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Ìíîãèå ïðèêëàäíûå çàäà÷è ìîãóò áûòü ðåøåíû ñ èñïîëüçîâàíèåì ìåòîäîâ òåîðèè

èãð. Îäíèì èç âîïðîñîâ, èññëåäóåìûõ â òåîðèè èãð, ÿâëÿåòñÿ íàõîæäåíèå ñèòóàöèé

ðàâíîâåñèÿ, êîòîðûå ïðåäïîëàãàþò ïðåäâàðèòåëüíîå îïðåäåëåíèå çíà÷åíèé âûèãðûøà

èãðîêîâ.

Ñðåäè ðàçëè÷íûõ âàðèàíòîâ èãð âûäåëÿþòñÿ èãðû ñ èåðàðõè÷åñêèì âåêòîðîì èí-

òåðåñîâ. Â òàêèõ èãðàõ ïðåäïîëàãàåòñÿ, ÷òî ìíîæåñòâî èãðîêîâ ðàñïðåäåëåíî ïî èåðàð-

õè÷åñêè îðãàíèçîâàííûì ãðóïïàì. Êàæäûé èãðîê âõîäèò â íåñêîëüêî ãðóïï è âûäå-

ëÿåò äëÿ êàæäîé ãðóïïû îïðåäåëåííóþ ÷àñòü ñâîåãî ðåñóðñà, ÷òî ïîçâîëÿåò ïîëó÷àòü

åìó îïðåäåëåííûé âûèãðûø. Â ýòîì ñëó÷àå ñèòóàöèÿ ðàâíîâåñèÿ ïî Íýøó � ýòî òà-

êîå ðàñïðåäåëåíèå ðåñóðñîâ âñåõ èãðîêîâ, ïðè êîòîðîì êàæäûé èãðîê áóäåò ïîëó÷àòü

ìàêñèìàëüíûé âûèãðûø â èãðå.

Çàäà÷à íàõîæäåíèÿ ðàâíîâåñèÿ ïî Íýøó â èãðàõ ñ èåðàðõè÷åñêèì âåêòîðîì èíòå-

ðåñîâ ðåøåíà Ãåðìåéåðîì è Âàòåëåì. Äëÿ èñïîëüçîâàíèÿ äàííîé òåîðåìû íåîáõîäèìî

îïðåäåëåíèå íåêîòîðûõ óñëîâèé è ïàðàìåòðîâ, ê êîòîðûì, â ÷àñòíîñòè, îòíîñèòñÿ ðàñ-

ïðåäåëåíèå èãðîêîâ ïî èåðàðõè÷åñêè óïîðÿäî÷åííûì ãðóïïàì, îöåíêè âàæíîñòè ãðóïï

äëÿ èãðîêîâ è çíà÷åíèÿ âûèãðûøà äëÿ èãðîêîâ.

Â ðàáîòå ðåøåíû óêàçàííûå çàäà÷è â ïðåäïîëîæåíèè, ÷òî ðàñïðåäåëåíèå èãðî-

êîâ ïî ãðóïïàì îñóùåñòâëÿåòñÿ íà îñíîâå ñîâïàäåíèÿ èõ öåëåé. Ïðè ýòîì äëÿ îöåíêè

âàæíîñòè ãðóïï èñïîëüçîâàí ìåòîä àíàëèçà èåðàðõèé, ïîçâîëÿþùèé äàâàòü êîëè÷å-

ñòâåííûå îöåíêè íà îñíîâå êà÷åñòâåííûõ ñðàâíåíèé öåëåé èãðîêîâ. Äëÿ ïîñòðîåíèÿ

èåðàðõè÷åñêîé ñòðóêòóðû ãðóïï èãðîêîâ èñïîëüçîâàíû ðàñêðàøåííûå ãðàôû, âåðøè-

íû êîòîðûõ ñîîòâåòñòâîâàëè èãðîêàì, ðåáðà îòðàæàëè ñîâïàäåíèÿ öåëåé ó èãðîêîâ, à

öâåòà ðåáåð ïîçâîëÿëè ðàçëè÷àòü öåëè. Ãðóïïû èãðîêîâ â ýòîì ñëó÷àå ñîîòâåòñòâîâàëè

ìàêñèìàëüíûì îäíîöâåòíûì êëèêàì.

Êëþ÷åâûå ñëîâà: èãðû ñ èåðàðõè÷åñêèì âåêòîðîì èíòåðåñîâ; ðàñïðåäåëåíèå èãðî-

êîâ ïî ãðóïïàì; îöåíêè âàæíîñòè ãðóïï; öåëè èãðîêîâ.

Ââåäåíèå. Â èãðàõ ñ èåðàðõè÷åñêèì âåêòîðîì èíòåðåñîâ [1, 2] ïðåäïîëàãàåòñÿ, ÷òî n
èãðîêîâ îáðàçóþò ñîîáùåñòâî, êîòîðîå ðàçáèâàåòñÿ íà ãðóïïû. Ñ÷èòàåòñÿ, ÷òî ñàìî
ñîîáùåñòâî � ãðóïïà íóëåâîãî óðîâíÿ S0. Îíà ðàçáèâàåòñÿ íà ãðóïïû ïåðâîãî óðîâíÿ,
êàæäàÿ èç êîòîðûõ, â ñâîþ î÷åðåäü, ðàçáèâàåòñÿ íà ãðóïïû âòîðîãî óðîâíÿ è ò.ä. Sk

j �
ìíîæåñòâî íîìåðîâ èãðîêîâ, âõîäÿùèõ â ãðóïïó j óðîâíÿ k. Ïîñëåäíèé m-é óðîâåíü,
îáðàçóþò ãðóïïû, êàæäàÿ èç êîòîðûõ ñîñòîèò òîëüêî èç îäíîãî èãðîêà.

Â èãðàõ ýòîãî òèïà ïðèíÿòî, ÷òî âûèãðûøè êàæäîãî i-ãî èãðîêà wi çàâèñÿò îò
âåëè÷èíû âûèãðûøà wk

j êàæäîé ãðóïïû Sk
j , â êîòîðóþ îí âõîäèò è âàæíîñòè λk

i

äàííîé ãðóïïû äëÿ íåãî.
Â ñâîþ î÷åðåäü wk

j çàâèñèò îò âåëè÷èíû ðåñóðñîâ xl, âûäåëÿåìûõ âñåìè èãðî-
êàìè, âõîäÿùèìè â ãðóïïó Sk

j . Ïðåäïîëàãàåòñÿ, ÷òî wk
j ìîíîòîííî âîçðàñòàåò ïðè

óâåëè÷åíèè xl äëÿ êàæäîãî èãðîêà l. ßâíûé âèä ôóíêöèè wk
j îïðåäåëÿåòñÿ îòäåëüíî

äëÿ êàæäîé ïðèêëàäíîé çàäà÷è [3].
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Òàêèì îáðàçîì, ÷åì áîëüøèì ðåñóðñîì îáëàäàåò ãðóïïà, òåì áîëüøå âûèãðûø
äëÿ âõîäÿùèõ â íåå èãðîêîâ.

Îäíàêî âîïðîñû î ðàçáèåíèè ìíîæåñòâà èãðîêîâ íà èåðàðõè÷åñêè îðãàíèçîâàííûå
ãðóïïû è îöåíêà âàæíîñòè ãðóïï äëÿ èãðîêîâ ðàíåå íå ðàññìàòðèâàëèñü. Ðåøåíèå
ýòèõ çàäà÷ ÿâëÿåòñÿ öåëüþ äàííîé ðàáîòû.

Ãðàôîâàÿ ìîäåëü. Î÷åâèäíî, ÷òî îáúåäèíåíèå èãðîêîâ â ãðóïïó ìîæåò áûòü âûçâà-
íî òîëüêî íàëè÷èåì ó íèõ îáùåé öåëè. Òàêèì îáðàçîì, êàæäûé èãðîê ìîæåò èìåòü
íåñêîëüêî öåëåé, à öåëè îòäåëüíûõ èãðîêîâ ìîãóò êàê ñîâïàäàòü, òàê è ðàçëè÷àòüñÿ
[4]. Äàííàÿ ñèòóàöèÿ ìîæåò áûòü îïèñàíà íà ÿçûêå òåîðèè ãðàôîâ.

Îáîçíà÷èì ÷åðåç Zk � ìíîæåñòâî öåëåé èãðîêà k; Z = ∪n
k=1Zk � ìíîæåñòâî öåëåé

âñåõ èãðîêîâ. Ïîñòðîèì íåîðèåíòèðîâàííûé ðàñêðàøåííûé ãðàô G = (I, E, µ), ãäå I
� ìíîæåñòâî âåðøèí, êîòîðûå ñîîòâåòñòâóþò èãðîêàì (|I| = n); E � ìíîæåñòâî ðåáåð,
ñîåäèíÿþùèõ òå âåðøèíû, êîòîðûå èìåþò îáùèå öåëè; µ : E → Z � ôóíêöèÿ òàêîé
ðàñêðàñêè ðåáåð, ÷òî êàæäîé öåëè ñîîòâåòñòâóåò ñâîé öâåò ðåáðà.

Â îòëè÷èå îò êëàññè÷åñêîãî îïðåäåëåíèÿ êëèêè [5] ââåäåì àíàëîãè÷íîå îïðåäå-
ëåíèå äëÿ ðàñêðàøåííîãî ãðàôà. Áóäåì íàçûâàòü îäíîöâåòíîé êëèêîé ìíîæåñòâî
ïîïàðíî ñìåæíûõ âåðøèí, ïðè÷åì ñìåæíîñòü îïðåäåëÿåòñÿ ðåáðàìè îäíîãî öâåòà.
Îäíîöâåòíàÿ êëèêà íàçûâàåòñÿ ìàêñèìàëüíîé, åñëè îíà íå ñîäåðæèòñÿ â äðóãîé êëè-
êå ñ áîëüøèì êîëè÷åñòâîì âåðøèí.

Ïîïàäàíèå èãðîêîâ â îäíó ãðóïïó îïðåäåëÿåòñÿ íàëè÷èåì ó íèõ îáùåé öåëè. Ñëå-
äîâàòåëüíî, óêàçàííûå èãðîêè ñîîòâåòñòâóþò âåðøèíàì ãðàôà, îáúåäåííûì â êëèêè,
êîòîðûå îáðàçóþò ðåáðà, èìåþùèå öâåò, ñîîòâåòñòâóþùèé äàííîé öåëè. Âåñîì êëèêè
áóäåì íàçûâàòü âûèãðûø ñîîòâåòñòâóþùåé ãðóïïû.

Âûèãðûø êàæäîãî èãðîêà òåì áîëüøå, ÷åì áîëüøå âûèãðûø ãðóïï, â êîòîðûå îí
âõîäèò. Åñòåñòâåííî ïðåäïîëîæèòü, ÷òî ÷åì áîëüøå âàæíîñòü öåëè äëÿ èãðîêà, òåì
áîëüøå ðåñóðñ, êîòîðûé îí ãîòîâ âûäåëèòü äëÿ ãðóïïû, îïðåäåëÿåìîé ýòîé öåëüþ, è,
ñëåäîâàòåëüíî, âûèãðûø ñàìîãî èãðîêà.

Îáðàòèìñÿ ê ðàçðàáîòêå ìåòîäà îöåíêè âàæíîñòåé öåëåé è âåñîâ êëèê, îïðåäåëÿ-
åìûõ èìè.

Îöåíêè âàæíîñòè öåëåé è âåñîâ êëèê. Ïîíÿòèå ≪âàæíîñòü≫ ÿâëÿåòñÿ êà÷åñòâåí-
íûì ïîíÿòèåì. Äëÿ ïîëó÷åíèÿ êîëè÷åñòâåííûõ îöåíîê êà÷åñòâåííûõ ïîêàçàòåëåé ìî-
æåò èñïîëüçîâàòüñÿ ìåòîä àíàëèçà èåðàðõèè, ïðåäëîæåííûé Òîìàñîì Ñààòè [6].

Ñóòü ìåòîäà ñîñòîèò â ñëåäóþùåì. Íà îñíîâå ïîïàðíîãî ñðàâíåíèÿ ýêñïåðòíûõ
îöåíîê âàæíîñòè öåëåé èãðîêà ñòðîèòñÿ ìàòðèöà ïî ñëåäóþùåìó ïðàâèëó.

Øàã 1. Ñîñòàâèòü ìàòðèöó A = (aij) ñëåäóþùèì îáðàçîì:

aij =



1, åñëè öåëè i è j îäèíàêîâî âàæíû;

3, åñëè öåëü i íåñêîëüêî âàæíåå öåëè j;

5, åñëè öåëü i ñóùåñòâåííî âàæíåå öåëè j;

7, åñëè öåëü i çíà÷èòåëüíî âàæíåå öåëè j;

9, åñëè öåëü i àáñîëþòíî âàæíåå öåëè j;

aij = a−1
ji .

Øàã 2. Íàéòè ñîáñòâåííûé âåêòîð x ìàòðèöû A = (aij), ñîîòâåòñòâóþùèé åå
ìàêñèìàëüíîìó ñîáñòâåííîìó çíà÷åíèþ.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2018. Ò. 11, � 3. Ñ. 118�122
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Øàã 3. Íîðìèðîâàòü âåêòîð x = (x0, ..., xm) (òî åñòü ïîëó÷èòü
m∑
i=0

xi = 1).

Êîîðäèíàòû âåêòîðà x ìîæíî ðàññìàòðèâàòü â êà÷åñòâå êîýôôèöèåíòîâ âàæíî-
ñòè öåëåé äëÿ äàííîãî èãðîêà.

Òàêèì îáðàçîì, îïèñàí ìåòîä, ïîçâîëÿþùèé êîëè÷åñòâåííî îöåíèòü âàæíîñòè öå-
ëåé äëÿ êàæäîãî èãðîêà.

Â ñîîòâåòñòâèè ñ ðàíåå ñäåëàííûì ïðåäïîëîæåíèåì êàæäûé èãðîê i âûäåëèò äëÿ
ãðóïïû Sk

j ðåñóðñ λ
k
i ·xi, ãäå xi � îáùèé ðåñóðñ èãðîêà i. Ñëåäîâàòåëüíî âåñ îäíîöâåò-

íîé êëèêè, ñîîòâåòñòâóþùåé ãðóïïå Sk
j ìîæåò áûòü îïðåäåëåí, êàê wk

j (λ
k
i ·xi, i ∈ Sk

j ).

Ïîñòðîåíèå èåðàðõè÷åñêè îðãàíèçîâàííûõ ãðóïï. Ãðóïïû èãðîêîâ, ñîîòâåò-
ñòâóþùèõ ìàêñèìàëüíûì êëèêàì, èìåþùèì íàèáîëüøèé âåñ,ñîñòàâëÿþò ïåðâûé óðî-
âåíü èåðàðõèè.

Îïèøåì ïðîöåäóðó ôîðìèðîâàíèÿ èåðàðõè÷åñêîé ñòðóêòóðû ãðóïï èãðîêîâ. Íàé-
äåì ìàêñèìàëüíóþ îäíîöâåòíóþ êëèêó ñ íàèáîëüøèì ÷èñëîì âåðøèí, êîòîðàÿ áóäåò
ñîîòâåòñòâîâàòü ïåðâîé ãðóïïå ïåðâîãî óðîâíÿ S1

1 . Ýòó ïðîöåäóðó áóäåì ïðèìåíÿòü
ê îñòàâøèìñÿ âåðøèíàì äî èõ èñ÷åðïàíèÿ. Òàêèì îáðàçîì, áóäóò íàéäåíû ãðóïïû
ïåðâîãî óðîâíÿ èåðàðõèè.

Èç êàæäîé êëèêè, ñîîòâåòñòâóþùåé ãðóïïàì ïåðâîãî óðîâíÿ, èñêëþ÷èì îïðå-
äåëÿþùèå èõ ðåáðà. Ê êàæäîé èç íèõ â îòäåëüíîñòè ïðèìåíèì îïèñàííóþ âûøå
ïðîöåäóðó. Òåì ñàìûì áóäóò îïðåäåëåíû ãðóïïû âòîðîãî óðîâíÿ èåðàðõèè. Ïðîöåññ
ïðîäîëæàåòñÿ äî òåõ ïîð, ïîêà âñå êëèêè íå ñòàíóò îäíîâåðøèííûìè, ÷òî ñîîòâåò-
ñòâóåò ïîñëåäíåìó óðîâíþ m.

×èñëåííûé ïðèìåð. Ïóñòü ìíîæåñòâî èãðîêîâ è èõ öåëè îïèñàíû ãðàôîì, ïðè-
âåäåííîì íà ðèñ. 1 (ðàçëè÷èå öåëåé (öâåòîâ ðåáåð) ïîêàçàíî ðàçëè÷èåì òèïîâ ëèíèé).

Ðèñ. 1. Íåîðèåíòèðîâàííûé ãðàô ñ öâåòíûìè ðåáðàìè, îïèñûâàþùèé ìíîæåñòâî èã-
ðîêîâ
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Â ðåçóëüòàòå èñïîëüçîâàíèÿ ìåòîäà ïîëó÷åíî ñëåäóþùåå ðàçáèåíèå ñîîáùåñòâà
èãðîêîâ íà èåðàðõè÷åñêè óïîðÿäî÷åííûå ãðóïïû (ðèñ. 2):

Ðèñ. 2. Èåðàðõè÷åñêîå ïðåäñòàâëåíèå ãðóïï ñóáúåêòîâ

Çàêëþ÷åíèå. Îïèñàííûå ìåòîäû ïîçâîëÿþò íàõîäèòü èåðàðõè÷åñêóþ ñòðóêòóðó
ãðóïï èãðîêîâ, ïîçâîëÿþùóþ ìàêñèìèçèðîâàòü èõ âûèãðûøè. Êðîìå òîãî, íàéäåííûå
ïàðàìåòðû ïîçâîëÿþò èñïîëüçîâàòü òåîðåìó Ãåðìåéåðà è Âàòåëÿ, ñôîðìóëèðîâàííóþ
è äîêàçàííóþ â [1], äëÿ íàõîæäåíèÿ ðàâíîâåñèÿ ïî Íýøó.
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ESTIMATION OF PARAMETERS OF GAMES
WITH A HIERARCHICAL VECTOR OF INTERESTS

Ò.V. Menshikh, Voronezh State University, Voronezh, Russian Federation,
tasay94@rambler.ru

Many applied problems can be solved using the methods of the game theory. One of

the issues studied in the game theory is �nding of equilibrium situations, which presuppose

a preliminary determination of the values of players' winnings.

Among the various games there are games with a hierarchical interest vector. In such

games it is assumed that a lot of players are distributed in hierarchically organized groups.

Each player enters into several groups and allocates for each group a certain part of his

resource, which allows him to receive a certain prize. In this case, the Nash equilibrium

situation is a distribution of the resources of all players, in which each player will receive

the maximum winnings in the game.

The problem of �nding the Nash equilibrium in games with a hierarchical vector of

interests was solved by Germeyer and Vatel. To use this theorem, it is necessary to de�ne

certain conditions and parameters, which include, in particular, distribution of players in

hierarchically ordered groups, the evaluation of the importance of groups for players, and

the value of gains for players.

In the work these problems are solved under the assumption that the distribution of

players into groups is carried out on the basis of the coincidence of their goals. At the

same time, to assess the importance of groups, the hierarchy analysis method was used,

which makes it possible to give quantitative estimates based on qualitative comparisons of

the players' goals. For the construction of the hierarchical structure of groups of players,

coloured graphs were used, the vertices of which corresponded to the players, the edges

re�ected the coincidence of the goals of the players, and the colours of the ribs made

it possible to distinguish goals. The groups of players in this case corresponded to the

maximum single-colour clicks.

Keywords: games with a hierarchical interest vector; distribution of players into groups;

assessing the importance of groups; goals of players.
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