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Èññëåäóåòñÿ îáðàòíàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à, âîçíèêàþùàÿ ïðè ìàòåìàòè÷å-

ñêîì ìîäåëèðîâàíèè ñïåöèàëüíûõ òåðìîêàïèëëÿðíûõ äâóìåðíûõ äâèæåíèé æèäêîñòè

âáëèçè òî÷êè ýêñòðåìóìà òåìïåðàòóðû íà òâåðäîé ñòåíêå. Îäíà èç êîìïîíåíò ïîëÿ ñêî-

ðîñòåé ðàññìàòðèâàåìîãî äâèæåíèÿ ëèíåéíî çàâèñèò îò ïðîäîëüíîé êîîðäèíàòû, ÷òî

ñîãëàñóåòñÿ ñ êâàäðàòè÷íîé çàâèñèìîñòüþ ïîëÿ òåìïåðàòóð îò ýòîé æå êîîðäèíàòû.

Ïðè ìàëûõ ÷èñëàõ Ìàðàíãîíè çàäà÷à àïïðîêñèìèðóåòñÿ ëèíåéíîé, ðåøåíèå êîòîðîé

íàõîäèòñÿ â ÿâíîì âèäå äëÿ ñòàöèîíàðíîãî òå÷åíèÿ. Ïðèâåäåíû ðåçóëüòàòû âû÷èñëå-

íèÿ íóëåâîãî è ïåðâîãî ïðèáëèæåíèÿ ðåøåíèÿ îáðàòíîé ñòàöèîíàðíîé çàäà÷è. Â íåñòà-

öèîíàðíîì ñëó÷àå ðåøåíèå îïðåäåëÿåòñÿ â âèäå êâàäðàòóð â ïðîñòðàíñòâå èçîáðàæå-

íèé ïî Ëàïëàñó. Ïîêàçàíî, ÷òî åñëè òåìïåðàòóðà íà òâåðäîé ñòåíêå ñòàáèëèçèðóåòñÿ

ñ ðîñòîì âðåìåíè, òî ðåøåíèå ñòðåìèòñÿ ê íàéäåííîìó ñòàöèîíàðíîìó ðåæèìó. Ïðè-

âåäåíû ÷èñëåííûå ðåçóëüòàòû îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà, ïîäòâåðæäàþùèå

òåîðåòè÷åñêèå âûâîäû íà ïðèìåðå ìîäåëèðîâàíèÿ ïðîöåññà âîçíèêíîâåíèÿ òåðìîêà-

ïèëëÿðíîãî äâèæåíèÿ èç ñîñòîÿíèÿ ïîêîÿ â ñëîå òðàíñôîðìàòîðíîãî ìàñëà. Ïîêàçà-

íî, ÷òî, âûáèðàÿ òîò èëè èíîé òåïëîâîé ðåæèì íà òâåðäîé ñòåíêå, ìîæíî óïðàâëÿòü

äâèæåíèåì æèäêîñòè âíóòðè ñëîÿ.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à; ïðåîáðàçîâàíèå Ëàïëàñà; òåðìîêàïèëëÿð-

íîñòü.

Ââåäåíèå

Äâóìåðíîå òå÷åíèå âÿçêîé òåïëîïðîâîäíîé æèäêîñòè îïèñûâàåòñÿ ñèñòåìîé óðàâ-
íåíèé

ut + (u · ∇)u+
1

ρ
∇p = ν∆u, divu = 0,

θt + u · ∇θ = χ∆θ,
(0.1)

ãäå u = (u(x, y, t), v(x, y, t)) � âåêòîð ñêîðîñòè, p(x, y, t) � äàâëåíèå, θ(x, y, t) � òåìïå-
ðàòóðà ñóòü èñêîìûå âåëè÷èíû; ρ > 0, ν > 0, χ > 0 � ïëîòíîñòü, êèíåìàòè÷åñêàÿ
âÿçêîñòü è òåìïåðàòóðîïðîâîäíîñòü æèäêîñòè, ñîîòâåòñòâåííî, ÿâëÿþòñÿ çàäàííûìè
ïîñòîÿííûìè. Æèäêîñòü íàõîäèòñÿ íà òâåðäîé íåïîäâèæíîé ñòåíêå y = 0 è êîíòàê-
òèðóåò ñ ïàññèâíûì ãàçîì ÷åðåç ñâîáîäíóþ ãðàíèöó y = l(x, t) > 0. Íà ýòîé ãðàíèöå
ïîâåðõíîñòíîå íàòÿæåíèå ëèíåéíî çàâèñèò îò òåìïåðàòóðû σ(θ) = σ0−æθ [1] ñ ïîñòî-
ÿííûìè σ0 > 0, æ > 0, êîòîðûå äîñòàòî÷íî íàäåæíî îïðåäåëÿþòñÿ èç ýêñïåðèìåíòà [2]
äëÿ êîíêðåòíûõ æèäêèõ ñðåä.

Ñäåëàåì ñëåäóþùèå ïðåäïîëîæåíèÿ: 1) ÷èñëî Âåáåðà (èëè îáðàòíîå åìó êàïèë-
ëÿðíîå ÷èñëî) We = σ0h/(ρνχ) ≫ 1 (≪ 1), òîãäà [1, 3] ñâîáîäíàÿ ãðàíèöà åñòü ëè-
íèÿ y = l ≡ const > 0, ïàðàëëåëüíàÿ òâåðäîé ñòåíêå y = 0, h = max l(x, 0) �
õàðàêòåðíàÿ òîëùèíà ñëîÿ æèäêîñòè; 2) ïîëå ñêîðîñòåé èìååò ñïåöèàëüíûé âèä:
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u = (w(y, t)x, v(y, t)). Òàêîå ïîëå ñêîðîñòåé âïåðâûå áûëî ïðåäëîæåíî â ðàáîòå [4]
äëÿ îïèñàíèÿ íàòåêàíèÿ ÷èñòî âÿçêîé æèäêîñòè èç áåñêîíå÷íîñòè íà òâåðäóþ ñòåíêó
y = 0 ñ óñëîâèåì ïðèëèïàíèÿ íà íåé. Äëÿ ñòàöèîíàðíûõ òå÷åíèé â êàíàëå èëè òðóá-
êå ñ òâåðäûìè ñòåíêàìè òàêîå ïîëå ñêîðîñòåé èñïîëüçîâàëîñü â ðàáîòå [5]; 3) ïîëå
òåìïåðàòóð êâàäðàòè÷íî ïî x: θ = a(y, t)x2 + b(y, t). Åñëè íà òâåðäîé ñòåíêå çàäàíà
òåìïåðàòóðà θ0(x, t) = θ(x, y, t) = a0(t)x

2 + b0(t), òî ïðè a0(t) > 0 îíà â òî÷êå x = 0
èìååò ìèíèìàëüíîå çíà÷åíèå, à ïðè a0(t) < 0 � ìàêñèìàëüíîå. Ïîýòîìó â íàñòîÿùåé
ðàáîòå áóäóò èçó÷àòüñÿ äâóìåðíûå òå÷åíèÿ ñïåöèàëüíîãî âèäà, âîçíèêàþùèå âáëèçè
òî÷êè ýêñòðåìóìà òåìïåðàòóðû íà òâåðäîé ñòåíêå.

Ïðè ïîäñòàíîâêå ñòàöèîíàðíîãî ïîëÿ ñêîðîñòåé è òåìïåðàòóð â óðàâíåíèÿ (0.1) è
àíàëèçà íà ñîâìåñòíîñòü ïðèäåì ê ñèñòåìå

νw′′ = vw′ + w2 − f, v′ + w = 0,

χa′′ = va′ − 2wa, χb′′ = vb′ − 2χa,
(0.2)

ãäå øòðèõ îçíà÷àåò äèôôåðåíöèðîâàíèå ïî y, 0 < y < l. Ãðàíè÷íûå óñëîâèÿ äëÿ
ñèñòåìû (0.2) òàêîâû:

w(0) = v(0) = 0, a(0) = a0, b(0) = b0,

v(l) = 0, w′(l) = −2æa(l), ka′(l) + γa(l) = 0,

kb′(l) + γb(l) = γθ0 + q0,

(0.3)

ãäå a0, b0 � çàäàííûå ïîñòîÿííûå, k > 0 � êîýôôèöèåíò òåïëîïðîâîäíîñòè æèäêîñòè,
γ � êîýôôèöèåíò ìåæôàçíîãî âçàèìîäåéñòâèÿ, θ0 � ïîñòîÿííàÿ òåìïåðàòóðà ãàçà âíå
æèäêîñòè, q0 � çàäàííûé ïîñòîÿííûé ïîòîê òåïëà. Äàâëåíèå â æèäêîñòè îïðåäåëÿåòñÿ
ïî ôîðìóëå

1

ρ
p = νv′ − 1

2
v2 − 1

2
fx2 + d0 (0.4)

ñ ïîñòîÿííîé d0. Òàêèì îáðàçîì, ïîñòîÿííàÿ f ïðåäñòàâëÿåò ñîáîé ≪ãðàäèåíò≫ äàâ-
ëåíèÿ âäîëü êàíàëà, è îí äîëæåí îïðåäåëÿòüñÿ âìåñòå ñ ðåøåíèåì çàäà÷è (0.2), (0.3),
ò.å. ïîñòàâëåííàÿ çàäà÷à ÿâëÿåòñÿ îáðàòíîé. Çàìåòèì òàêæå, ÷òî çàäà÷à íà ôóíêöèþ
b(y) îòäåëÿåòñÿ è îñíîâíîé áóäåò êðàåâàÿ çàäà÷à íàõîæäåíèÿ ôóíêöèé w(y), v(y),
a(y) è ïîñòîÿííîé f . Â ñâîþ î÷åðåäü, ïîñëå èñêëþ÷åíèÿ ôóíêöèè v(y) èç âòîðîãî
óðàâíåíèÿ ñèñòåìû (0.2)

v(y) = −
y∫

0

w(z) dz (0.5)

çàäà÷à ñâîäèòñÿ ê îáðàòíîé äëÿ w(y), a(y) è f . Äàëåå ñ÷èòàåì, ÷òî a0 ̸= 0 è ââåäåì
áåçðàçìåðíûå âåëè÷èíû

W (ξ) =
l2

χM
w(y), A(ξ) =

a(y)

a0
, F =

l4

χ2M
f, ξ =

y

l
, P =

ν

χ
, M =

æa0l
3

ρνχ
, B =

γl

k
, (0.6)

òîãäà óïîìÿíóòàÿ âûøå îáðàòíàÿ çàäà÷à ïðèìåò âèä

W ′′ +
M

P
W ′

ξ∫
0

W (z) dz =
1

P
(MW 2 − F ),

A′′ +MA′

ξ∫
0

W (z) dz = 2MAW, 0 < ξ < 1,

(0.7)
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W (0) = 0, A(0) = 1, (0.8)

W ′(1) = −2A(1), A′(1) + BA(1) = 0, (0.9)

1∫
0

W (z) dz = 0. (0.10)

Ïîñëåäíåå èíòåãðàëüíîå óñëîâèå åñòü ñëåäñòâèå (0.5) è ðàâåíñòâà v(l) = 0.

Çàìå÷àíèå 1. Ïîëó÷åííàÿ êðàåâàÿ çàäà÷à (0.7) � (0.10) ÿâëÿåòñÿ íåëèíåéíîé, èí-
òåãðîäèôôåðåíöèàëüíîé è ïðåäñòàâëÿåò íîâóþ ìàòåìàòè÷åñêóþ ìîäåëü òåðìîêàïèë-
ëÿðíîãî äâóìåðíîãî äâèæåíèÿ â ñëîå. Êàê ïðàâèëî, â ïðàêòè÷åñêèõ ïðèëîæåíèÿõ [1,3]
÷èñëî Ìàðàíãîíè M íåâåëèêî, ïîýòîìó èññëåäîâàíèå óêàçàííîé çàäà÷è (è åå íåñòà-
öèîíàðíîãî àíàëîãà, ñì. ï. 2) ìåòîäîì âîçìóùåíèé ïî äàííîìó ïàðàìåòðó ÿâëÿåòñÿ
àêòóàëüíîé çàäà÷åé. Ïðè ýòîì áóäóò îïðåäåëåíû: íåîáõîäèìûé äëÿ âîçíèêíîâåíèÿ
äâèæåíèÿ ãðàäèåíò äàâëåíèÿ âäîëü ñëîÿ, ïîëå ñêîðîñòåé è òåìïåðàòóð.

1. Ïîëçóùèå òå÷åíèÿ � ìîäåëü Ñòîêñà

×èñëî Ìàðàíãîíè M â óðàâíåíèÿõ (0.7) � (0.10) âõîäèò ñîìíîæèòåëåì ïðè íåëè-
íåéíûõ ñëàãàåìûõ è èãðàåò ðîëü ÷èñëà Ðåéíîëüäñà [6]. Ïðè ñòðåìëåíèè ÷èñëà Ðåé-
íîëüäñà ê íóëþ ñèñòåìà óðàâíåíèé âÿçêîé æèäêîñòè ñòàíîâèòñÿ ëèíåéíîé è íàçûâà-
åòñÿ ñèñòåìîé Ñòîêñà, èëè ìîäåëüþ Ñòîêñà. Îíà îïèñûâàåò ïîëçóùèå èëè ìåäëåííûå
òå÷åíèÿ. Â íàøåì ñëó÷àå ïðè |M| ≪ 1 ðåøåíèå çàäà÷è (0.7)�(0.10) èùåòñÿ â âèäå

W (ξ) = W (0)(ξ) +MW (1)(ξ) + . . . , A(ξ) = A(0)(ξ) +MA(1)(ξ) + . . . ,

F = F (0) +MF (1) + . . . .
(1.1)

Äëÿ íóëåâîãî ïðèáëèæåíèÿ ëåãêî íàõîäèì

W (0)(ξ) =
1

1 + B

(
ξ − 3

2
ξ2
)
, A(0)(ξ) = 1− B

1 + B
ξ, F (0) =

3P

1 + B
. (1.2)

Êðàåâàÿ çàäà÷à äëÿ ïåðâîãî ïðèáëèæåíèÿ áóäåò óæå íåîäíîðîäíîé è ñ ó÷åòîì
(1.2) ïðèìåò âèä

W (1)′′ = −F (1)

P
+

1

2P(1 + B)2

(
3

2
ξ4 − 2ξ3 + ξ2

)
,

A(1)′′ =
1

1 + B

[
− 3ξ2 + 2ξ +

B

1 + B
(5ξ3 − 3ξ2)

]
, 0 < ξ < 1,

(1.3)

W (1)(0) = 0, A(1)(0) = 0,

W (1)′(1) = −2A(1)(1), A(1)′(1) + BA(1)(1) = 0,

1∫
0

W (1)(z) dz = 0,
(1.4)

ò.å. èçìåíèëîñü ëèøü óñëîâèå äëÿ ôóíêöèè A(1)(ξ) ïðè ξ = 0. Èíòåãðèðóÿ óðàâíå-
íèå (1.3) è óäîâëåòâîðÿÿ ãðàíè÷íûì óñëîâèÿì (1.4), ïîñëå íåêîòîðûõ âû÷èñëåíèé
ïîëó÷èì ïðåäñòàâëåíèÿ äëÿ ïåðâîãî ïðèáëèæåíèÿ
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W (1)(ξ) = −F (1)

2P
ξ2 +

1

120P(1 + B)2
(3ξ6 − 6ξ5 + 5ξ4) + aξ,

A(1)(ξ) =
1

12(1 + B)

[
− 3ξ4 + 4ξ2 +

3B

1 + B
(ξ5 − ξ4)

]
− B(4 + B)

12(1 + B)3
ξ,

(1.5)

a =
1

12(1 + B)2

(
1− 2B

1 + B
+

19

70P

)
,

F (1)

P
=

1

4(1 + B)2

(
1− 2B

1 + B
+

5

14P

)
.

2. Íåñòàöèîíàðíàÿ ìîäåëü ìåäëåííûõ äâèæåíèé è åå àíàëèç

Â ýòîì ñëó÷àå âñå ôóíêöèè çàâèñÿò îò âðåìåíè t è âìåñòî êðàåâîé çàäà÷è (0.7) �
(0.10) âîçíèêàåò íà÷àëüíî-êðàåâàÿ çàäà÷à (τ = χl−2t � áåçðàçìåðíîå âðåìÿ)

Wτ +M

(
W 2 −Wξ

ξ∫
0

W (z, τ) dz

)
= PWξξ + F (τ),

Aτ +M

(
2AW − Aξ

ξ∫
0

W (z, τ) dz

)
= Aξξ, 0 < ξ < 1,

(2.1)

W (0, τ) = 0, A(0, τ) = A1(τ), (2.2)

Wξ(1, τ) = −2A(1, τ), Aξ(1, τ) + BA(1, τ) = 0, (2.3)

1∫
0

W (z, τ) dz = 0, (2.4)

W (ξ, 0) = W0(ξ), A(ξ, 0) = A0(ξ). (2.5)

Ðàâåíñòâà (2.5) ïðåäñòàâëÿþò ñîáîé íà÷àëüíûå óñëîâèÿ, äëÿ ãëàäêèõ ðåøåíèé äîëæ-
íû áûòü âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ

W0(0) = 0, A1(0) = A0(0), W0ξ(1) = −2A0(1),

A0ξ(1) + BA0(1) = 0,

1∫
0

W0(z) dz = 0.
(2.6)

Â óðàâíåíèÿõ (2.1) ÷èñëî Ìàðàíãîíè M îïðåäåëÿåòñÿ ðàâåíñòâîì (0.6), ãäå a0 =
sup
τ>0

|A1(τ)| äëÿ îãðàíè÷åííîé ïî ôèçè÷åñêîìó ñìûñëó ôóíêöèè A1(τ), òàê ÷òî çäåñü

M > 0.
Îãðàíè÷èìñÿ íóëåâûì ïî ÷èñëó Ìàðàíãîíè ðåøåíèåì çàäà÷è (2.1) � (2.6). Ïðè

ýòîì ôóíêöèè W̄ (ξ, τ), Ā(ξ, τ), F̄ (τ) åñòü ðåøåíèå ëèíåéíîé ñèñòåìû

W̄τ = PW̄ξξ + F̄ (τ), Āτ = Āξξ, 0 < ξ < 1, (2.7)

ñ óñëîâèÿìè (2.2) � (2.6). Óêàçàííàÿ îáðàòíàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à ìîæåò áûòü
ðåøåíà ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ: êëàññè÷åñêèì äëÿ Ā(ξ, τ) è ñïåöèàëüíûì,
êàê ýòî áûëî ïðåäëîæåíî â ðàáîòàõ [7, 8] äëÿ W̄ (ξ, τ), F̄ (τ). Ïîëó÷àþùèåñÿ ðÿäû
èìåþò äîâîëüíî ãðîìîçäêèé âèä è ìåäëåííî ñõîäÿòñÿ äëÿ èìåþùèõ ðàçðûâû ïåðâîãî
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ðîäà ôóíêöèé W0(ξ), A0(ξ). Êðîìå òîãî, ôóíêöèÿ A1(τ), ñ ïîìîùüþ êîòîðîé ìîæíî
óïðàâëÿòü äâèæåíèåì æèäêîñòè, òàêæå ìîæåò èìåòü ðàçðûâû ïåðâîãî ðîäà. Ïîýòîìó
áóäåì ðåøàòü çàäà÷ó ìåòîäîì ïðåîáðàçîâàíèÿ Ëàïëàñà (óñëîâèÿ åãî ïðèìåíåíèÿ ñì.,
íàïðèìåð, â [9]).

Ïóñòü

Ŵ (ξ, ζ) =

∞∫
0

e−ζτW̄ (ξ, τ) dτ, Â(ξ, ζ) =

∞∫
0

e−ζτ Ā(ξ, τ) dτ, F̂ (ζ) =

∞∫
0

e−ζτ F̄ (τ) dτ

åñòü ïðåîáðàçîâàíèÿ Ëàïëàñà W̄ (ξ, τ), Ā(ξ, τ), F̄ (τ). Ôóíêöèè Ŵ (ξ, ζ), Â(ξ, ζ), F̂ (ζ)
ñóòü ðåøåíèÿ êðàåâîé çàäà÷è äëÿ ÎÄÓ:

Ŵξξ −
ζ

P
Ŵ = − 1

P
[F̂ (ζ) +W0(ξ)],

Âξξ − ζÂ = −A0(ξ), 0 < ξ < 1;
(2.8)

Ŵ (0, ζ) = 0, Â(0, ζ) = A1(ζ);

Ŵξ(1, ζ) = −2Â(1, ζ), Âξ(1, ζ) + BÂ(1, ζ) = 0;

1∫
0

Ŵ (ξ, ζ) dξ = 0.

(2.9)

Çàäà÷à äëÿ ôóíêöèè Â(ξ, ζ) îòäåëÿåòñÿ è

Â(ξ, ζ) = C1(ζ) sh
√
ζ ξ + Â1(ζ) ch

√
ζ ξ − 1√

ζ

ξ∫
0

sh
√

ζ (ξ − z)A0(z) dz, (2.10)

C1(ζ) =
1√

ζ ch
√
ζ + B sh

√
ζ

{ 1∫
0

[
ch

√
ζ (1− z) +

B√
ζ
sh

√
ζ (1− z)

]
A0(z) dz−

−
(√

ζ sh
√
ζ + B ch

√
ζ
)
Â1(ζ)

}
.

Ôóíêöèè F̂ (ζ), Ŵ (ξ, ζ) íàéäóòñÿ èç ïåðâîãî óðàâíåíèÿ (2.8) è òðåõ óñëîâèé (2.9) äëÿ
Ŵ (ξ, ζ):

F̂ (ζ) =
1

1−
√
Pζ−1 th

√
ζP−1

{√
ζP−1

1∫
0

ξ∫
0

sh

√
ζP−1 (ξ − z)W0(z) dz dξ+

+
1− ch

√
ζP−1

ch
√
ζP−1

[ 1∫
0

ch

√
ζP−1 (1− z)W0(z) dz − 2PÂ(1, ζ)

]}
,

Ŵ (ξ, ζ) = C2(ζ) sh

√
ζP−1 ξ +

(
1− ch

√
ζP−1 ξ

)
F̂ (ζ)

ζ
−

− 1√
Pζ

ξ∫
0

sh

√
ζP−1 (ξ − z)W0(z) dz,

(2.11)
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C2(ζ) =
1

ζ
th

√
ζP−1F̂ (ζ)− 2

ch
√
ζP−1

√
Pζ−1 Â(1, ζ)+

+
1

√
Pζ ch

√
ζP−1

1∫
0

ch

√
ζP−1 (1− z)W0(z) dz.

Â ôîðìóëàõ (2.11) Â(1, ζ) åñòü çíà÷åíèå ïðàâîé ÷àñòè (2.10) ïðè ξ = 1.
Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ïðåäåë lim

τ→∞
A1(τ) = 1 è A1(τ), A

′
1(τ) ÿâëÿþòñÿ

îðèãèíàëàìè, òîãäà [9] lim
ζ→0

ζÂ1(ζ) = 1. Èñïîëüçóÿ àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ãè-

ïåðáîëè÷åñêèõ ôóíêöèé ïðè ìàëûõ çíà÷åíèÿõ àðãóìåíòà, èç ïîëó÷åííûõ ôîðìóë
(2.10), (2.11) ìîæíî âûâåñòè ðàâåíñòâà

lim
ζ→0

ζÂ(ξ, ζ) = A0(ξ), lim
ζ→0

ζF̂ (ζ) = F 0, lim
ζ→0

ζŴ (ξ, ζ) = W 0(ξ), (2.12)

ò.å. ïðè t → ∞ ðåøåíèå çàäà÷è (2.7), (2.2) � (2.5) ñòðåìèòñÿ ê ñòàöèîíàðíîìó ðåøåíèþ
(1.2). Êîíå÷íî, ôîðìóëû (2.10), (2.11) äàþò ðåøåíèå â êâàäðàòóðàõ äëÿ èçîáðàæåíèé
ïî Ëàïëàñó è â ñëó÷àå, êîãäà ôóíêöèÿ A1(τ) èìååò êîíå÷íîå ÷èñëî ðàçðûâîâ ïåðâîãî
ðîäà è íå èìååò ïðåäåëà ïðè τ → ∞. Ïðèìåð ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ
Ëàïëàñà ïðèâåäåí â ñëåäóþùåì ïóíêòå.

3. Òåðìîêàïèëëÿðíîå äâèæåíèå ïåðâîíà÷àëüíî

ïîêîÿùåéñÿ æèäêîñòè

Ñ÷èòàåì, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè æèäêîñòü íàõîäèëàñü â ïîêîå (W0(ξ) =
0, ξ ∈ [0, 1]), è ôóíêöèÿ A0(ξ) = 0, ξ ∈ [0, 1]. Ïðè τ > 0 (t > 0) A1(τ) > 0 è âîçíèêà-
åò òåðìîêàïèëëÿðíîå äâèæåíèå. Äëÿ âûïîëíåíèÿ óñëîâèé ñîãëàñîâàíèÿ (2.6) ìîæíî
ñ÷èòàòü, ÷òî A1(0) = 0, õîòÿ ýòî è íå îáÿçàòåëüíî. Â ýòîì ñëó÷àå âèä ðåøåíèÿ â îá-
ðàçàõ ïî Ëàïëàñó (2.10), (2.11) ñóùåñòâåííî óïðîùàåòñÿ,

Â(ξ, ζ) =
[
√
ζ ch

√
ζ (1− ξ) + B sh

√
ζ (1− ξ)]Â1(ζ)√

ζ ch
√
ζ + B sh

√
ζ

,

F̂ (ζ) =
2P

√
ζ (ch

√
ζP−1 − 1)Â1(ζ)

(
√
ζ ch

√
ζ + B sh

√
ζ)(ch

√
ζP−1 −

√
Pζ−1 sh

√
ζP−1)

, (3.1)

Ŵ (ξ, ζ) =

[
1

ζ
th

√
ζP−1 F̂ (ζ)− 2

√
P Â1(ζ)

ch
√

ζP−1(
√
ζ ch

√
ζ + B sh

√
ζ)

]
sh

√
ζP−1 ξ+

+

(
1− ch

√
ζP−1 ξ

)
F̂ (ζ)

ζ
.

×èñëåííîå îáðàùåíèå ïðåîáðàçîâàíèÿ Ëàïëàñà

g(ξ, τ) =
1

2πi

a−i∞∫
a+i∞

G(ξ, ζ)eζτ dζ, (3.2)

36 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2018, vol. 11, no. 4, pp. 31�40



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

ãäå G(ξ, ζ) ïîñëåäîâàòåëüíî åñòü ïðàâûå ÷àñòè (3.1), à g = A(ξ, τ), g = F (τ),
g = W (ξ, τ), âûïîëíÿëîñü ïðè ïîìîùè êâàäðàòóðíîé ôîðìóëû íàèâûñøåé òî÷íîñòè,
ïîñòðîåííîé äëÿ èíòåãðàëà Ðèìàíà � Ìåëëèíà (3.2).

Ìîäåëèðîâàëñÿ ïðîöåññ âîçíèêíîâåíèÿ òåðìîêàïèëëÿðíîãî äâèæåíèÿ â ñëîå
òðàíñôîðìàòîðíîãî ìàñëà òîëùèíîé l = 10−7 ì è ôèçè÷åñêèìè ïàðàìåòðàìè ρ =
0, 86 · 103 êã/ì3; ν = 18, 49 · 10−6 ì2/ñ; χ = 1, 21 · 10−5 ì2/ñ; k = 0, 63519 · 10−4 êã ·ì/c3;
æ = 0, 0022 Í/ì · Ê. Ïðè õàðàêòåðíîì ïåðåïàäå òåìïåðàòóð âäîëü ñâîáîäíîé ãðàíè-
öû ∆θ∗ = a0l = 10K ïîëó÷èì äëÿ ÷èñëà Ìàðàíãîíè M = 1, 143 · 10−2 < 1, à ÷èñëî
Ïðàíäòëÿ P = 1, 53. Ðàñ÷åòû ïðîâîäèëèñü ïî ôîðìóëàì (3.1), (3.2) äëÿ ÷èñëà Áèî
B = 2. Íà ðèñ. 1 � 5 ïðèâåäåíû ãðàôèêè òîëüêî ôóíêöèé F (τ), W (ξ, τ), V (ξ, τ). Äëÿ
âû÷èñëåíèÿ ïîñëåäíåé èñïîëüçîâàëàñü ôîðìóëà (0.5) â áåçðàçìåðíîì âèäå. Ôóíêöèÿ
A1(τ) âûáèðàëàñü â âèäå A1(τ) = 1 − sin(0, 1τ) exp(−0, 01τ) è A1(τ) = 2 sin(0, 1τ).
Â ïåðâîì ñëó÷àå åñòü ñõîäèìîñòü ê ñòàöèîíàðíîìó ðåæèìó (ñïëîøíàÿ ëèíèÿ), à âî
âòîðîì òàêîé ñõîäèìîñòè íåò, ÷òî ñîãëàñóåòñÿ ñ òåîðåòè÷åñêèìè âûâîäàìè. Òàêèì îá-
ðàçîì, âûáèðàÿ òîò èëè èíîé òåïëîâîé ðåæèì íà òâåðäîé ñòåíêå, ìîæíî óïðàâëÿòü
äâèæåíèåì æèäêîñòè âíóòðè ñëîÿ.

Ðèñ. 1. Ïîâåäåíèå ôóíêöèè F (τ) ïðè A1(τ) = 1− sin(0, 1τ) exp(−0, 01τ)

Ðèñ. 2. Ïîâåäåíèå ôóíêöèè W (ξ, τ) ïðè A1(τ) = 1− sin(0, 1τ) exp(−0, 01τ)
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ξ

 

Ðèñ. 3. Ïîâåäåíèå ôóíêöèè W (ξ, τ) ïðè A1(τ) = 2 sin(0, 1τ)

0.25 0.5 0.75 1
ξ

 

Ðèñ. 4. Ïîâåäåíèå ôóíêöèè V (ξ, τ) ïðè A1(τ) = 1− sin(0, 1τ) exp(−0, 01τ)

0.25 0.5 0.75 1
ξ

 

Ðèñ. 5. Ïîâåäåíèå ôóíêöèè V (ξ, τ) ïðè A1(τ) = 2 sin(0, 1τ)

Çàìå÷àíèå 2. Ïîëå äàâëåíèé ìîæåò áûòü íàéäåíî èç ôîðìóëû (0.4), ãäå äëÿ íåñòà-
öèîíàðíîãî ñëó÷àÿ â ïðàâóþ ÷àñòü íåîáõîäèìî äîáàâèòü −vt. Ôóíêöèÿ b(y) âû÷èñëÿ-
åòñÿ ïî èçâåñòíîé a(y) èç ðåøåíèÿ êðàåâîé çàäà÷è (0.2), (0.3), ãäå íàäî âû÷åðêíóòü
íåëèíåéíîå ñëàãàåìîå vb′. Òåì ñàìûì è ïîëå òåìïåðàòóð áóäåò ïîëíîñòüþ âîññòà-
íîâëåíî äëÿ ñòàöèîíàðíîãî òå÷åíèÿ. Äëÿ íåñòàöèîíàðíîãî äâèæåíèÿ óðàâíåíèå äëÿ
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b(y, t) èìååò âèä bt = χbyy + 2χa, ñîîòâåòñòâóþùàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à òàêæå
ðåøàåòñÿ ìåòîäîì ïðåîáðàçîâàíèÿ Ëàïëàñà.

Çàêëþ÷åíèå

Ìåòîäîì âîçìóùåíèé ïî ìàëîìó ïàðàìåòðó (÷èñëó Ìàðàíãîíè) íàéäåíî ðåøåíèå
êðàåâîé (è íà÷àëüíî-êðàåâîé) çàäà÷è, âîçíèêàþùåé ïðè ìàòåìàòè÷åñêîì ìîäåëèðî-
âàíèè òåðìîêàïèëëÿðíîãî äâèæåíèÿ æèäêîñòè âáëèçè òî÷êè ýêñòðåìóìà òåìïåðà-
òóðû íà ñòåíêå. Ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå äëÿ ñòàöèîíàðíîãî òå÷åíèÿ. Äëÿ
íåñòàöèîíàðíîãî äâèæåíèÿ ðåøåíèå íàéäåíî â âèäå êâàäðàòóð â ïðîñòðàíñòâå èçîá-
ðàæåíèé ïî Ëàïëàñó. Äàíû äîñòàòî÷íûå óñëîâèÿ âûõîäà ðåøåíèÿ íà ñòàöèîíàðíûé
ðåæèì ñ ðîñòîì âðåìåíè. Ìåòîäîì ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà
ðåøåíà çàäà÷à î âîçíèêíîâåíèè òåðìîêàïèëëÿðíîãî äâèæåíèÿ ïðè ðàçëè÷íûõ ñïîñî-
áàõ çàäàíèÿ òåìïåðàòóðû íà ñòåíêå â ñëîå òðàíñôîðìàòîðíîãî ìàñëà.
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ON THE SOLUTION PROPERTIES OF BOUNDARY PROBLEM
SIMULATING THERMOCAPILLARY FLOW

V.K. Andreev, Institute Computational Modelling SB RAS, Krasnoyarsk,
Russian Federation, andr@icm.krasn.ru

An inverse initial boundary value problem that arises as a result of mathematical

modelling of speci�c thermocapillary 2D motion near an extreme point on solid wall is

investigated. One of the velocity �eld components considered motion linearly depends on

the longitudinal coordinate. This is a good agrement with the quadratic dependence of

temperature �eld on the same coordinate. For stationary �ow in the case of small Marangoni

numbers the solution can be found by exact formulae. Nonstationary solution is found

in quadratures in Laplace transformation space. The calculation results of zero and �rst

solution approximations of this inverse stationary problem are given. If temperature on the

solid wall is stabilized with time, then the nonstationary solution will converge to steady

regime. The calculations are performed for di�erent values of the Prandtl number and

Bio number. Numerical results well support the theoretical conclusions on the example of

modelling process arising the thermocapillary motion from a state of rest in the transformer

oil layer. It is shown that choosing a speci�c thermal regime on a solid wall it is possible to

control the �uid motion inside a layer.

Keywords: inverse problem; Laplace transform; thermocapillarity.

References

1. Andreev V.K. et al Mathematical Models of Convection. Berlin, Boston, Walter de Gruyter
GmbH & CO KG, 2012.

2. Tablitsy �zicheskikh velichin [Tables of Physical Values]. Moscow, Atomizdat, 1976. (in
Russian)

3. Zeytounian R.Kh. The Benard�Marangoni Thermocapillary-Instability Problem. Physics�
Uspekhi, 1998, vol. 41, no. 3, pp. 241�267. DOI: 10.3367/UFNr.0168.199803b.0259

4. Hiemenz K. Die Grenzschicht an einem in den gleichförmigen Flüssigkeitsstrom eingetauchten
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