
1

π

+∞∫
0

(A− ωI − µI)−1

µ1/2
dµ,

which implies ∥∥Q−1
ω

∥∥
L(X)

6 C

ω1/2
.

On the other hand HQ−1
ω is well de�ned for all ω > ω0 since, by (15), we have

∥∥HQ−1
ω

∥∥
L(X)

=

∥∥∥∥∥∥ 1π
+∞∫
0

H (A− ωI − µI)−1

µ1/2
dµ

∥∥∥∥∥∥
L(X)

≤

6 C

+∞∫
0

dµ

µ1/2 |ω + µ|1/2+ν
6 C

ων
,
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so there exists ω1 > ω0 such that for all ω > ω1 we have∥∥HQ−1
ω

∥∥
L(X)

6 1

2
,

which implies that operator

Qω ±H =
(
I ±HQ−1

ω

)
Qω

for ω > ω1 is invertible and∥∥(Qω ±H)−1
∥∥
L(X)

=
∥∥∥Q−1

ω (I ±HQ−1
ω )

−1
∥∥∥
L(X)

≤

6
∥∥Q−1

ω

∥∥
L(X)

1

1− ∥HQ−1
ω ∥L(X)

6 C

ω1/2
.

2

Lemma 2. Assume that (13) and (15) hold. Then (Qω −H)−1 for ω > ω1 is a linear
bounded operator from (D(Qω), X)θ,q into itself for all θ ∈]0, 1[, q ∈ [1,∞].

Proof. Since Qω is closed then Qω (Qω ±H)−1 is bounded, whence we deduce that

(Qω ±H)−1 ∈ L(D(Qω), D(Qω)),

(here D(Qω) is a Banach space endowed with the graph norm). So, by the well known
interpolation property we get

(Qω ±H)−1 ∈ L
(
(D(Qω), X)θ,q

)
,

where θ ∈]0, 1[ and q ∈ [1,∞]. Therefore we deduce the result.

2

Remark 2. Observe that when Qω and (Qω ±H)−1 are commuting for large ω, the same
proof as above implies that

Qω (Qω ±H)−1 ∈ L
(
(D(Qω), X)θ,q

)
.

Therefore in this work, instead of assumption (11), we suppose

Qω (Qω ±H)−1
[
(D (Qω) , X)1/p,p

]
⊂ (D (Qω) , X)1/p,p , (18)

since operators Qω and (Qω ±H)−1 do not commute. This hypothesis is better in some
sense than (11). We recall that

(D (Qω) , X)1/p,p =
{
x ∈ X : t 7−→ t1−1/pQω (Qω − tI)−1 x ∈ Lp

∗(R+;X)
}
,

see P. Grisvard [6] and [9].

Lemma 3. Assume that (13) and (15) hold. Then there exists ω2 > ω0 such that for
ω > ω2 the operator Λω de�ned by{

D (Λω) = D (Qω) ∩D (H) = D (Qω) ,
Λω = (Qω −H) + e2Qω (Qω +H) ,

48 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2018, vol. 11, no. 3, pp. 44�61



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

is closed, boundedly invertible and{
Λ−1

ω = (Qω −H)−1 (I +W ) with
W ∈ L (X) and W (X) ⊂

∩
k∈N\{0}

D(Qk
ω). (19)

Proof. Let ω > ω0. In virtue of assumption (15) and Lemma 1 operator Λω can be written
as follows

Λω =
(
I − e2Qω

)
(Qω −H) + 2Qωe

2Qω =

=
(
I − e2Qω

) [
I + 2

(
I − e2Qω

)−1
Qωe

2Qω (Qω −H)−1
]
(Qω −H) .

Set
Tω = 2

(
I − e2Qω

)−1
Qωe

2Qω (Qω −H)−1 .

Due to (16) and Lemma 1, we have for ω > ω1

∥Tω∥L(X) =∥ 2
(
I − e2Qω

)−1
Qωe

2Qω (Qω −H)−1 ∥L(X)≤
≤ 2 ∥

(
I − e2Qω

)−1 ∥L(X)∥ Qωe
2Qω ∥L(X)∥ (Qω −H)−1 ∥L(X)≤

≤ 2

1− ∥e2Qω∥L(X)

∥ Qωe
2Qω ∥L(X)∥ (Qω −H)−1 ∥L(X)6

2CK1

ω1/2
(
1−K0e−2c0

√
ω
)e−2c0

√
ω,

which implies the existence of ω2 > ω1 such that for ω > ω2

2CK1

ω1/2
(
1−K0e−2c0

√
ω
)e−2c0

√
ω < 1,

hence I + Tω ∈ L (X) is boundedly invertible. Then from Remark 1, statement 4 and
Lemma 1 we get that

Λω =
(
I − e2Qω

)
(I + Tω) (Qω −H)

is closed and boundedly invertible with

Λ−1
ω = (Qω −H)−1 (I + Tω)

−1 (I + Sω)
−1 =

= (Qω −H)−1 [I − Tω (I + Tω)
−1] [I − Sω (I + Sω)

−1] . (20)

Moreover, for ω > ω2.
Tω = 2e2Qω

(
I − e2Qω

)−1
Qω (Qω −H)−1 ∈ L (X) ,

Sω = −e2Qω ∈ L (X) and
Tω (X) , Sω (X) ⊂

∩
k∈N\{0}

D(Qk
ω),

from which we deduce (19).

2

Remark 3. Assume that (13) and (15) hold. It is natural to consider for ω > ω0 an
operator Πω (instead of Λω) de�ned by{

D (Πω) = D (Qω) ∩D (H) = D (Qω) ,
Πω = (Qω −H) + (Qω +H) e2Qω ,

(21)
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since e2Qω(X) ⊂ D(Qω). And again we obtain that for ω > ω2 the operator Πω is closed
and boundedly invertible.

Indeed, let ω > ω0. The operator Πω can be written as follows

Πω = (Qω −H)
(
I − e2Qω

)
+ 2Qωe

2Qω =

= (Qω −H)
[
I + 2 (Qω −H)−1Qωe

2Qω
(
I − e2Qω

)−1
] (
I − e2Qω

)
,

similarly to Λω for ω > ω2 we have∥∥∥2 (Qω −H)−1Qωe
2Qω
(
I − e2Qω

)−1
∥∥∥
L(X)

< 1.

Remark 4. We can use the fact that (Qω −H) and (Qω +H) are invertible by writing

Λω = (Qω −H) + e2Qω (Qω +H) =

= (Qω −H) (Qω +H)−1 [I + (Qω +H) (Qω −H)−1 e2Qω
]
(Qω +H) .

Due to (16), we have∥∥(Qω +H) (Qω −H)−1 e2Qω
∥∥
L(X)

≤
∥∥(Qω +H) (Qω −H)−1

∥∥
L(X)

∥∥e2Qω
∥∥
L(X)

≤

≤
∥∥∥I + 2HQ−1

ω (I −HQ−1
ω )

−1
∥∥∥
L(X)

K0e
−2c0

√
ω,

and due to Lemma 1, for ω > ω1 we get∥∥∥2HQ−1
ω

(
I −HQ−1

ω

)−1
∥∥∥
L(X)

6 2
∥∥HQ−1

ω

∥∥
L(X)

∥∥∥(I −HQ−1
ω

)−1
∥∥∥
L(X)

≤

≤ 2
∥∥HQ−1

ω

∥∥
L(X)

1

1− ∥HQ−1
ω ∥L(X)

6 2C

ων

1

1− C
ων

,

moreover, for ω > ω2
2C

ων

1

1− C
ων

< 1,

whence we deduce that Λω is boundedly invertible. Similarly, for ω > ω0, we have

Πω = (Qω −H) + (Qω +H) e2Qω =

=
[
I + (Qω +H) e2Qω (Qω −H)−1] (Qω −H) ,

and similarly to Λω for ω > ω2 we obtain∥∥(Qω +H) e2Qω (Qω −H)−1
∥∥
L(X)

=

=
∥∥∥(I +HQ−1

ω

)
e2Qω

(
I −HQ−1

ω

)−1
∥∥∥
L(X)

< 1.

Let us compare Λω and Πω. First we have D (Λω) = D (Πω) = D (Qω), moreover

Πω = Qω −H + (Qω +H) e2Qω = Λω − e2Qω (Qω +H) + (Qω +H) e2Qω =
= Λω − e2QωH +He2Qω = Λω +

[
H; e2Qω

]
,

(22)
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where, for all ξ ∈ D(H) = D (Qω)[
H; e2Qω

]
ξ = He2Qωξ − e2QωHξ.

Then
Πω =

(
I +

[
H; e2Qω

]
Λ−1

ω

)
Λω.

Using (20) and due to Lemma 1, for ω > ω2 we have∥∥Λ−1
ω

∥∥
L(X)

≤
∥∥(Qω −H)−1

∥∥
L(X)

∥∥(I + Tω)
−1
∥∥
L(X)

∥∥(I + Sω)
−1
∥∥
L(X)

≤

≤
∥∥(Qω −H)−1

∥∥
L(X)

1

1− ∥Tω∥L(X)

1

1− ∥Sω∥L(X)

≤

≤
∥∥(Qω −H)−1

∥∥
L(X)

1

1− 2CK1

ω1/2(1−K0e−2c0
√

ω)
e−2c0

√
ω

1

1−K0e−2c0
√
ω
≤

≤
∥∥(Qω −H)−1

∥∥
L(X)

≤ C

ω1/2
.

Due to (16), we get∥∥He2QωΛ−1
ω

∥∥
L(X)

≤
∥∥HQ−1

ω

∥∥
L(X)

∥∥Qωe
2Qω
∥∥
L(X)

∥∥Λ−1
ω

∥∥
L(X)

≤

≤ C
1

ων
K1e

−2c0
√
ω 1

ω1/2
≤ C

ων+1/2
.

In the other hand, ∥∥e2QωHΛ−1
ω

∥∥
L(X)

≤
≤
∥∥e2Qω

∥∥
L(X)

∥∥H (Qω −H)−1
∥∥
L(X)

∥∥(I + Tω)
−1
∥∥
L(X)

∥∥(I + Sω)
−1
∥∥
L(X)

≤

≤ K0e
−2c0

√
ω
∥∥H (Qω −H)−1

∥∥
L(X)

≤ K0e
−2c0

√
ω
∥∥HQ−1

ω

∥∥
L(X)

∥∥∥(I −HQ−1
ω

)−1
∥∥∥
L(X)

≤

≤ CK0e
−2c0

√
ω 1

ων

1

1− ∥HQ−1
ω ∥L(X)

≤ CK0e
−2c0

√
ω 1

ων
≤ C

ων
.

Hence ∥∥[H; e2Qω
]
Λ−1

ω

∥∥
L(X)

≤ C

ων
,

so there exists ω3 > ω2 such that for all ω > ω3 we have

C

ων
≤ 1,

which con�rm the invertibility of Πω whith

Π−1
ω = Λ−1

ω

(
I +

[
H; e2Qω

]
Λ−1

ω

)−1
. (23)

Similarly, due to (22), we obtain

Λ−1
ω = Π−1

ω

(
I −

[
H; e2Qω

]
Π−1

ω

)−1
. (24)

Lemma 4. [10, Theorem, p. 96] Assume that (13) holds. Let p ∈ ]1,+∞[ , φ ∈ X and
n ∈ N∗. Then, we have
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1. e.Qωφ ∈ Lp (0, 1, X) ,
2. Qn

ωe
·Qωφ ∈ Lp (0, 1, X) if and only if φ ∈ (D (Qn

ω) , X) 1
np

,p .

Lemma 5. Assume that (12) � (14) hold. Then for f ∈ Lp (0, 1, X) with 1 < p < +∞,
we have

1. x→ L (x, f) = Qω

x∫
0

e(x−s)Qωf (s) ds ∈ Lp (0, 1, X) ,

2. x→ L (1− x, f(1− .)) = Qω

1∫
x

e(s−x)Qωf (s) ds ∈ Lp (0, 1, X) ,

3. x→ L (x, f) = Qω

1∫
0

e(x+s)Qωf (s) ds ∈ Lp (0, 1, X) ,

4.
1∫
0

esQωf(s)ds,
1∫
0

e(1−s)Qωf(s)ds ∈ (D(Qω), X) 1
p
,p.

Proof. For statements 1, 2 and 3, see [3, 11, 12, pp. 167, 168], and also [13, (24), (25)
and (26)]. Statement 4 is an easy consequence of statements 1 and 2, we proceed as in

Remark 1 by using the fact that x →
x∫
0

e(x−s)Qωf(s)ds and x →
1∫
x

e(s−x)Qωf(s)ds belong

to W 1,p (0, 1, X) ∩ Lp (0, 1, D (Qω)).

2

3. Representation of the Solution

Assume that (13) and (15) hold. Consider for a.e. x ∈ (0, 1) the following formula

u (x) =
(
exQω − e(2−x)Qω

)
Λ−1

ω d0 + e(1−x)Qωu1+
+Q−1

ω

(
exQω − e(2−x)Qω

)
(Qω +H) Λ−1

ω Qωe
Qωu1+

+
1

2
Q−1

ω

(
exQω − e(2−x)Qω

)
(Qω +H) Λ−1

ω

1∫
0

(
esQω − e(2−s)Qω

)
f (s) ds−

−1

2
e(1−x)QωQ−1

ω

1∫
0

e(1−s)Qωf (s) ds+
1

2
Q−1

ω

x∫
0

e(x−s)Qωf (s) ds+
1

2
Q−1

ω

1∫
x

e(s−x)Qωf (s) ds,

used in Cheggag et al [1] in the commutative case.
The main idea is in searching a solution u to (1), (2) for a.e. x ∈ (0, 1), in the following

form:

u (x) =
(
exQω − e(2−x)Qω

)
Λ−1

ω d∗0 + e(1−x)Qωu∗1+
+Q−1

ω

(
exQω − e(2−x)Qω

)
(Qω +H) Λ−1

ω Qωe
Qωu∗1+

+
1

2
Q−1

ω

(
exQω − e(2−x)Qω

)
(Qω +H) Λ−1

ω

1∫
0

(
esQω − e(2−s)Qω

)
f ∗ (s) ds−

−1

2
Q−1

ω e(1−x)Qω

1∫
0

e(1−s)Qωf ∗(s) ds+
1

2
Q−1

ω

x∫
0

e(x−s)Qωf ∗(s)ds+
1

2
Q−1

ω

1∫
x

e(s−x)Qωf ∗(s) ds.

(25)

Taking into account the boundary conditions (2) deduce d∗0, u
∗
1 and f

∗.
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It is easy to obtain
u∗1 = u(1) = u1. (26)

Now, from (25) for a.e. x ∈ (0, 1), we have

u′ (x) = Qω

(
exQω + e(2−x)Qω

)
Λ−1

ω d∗0 −Qωe
(1−x)Qωu1+

+
(
exQω + e(2−x)Qω

)
(Qω +H) Λ−1

ω Qωe
Qωu1+

+
1

2

(
exQω + e(2−x)Qω

)
(Qω +H) Λ−1

ω

1∫
0

(
esQω − e(2−s)Qω

)
f ∗ (s) ds+

+
1

2
e(1−x)Qω

1∫
0

e(1−s)Qωf ∗ (s) ds+
1

2

x∫
0

e(x−s)Qωf ∗ (s) ds− 1

2

1∫
x

e(s−x)Qωf ∗ (s) ds,

(27)

and
u′′ (x) = Q2

ω

(
exQω − e(2−x)Qω

)
Λ−1

ω d∗0 +Q2
ωe

(1−x)Qωu1+
+Qω

(
exQω − e(2−x)Qω

)
(Qω +H) Λ−1

ω Qωe
Qωu1+

+
1

2
Qω

(
exQω − e(2−x)Qω

)
(Qω +H) Λ−1

ω

1∫
0

(
esQω − e(2−s)Qω

)
f ∗ (s) ds−

−1

2
Qωe

(1−x)Qω

1∫
0

e(1−s)Qωf ∗ (s) ds+
1

2
Qω

x∫
0

e(x−s)Qωf ∗ (s) ds+

+
1

2
Qω

1∫
x

e(s−x)Qωf ∗ (s) ds+ f ∗ (x) .

(28)

Since Aω = −Q2
ω and in virtue of (25), it is easy to see that

u′′ (x) + Aωu(x) = f ∗ (x) ,

therefore, for a.e. x ∈ (0, 1), we deduce

f ∗ (x) = f (x) . (29)

Now, for d∗0 we have

u (0) =
(
I − e2Qω

)
Λ−1

ω d∗0 +Q−1
ω

[
I +

(
I − e2Qω

)
(Qω +H) Λ−1

ω

]
Qωe

Qωu1+

+
1

2
Q−1

ω

[
I +

(
I − e2Qω

)
(Qω +H) Λ−1

ω

] 1∫
0

(
esQω − e(2−s)Qω

)
f (s) ds.

Note that

I +
(
I − e2Qω

)
(Qω +H) Λ−1

ω =
[
Λω +Qω +H − e2Qω (Qω +H)

]
Λ−1

ω =
=
[
Qω −H + e2Qω(Qω +H) +Qω +H − e2Qω (Qω +H)

]
Λ−1

ω = 2QωΛ
−1
ω ,

then

u (0) =
(
I − e2Qω

)
Λ−1

ω d∗0 + 2Λ−1
ω Qωe

Qωu1 + Λ−1
ω

1∫
0

(
esQω − e(2−s)Qω

)
f (s) ds. (30)

In virtue of assumption (15) and due to Lemma 3, we deduce that u (0) ∈ D(H). Applying
H to (30), we get

Hu (0) = H
(
I−e2Qω

)
Λ−1

ω d
∗
0+2HΛ−1

ω Qωe
Qωu1+HΛ−1

ω

1∫
0

(
esQω−e(2−s)Qω

)
f (s) ds. (31)
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Using (27) for x = 0, we obtain

u′ (0) = Qω

(
I + e2Qω

)
Λ−1

ω d∗0 +
[(
I + e2Qω

)
(Qω +H) Λ−1

ω − I
]
Qωe

Qωu1+

+
1

2

[(
I + e2Qω

)
(Qω +H) Λ−1

ω − I
] 1∫
0

(
esQω − e(2−s)Qω

)
f (s) ds.

On the other hand, we have(
I + e2Qω

)
(Qω +H) Λ−1

ω − I =
[
Qω +H + e2Qω (Qω +H)− Λω

]
Λ−1

ω =
=
[
Qω +H + e2Qω (Qω +H)− (Qω −H)− e2Qω (Qω +H)

]
Λ−1

ω = 2HΛ−1
ω .

Then we get
u′ (0) = Qω

(
I + e2Qω

)
Λ−1

ω d∗0 + 2HΛ−1
ω Qωe

Qωu1+

+HΛ−1
ω

1∫
0

(
esQω − e(2−s)Qω

)
f (s) ds.

(32)

Therefore, using (31) and (32), we conclude that

u′ (0)−Hu (0) =
[
Qω

(
I + e2Qω

)
−H

(
I − e2Qω

)]
Λ−1

ω d∗0 = ΠωΛ
−1
ω d∗0 = d0.

Then, due to Remak 3 and (23), we obtain

d∗0 = ΛωΠ
−1
ω d0 =

(
I +

[
H; e2Qω

]
Λ−1

ω

)−1
d0. (33)

Finally, inserting (33) into (25), from (26) and (29) we deduce that u is given formally by

u (x) =
(
exQω−e(2−x)Qω

)
Λ−1

ω

(
I+
[
H; e2Qω

]
Λ−1

ω

)−1
d0+e

(1−x)Qωu1+
+Q−1

ω

(
exQω−e(2−x)Qω

)
(Qω+H) Λ−1

ω Qωe
Qωu1+

+
1

2
Q−1

ω

(
exQω−e(2−x)Qω

)
(Qω+H) Λ−1

ω

1∫
0

(
esQω−e(2−s)Qω

)
f (s) ds−

−1

2
Q−1

ω e
(1−x)Qω

1∫
0

e(1−s)Qωf(s) ds+
1

2
Q−1

ω

x∫
0

e(x−s)Qωf(s) ds+
1

2
Q−1

ω

1∫
x

e(s−x)Qωf(s) ds.

Note that if the commutativity hypothesis (7) is veri�ed then the commutator
[
H; e2Qω

]
becomes zero and then the representation formulas of solution (10) and (39) coincide.

Now we can write u as

u (·) = S1(·, d0, u1) + S2(·, u1, f) +D(·, f)−R(·, d0, u1, f), (34)

where, for a.e. x ∈ (0, 1)

S1(x, d0, u1) = exQωΛ−1
ω

(
I +

[
H; e2Qω

]
Λ−1

ω

)−1
d0 + e(1−x)Qωu1, (35)

S2(x, u1, f) = Q−1
ω exQω (Qω +H) Λ−1

ω Qωe
Qωu1+

+
1

2
Q−1

ω exQω (Qω +H) Λ−1
ω

1∫
0

(
esQω − e(2−s)Qω

)
f (s) ds,

(36)

D(x, f) = −1

2
e(1−x)QωQ−1

ω

1∫
0

e(1−s)Qωf (s) ds+
1

2
Q−1

ω

x∫
0

e(x−s)Qωf (s) ds+

+
1

2
Q−1

ω

1∫
x

e(s−x)Qωf (s) ds,

(37)
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and
R(x, d0, u1, f) = e(2−x)QωΛ−1

ω

(
I +

[
H; e2Qω

]
Λ−1

ω

)−1
d0+

+e(2−x)QωQ−1
ω (Qω +H) Λ−1

ω Qωe
Qωu1+

+
1

2
e(2−x)QωQ−1

ω (Qω +H) Λ−1
ω

1∫
0

(
esQω − e(2−s)Qω

)
f (s) ds.

(38)

On the other hand, due to (24), we have

u (x) =
(
exQω−e(2−x)Qω

)
Π−1

ω d0+e
(1−x)Qωu1+

+Q−1
ω

(
exQω−e(2−x)Qω

)
(Qω+H)Π−1

ω

(
I−
[
H; e2Qω

]
Π−1

ω

)−1
Qωe

Qωu1+

+
1

2
Q−1

ω

(
exQω−e(2−x)Qω

)
(Qω+H)Π−1

ω

(
I−
[
H; e2Qω

]
Π−1

ω

)−1 1∫
0

(
esQω−e(2−s)Qω

)
f(s)ds+

−1

2
Q−1

ω e
(1−x)Qω

1∫
0

e(1−s)Qωf(s) ds+
1

2
Q−1

ω

x∫
0

e(x−s)Qωf (s) ds+
1

2
Q−1

ω

1∫
x

e(s−x)Qωf(s) ds.

(39)

4. Main Result

Under assumptions (12) � (15) and (18), we focus on the study of the optimal regularity
of the strict solution given by (39).

Lemma 6. Assume that (13), (15) and (18) hold. For any φ ∈ (D (Qω) , X) 1
p
,p, p ∈ ]0,∞[

and ω > ω2, we have

(Qω ±H) Λ−1
ω φ ∈ (D (Qω) , X) 1

p
,p .

Proof. We have a representation

(Qω +H) Λ−1
ω = 2QωΛ

−1
ω + e2Qω (Qω +H) Λ−1

ω − I,

which, by Lemma 3, can be written as follows

(Qω +H) Λ−1
ω = 2Qω (Qω −H)−1 (I +W ) + e2Qω (Qω +H) Λ−1

ω − I,

where W (X) ⊂
∩

k∈N\{0}
D(Qk

ω) ⊂ (D (Qω) , X) 1
p
,p.

Then, due to assumption (18), for any φ ∈ (D (Qω) , X) 1
p
,p, we deduce that

(Qω +H) Λ−1
ω φ ∈ (D (Qω) , X) 1

p
,p.

On the other hand, we also have

(Qω −H) Λ−1
ω = I − e2Qω (Qω +H) Λ−1

ω .

Thus, for any φ ∈ (D (Qω) , X) 1
p
,p, we get (Qω −H) Λ−1

ω φ ∈ (D (Qω) , X) 1
p
,p.

2

Lemma 7. Assume that (13) and (15) hold. Let d0, u1 ∈ X, ω > ω2 and f ∈
Lp(0, 1;X), 1 < p <∞. Then

AωR(·, d0, u1, f) ∈ Lp(0, 1;X).
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Proof. Since Aω = −Q2
ω, e

(2−·)Qω = eQωe(1−·)Qω and eQωξ ∈
∩∞

k=1D
(
Qk

ω

)
for all ξ ∈ X,

taking into account (38), the term

AωR(x, d0, u1, f) = −Qωe
(2−x)QωQωΛ

−1
ω

(
I +

[
H; e2Qω

]
Λ−1

ω

)−1
d0−

−Qωe
(2−x)Qω (Qω +H) Λ−1

ω Qωe
Qωu1−

−1

2
Qωe

(2−x)Qω (Qω +H) Λ−1
ω

1∫
0

(
esQω − e(2−s)Qω

)
f (s) ds = Qωe

Qωe(1−x)Qωξ,

(40)

is bounded and thus belongs to Lp(0, 1;X), 1 < p <∞ for all ξ ∈ X.

2

Remark 5. As we have seen, the term R(·, d0, u1, f) is regular, but this can not be applied
to the term e·Qω (Qω +H) Λ−1

ω eQωQωu1 in S2 (·, u1, f) since operators (Qω +H) Λ−1
ω and

eQω are not considered to be commutative.

Remark 6. Assume that (12) � (14) hold and f ∈ Lp (0, 1;X) with 1 < p < ∞. Then,
by using Lemma 5, we can easily see that

AωD(·, f) ∈ Lp (0, 1;X) ,

see for instance [1].

Lemma 8. Assume that (12) � (15) hold and (18) and f ∈ Lp (0, 1;X) , 1 < p < ∞.
Then, for all ω > ω2

AωS2(., u1, f) ∈ Lp (0, 1;X) , 1 < p <∞.

Proof. Taking into account (36) and Aω = −Q2
ω, for a.e. x ∈ (0, 1) we can write

AωS2(x, u1, f) = −Qωe
xQω (Qω +H) Λ−1

ω eQωQωu1 −

−1

2
Qωe

xQω (Qω +H) Λ−1
ω

1∫
0

(
esQω − e(2−s)Qω

)
f (s) ds.

Since

eQωQωu1,

1∫
0

(
esQω − e(2−s)Qω

)
f (s) ds ∈ (D (Qω) , X) 1

p
,p ,

then, due to Lemmas 4 and 6, we deduce that

AS2(., f) ∈ Lp (0, 1, X) , 1 < p <∞.

2

Theorem 2. Assume that (12) � (15) and (18) hold. Let f ∈ Lp (0, 1;X) with 1 < p <∞
and ω > ω2. Then, the following assertions are equivalent

1. Problem (1), (2) has a unique strict solution u, that is

u ∈ W 2,p (0, 1;X) ∩ Lp (0, 1;D (A)) , 1 < p <∞,

and u satis�es (1), (2).
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2. Π−1
ω d0, u1 ∈ (D(A), X) 1

2p
,p where

Πω = Qω −H + (Qω +H) e2Qω .

Proof. a) Let us begin with a uniqueness result. Let u, ũ be strict solutions of (1), (2), then
v = u− ũ is a strict solution of{

v′′(x) + Aωv(x) = 0, a.e. x ∈ (0, 1),
v′(0)−Hv(0) = 0, v(1) = 0.

Then v ∈ C1([0, 1] ;X) and there exist y0, z1 ∈ D(Qω) such that, for any x ∈ [0, 1]

v (x) = exQωy0 + e(1−x)Qωz1,

see Section 3, in [1]. Moreover, for any x ∈ [0, 1]

v′ (x) = Qωe
xQωy0 −Qωe

(1−x)Qωz1.

Note that v (0) = y0+ e
Qωz1 ∈ D (Qω)∩D (H) and using the boundary conditions (2), we

get {
v′ (0)−Hv (0) =

(
Qωy0 −Qωe

Qωz1
)
−H

(
y0 + eQωz1

)
= 0,

v (1) = eQωy0 + z1 = 0.

From z1 = −eQωy0 we deduce

0 =
(
Qωy0 +Qωe

2Qωy0
)
−H

(
y0 − e2Qωy0

)
=

=
[
Qω

(
I + e2Qω

)
−H

(
I − e2Qω

)]
y0 = Πωy0,

and due to Remark 3, for all ω > ω2 we get y0 = 0 and then z1 = 0. So, v = 0 and thus
u = ũ.

b) Consider u given by (39). Let us show that Aωu ∈ Lp (0, 1;X) with 1 < p <
∞. In fact, due to Lemmas 7 and 8 and from Remark (6), it is enough to prove that
AωS1(., d0, u1) ∈ Lp (0, 1;X). From (35) for almost every x ∈ (0, 1) one has

AωS1(x, d0, u1) = −Q2
ωe

xQωΠ−1
ω d0 −Q2

ωe
(1−x)Qωu1.

From (17), we have u1 ∈ (D(Q2
ω), X) 1

2p
,p and thus, due to Lemma 4, statement 2 we get

Q2
ωe

(1−·)Qωu1 ∈ Lp(0, 1;X), 1 < p <∞.

Using again Lemma 4, statement 2, we conclude that

AωS1(·, f) ∈ Lp(0, 1;X)

if and only if
Q2

ωe
xQωΠ−1

ω d0 ∈ Lp(0, 1;X),

and thus
Π−1

ω d0 ∈ (D(Q2
ω), X) 1

2p
,p = (D(A), X) 1

2p
,p.

2
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5. Applications

In this section we give some applications for our abstract results.

Example 1. Let X = L2(]0, 1[). Consider operators Qω and H in X, de�ned by
D(Qω) = D(H) = {φ ∈ H2(]0, 1[) : φ (0) = φ (1) = 0} ,
(Qωφ) (y) = φ′′ (y) + a (y)φ′ (y)−

√
ωφ (y) , y ∈ (0, 1) ,

(Hφ) (y) = −φ′′ (y) , y ∈ (0, 1) .

Suppose that a ∈ C2 ([0, 1]) with a (0) = a (1) = 0 and ω > 0 (large enough).

1. It is not di�cult to prove that Qω, Qω −H and H are boundedly invertible.
Therefore{

D(Qω −H) = {φ ∈ H2(]0, 1[) : φ (0) = φ (1) = 0} ,
(Qω −H)φ (y) = 2φ′′ (y) + a (y)φ′ (y)−

√
ωφ (y) , y ∈ (0, 1)

(see for instance Cheggag et al. in [3]).
2. By using A. Lunardi [5, Theorem 3.1.3, p. 73], we obtain that the operator Qω =

− (−Aω)
1/2 is well de�ned and generates an analytic semigroup. We also have

D(Aω) = D(Q2
ω) =

{
φ ∈ H4(]0, 1[) : φ′′ (0) = φ′′ (1) = φ (0) = φ (1) = 0

}
,

and

Aωφ (y) = −Q2
ωφ (y) = −φ(4) (y)− 2a (y)φ(3) (y)− (a2 (y) + 2a′ (y)− 2

√
ω)φ′′ (y)−

− [a′′ (y) + a (y) (a′ (y)− 2
√
ω)]φ′ (y)− ωφ (y) .

On the other hand, there exist conxtants δ, C > 0 such that for z ∈ Sδ =
{z ∈ C� {0} : |arg z| ≤ π/2 + δ} we have∥∥(Aω − zI)−1

∥∥
L2(]0,1[)

≤ C

|
√
ω + z|

.

3. We obtain, for a.e. y ∈ (0, 1)

(
H−1ψ

)
(y) = (1− y)

y∫
0

sψ(s)ds+ y

1∫
y

(1− s)ψ(s)ds,

so that
(QωH

−1ψ) (y) = Qω (H
−1ψ) (y) =

= (H−1ψ)
′′
(y) + a (y) (H−1ψ)

′
(y)−

√
ω (H−1ψ) (y),

then we get

(QωH
−1ψ) (y) = −ψ(y)− a(y)

y∫
0

sψ(s)ds+ a(y)
1∫
y

(1− s)ψ(s)ds−

−
√
ω

(
y∫
0

(1− y) sψ(s)ds+
1∫
y

y(1− s)ψ(s)ds

)
.
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Indeed, we have (
H−1Qωψ

)
(y) = H−1 (Qωψ) (y) =

= (1− y)

y∫
0

s (Qωψ) (s)ds+ y

1∫
y

(1− s) (Qωψ) (s)ds =

= (1− y)

y∫
0

sψ′′ (s) ds+

y∫
0

a (s)ψ′ (s) ds−
√
ω

y∫
0

ψ (s) ds+

+y

1∫
y

(1− s)ψ′′ (s) ds+

1∫
y

a (s)ψ′ (s) ds−
√
ω

1∫
y

ψ (s) ds =

= −ψ (y) + (1− y)

y∫
0

sa (s)ψ′ (s) ds+ y

1∫
y

(1− s)a (s)ψ′ (s) ds−

−
√
ω

(1− y)

y∫
0

sψ (s) ds+ y

1∫
y

(1− s)ψ (s) ds

 ,

and deduce that
∀ψ ∈ D(Qω), QωH

−1ψ ̸= H−1Qωψ.

Therefore, all our assumptions are satis�ed. We have the following:

Proposition 1. Let p ∈ ]1,∞[, f ∈ Lp(0, 1;L2(]0, 1[)) and

Π−1
ω d0, u1 ∈

(
H4(]0, 1[), L2(]0, 1[)

)
1
2p

,p
,

where
Πω = Qω −H + (Qω +H) e2Qω .

Then, there exists ω∗ > 0 such that for all ω ≥ ω∗ the problem

∂2u

∂x2
(x, y)− ∂4u

∂y4
(x, y)− 2a (y)

∂3u

∂y3
(x, y)− (a2 (y) + 2a′ (y)− 2

√
ω)

∂2u

∂y2
(x, y)−

− [a′′ (y) + a (y) (a′ (y)− 2
√
ω)]

∂u

∂y
(x, y)− ωu(x, y) = f(x, y), x, y ∈ (0, 1),

∂u

∂x
(0, y) +

∂2u

∂y2
(0, y) = d0 (y) , y ∈ (0, 1),

u(1, y) = u1 (y) , y ∈ (0, 1),
u(x, 0) = u(x, 1) = 0,
∂2u

∂y2
(x, 0) =

∂2u

∂y2
(x, 1) = 0,

(41)

has a classical solution u, that is

u ∈ W 2,p
(
0, 1;L2(]0, 1[)

)
∩ Lp

(
0, 1;H4(]0, 1[)

)
, 1 < p <∞,

and u satis�es (41).

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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ÀÁÑÒÐÀÊÒÍÛÅ ÇÀÄÀ×È ØTÓPMA�ËÈÓBÈËËß
ÄËß ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ
Â ÍÅÊÎÌÌÓÒÀÒÈÂÍÎÌ ÑËÓ×ÀÅ

Xeíä Ìàãîìåò1, Xeëëaô Óëüä Meëxa1

1Óíèâåðñèòåò èìåíè Aáäóë Xaìèä Èáí-Áaäèca, ã. Mocòaãaíeì, Aëæèp

B ñòàòüå äîêàçûâàþòñÿ íåêîòîðûå íîâûå ðåçóëüòàòû î çàäà÷å Øòóðìà � Ëèóâèëëÿ

äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà âòîðîãî ïîðÿäêà â íåêîììó-

òàòèâíîì ñëó÷àå. Èññëåäîâàíèå âûïîëíåíî ïðè óñëîâèè, ÷òî âòîðîé ÷ëåí ïðèíàäëåæèò

ïðîñòðàíñòâó Ñîáîëåâà. Äîêàçàíî ñóùåñòâîâàíèå, åäèíñòâåííîñòü è îïòèìàëüíàÿ ðå-

ãóëÿðíîñòü ñòðîãîãî ðåøåíèÿ. Ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèé â êîììó-

òàòèâíîì ñëó÷àå Ì. ×åãàãà, À. Ôàâèíè, Ð. Ëàááàñà, Ñ. Ìåíãî è À. Ìåäåãðè. Â ðàáîòå

ðàññìàòðèâàåòñÿ ïðèìåð ïðèëîæåíèÿ ïîñòðîåííîé àáñòðàêòíîé òåîðèè.

Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà;

çàäà÷à Øòóðìà � Ëèóâèëëÿ â íåêîììóòàòèâíîì ñëó÷àå; àíàëèòè÷åñêàÿ ïîëóãðóïïà;

ìàêñèìàëüíàÿ ðåãóëÿðíîñòü.
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