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ÇÀÄÀ×È ÄËß ÑÈÑÒÅÌÛ ÎÑÊÎËÊÎÂÀ ÂÛÑØÅÃÎ ÏÎÐßÄÊÀ

À.Î. Êîíäþêîâ1, Ò.Ã. Ñóêà÷åâà1,2

1Íîâãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè ßðîñëàâà Ìóäðîãî,
ã. Âåëèêèé Íîâãîðîä, Ðîññèéñêàÿ Ôåäåðàöèÿ
2Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. ×åëÿáèíñê,
Ðîññèéñêàÿ Ôåäåðàöèÿ

Â ïîñëåäíèå äåñÿòèëåòèÿ òåîðèÿ óðàâíåíèé ñîáîëåâñêîãî òèïà àêòèâíî èçó÷àåò-

ñÿ â ðàçëè÷íûõ àñïåêòàõ. Ïðèìåíåíèå ïîëóãðóïïîâîãî ïîäõîäà ê òåîðèè óðàâíåíèé

ñîáîëåâñêîãî òèïà ïîëó÷èëî ïëîäîòâîðíîå ðàçâèòèå â ðàáîòàõ íàó÷íîãî íàïðàâëåíèÿ,

êîòîðîå âîçãëàâëÿåò Ã.À. Ñâèðèäþê. Äàííàÿ ðàáîòà ïðèìûêàåò ê ýòîìó íàó÷íîìó íà-

ïðàâëåíèþ. Â ðàáîòå èññëåäóåòñÿ ïåðâàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ñèñòåìû Îñêîë-

êîâà. Â íàøåì ñëó÷àå ñèñòåìà ìîäåëèðóåò äèíàìèêó ïëîñêîïàðàëëåëüíîãî òå÷åíèÿ

íåñæèìàåìîé âÿçêîóïðóãîé æèäêîñòè Êåëüâèíà � Ôîéãòà âûñøåãî ïîðÿäêà. Ýòà çàäà-

÷à èìååò ïðåèìóùåñòâî, òàê êàê ôàçîâîå ïðîñòðàíñòâî äëÿ âûøåóêàçàííîé ñèñòåìû

ìîæåò áûòü îïèñàíî ïîëíîñòüþ ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà, êîòîðûé õà-

ðàêòåðèçóåò óïðóãèå ñâîéñòâà æèäêîñòè. Èçëîæåíèþ ýòîãî ôàêòà è ïîñâÿùåíà äàííàÿ

ñòàòüÿ. Èññëåäîâàíèå ïðîâîäèòñÿ â ðóñëå òåîðèè ïîëóëèíåéíûõ àâòîíîìíûõ óðàâíåíèé

ñîáîëåâñêîãî òèïà íà îñíîâå ïîíÿòèé êâàçèñòàöèîíàðíîé òðàåêòîðèè è îòíîñèòåëüíî

ñïåêòðàëüíî îãðàíè÷åííîãî îïåðàòîðà.

Êëþ÷åâûå ñëîâà: íåñæèìàåìàÿ âÿçêîóïðóãàÿ æèäêîñòü Êåëüâèíà � Ôîéãòà; ñè-

ñòåìû Îñêîëêîâà; óðàâíåíèÿ ñîáîëåâñêîãî òèïà; êâàçèñòàöèîíàðíûå òðàåêòîðèè; ôà-

çîâîå ïðîñòðàíñòâî.

Ïîñâÿùàåòñÿ Â.Ô. ×èñòÿêîâó
â ñâÿçè ñ åãî ñåìèäåñÿòèëåòèåì.

Ââåäåíèå

Ðàññìîòðèì ñèñòåìó óðàâíåíèé Îñêîëêîâà

(1− κ∇2)vt = ν∇2v − (v · ∇)v +
M∑
m=1

nm−1∑
s=0

Am,s∇2wm,s −∇p+ f,

0 = ∇ · v,
∂wm,0
∂t

= v + αmwm,0, αm ∈ R−, βl ∈ R+, m = 1, M,

∂wm,s
∂t

= swm,s−1 + αmwm,s, s = 1, nm − 1.

(1)

Ýòà ñèñòåìà ÿâëÿåòñÿ ìîäåëüþ äèíàìèêè íåñæèìàåìîé âÿçêîóïðóãîé æèäêî-
ñòè Êåëüâèíà � Ôîéãòà âûñøåãî ïîðÿäêà K(K = n1 + . . . + nm) [1]. Çäåñü v =
(v1, v2, . . . , vn), vk = vk(x, t) � âåêòîð ñêîðîñòè æèäêîñòè, p = p(x, t) � ôóíêöèÿ
äàâëåíèÿ, f = (f1, f2, . . . , fn), fk = fk(x) � âåêòîð âíåøíåãî âîçäåéñòâèÿ â òî÷êå
(x, t) ∈ Ω× R, ãäå Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà C∞; κ, ν ∈ R+

� ïàðàìåòðû, êîòîðûå õàðàêòåðèçóþò óïðóãèå è âÿçêèå ñâîéñòâà æèäêîñòè ñîîòâåò-
ñòâåííî.
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Íàäî çàìåòèòü, ÷òî äëÿ ñëó÷àÿ æèäêîñòè Êåëüâèíà � Ôîéãòà íóëåâîãî ïîðÿäêà
(K = 0) çàäà÷à Êîøè � Äèðèõëå äëÿ ñèñòåìû óðàâíåíèé (1) â öèëèíäðå Ω×R èçó÷åíà
â ðàçëè÷íûõ àñïåêòàõ [1,2], ïðè÷åì ïîäòâåðæäåíî ýêñïåðèìåíòàëüíî [3], ÷òî ïàðàìåòð
κ ìîæåò ïðèíèìàòü îòðèöàòåëüíûå çíà÷åíèÿ. Õîðîøî èçâåñòíî, ÷òî â ñëó÷àå, êîãäà
κ−1 ∈ σ(∇2) òàêàÿ çàäà÷à, âîîáùåì-òî, íå ðàçðåøèìà [4]. Â ñâÿçè ñ ýòèì âîçíèêàåò
ïðîáëåìà îïèñàíèÿ ìíîæåñòâà êîððåêòíîñòè äëÿ ýòîé çàäà÷è, êîòîðîå ìû íàçûâàåì
ôàçîâîå ïðîñòðàíñòâî [5, 6].

Äëÿ ñèñòåìû óðàâíåíèé

(1−κ∇2)∇2ψt = ν∇4ψ− ∂(ψ,∇2ψ)

∂(x, y)
+

M∑
m=1

nm−1∑
s=0

Am,s∇2

(
∂w(m,s)1

∂y
−
∂w(m,s)2

∂x

)
+g,

∂w(m,0)1

∂t
=
∂ψ

∂y
+ αlw(m,0)1,

∂w(m,0)2

∂t
= −∂ψ

∂x
+ αlw(m,0)2,

∂w(m,s)1

∂t
= sw(m,s−1)1 + αmw(m,s)1,

∂w(m,s)2

∂t
= sw(m,s−1)2 + αmw(m,s)2, αm ∈ R−, m = 1, M, s = 1, nm − 1,

(2)

â öèëèíäðå Ω× R ðàññìîòðèì çàäà÷ó Êîøè � Äèðèõëå

ψ(x, y, 0) = ψ0(x, y), wm,s(x, y, 0) = w0
m,s(x, y) ∀(x, y) ∈ Ω,

ψ(x, y, t) = ∇2ψ(x, y, t) = 0, wm,s(x, y, t) = 0 ∀(x, y, t) ∈ ∂Ω× R.
(3)

Çäåñü Ω ⊂ R2 � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Ω êëàññà C∞.
Çàìåòèì, ÷òî ñèñòåìà (2) îáðàçóåòñÿ èç ñèñòåìû (1) ïðè n = 3, åñëè ïîëîæèòü

v3 ≡ 0 è ôîðìóëàìè v1 =
∂ψ

∂y
, v2 = −∂ψ

∂x
ââåñòè ôóíêöèþ òîêà ψ = ψ(x, y, t), êîòîðàÿ

îïðåäåëåíà ñ òî÷íîñòüþ äî àääèòèâíîé ïîñòîÿííîé.
Èç ýòîãî ñëåäóåò, ÷òî ñèñòåìà (2) ÿâëÿåòñÿ ìîäåëüþ äèíàìèêè ïëîñêîïàðàëëåëü-

íîãî òå÷åíèÿ âÿçêîóïðóãîé íåñæèìàåìîé æèäêîñòè Êåëüâèíà � Ôîéãòà âûñøåãî ïî-
ðÿäêà.

Çàäà÷à (2), (3) èìååò ïðåèìóùåñòâî ïî ñðàâíåíèþ ñ çàäà÷åé Êîøè � Äèðèõëå äëÿ
óðàâíåíèÿ (1), êîòîðîå çàêëþ÷àåòñÿ â òîì, ÷òî ôàçîâîå ïðîñòðàíñòâî óðàâíåíèÿ (2)
ìîæåò áûòü ïîëíîñòüþ îïèñàíî ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà κ ∈ R. Èçëîæå-
íèþ ýòîãî ôàêòà è ïîñâÿùåíà äàííàÿ ðàáîòà. Ñòàòüÿ ñîñòîèò èç òðåõ ïàðàãðàôîâ: â
ï. 1 çàäà÷à (2), (3) ðåäóöèðóåòñÿ ê çàäà÷å Êîøè äëÿ ïîëóëèíåéíîãî óðàâíåíèÿ ñîáî-
ëåâñêîãî òèïà, è óñòàíàâëèâàåòñÿ îäíîçíà÷íàÿ ëîêàëüíàÿ ðàçðåøèìîñòü ýòîé çàäà÷è
â ñëó÷àå κ−1 ̸∈ σ(∇2); â ï. 2 ïðèâîäÿòñÿ íåîáõîäèìûå ñâåäåíèÿ èç òåîðèè (L, p)� îãðà-
íè÷åííûõ îïåðàòîðîâ [7,8]; â ï. 3 óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèå êâàçèñòàöèîíàðíûõ
òðàåêòîðèé [9] â ñëó÷àå κ−1 ∈ σ(∇2) è ñîäåðæèòñÿ îïèñàíèå ñòðóêòóðû ôàçîâîãî ïðî-
ñòðàíñòâà (èëè åãî ìîðôîëîãèè [10]).

Âñå ðàññìîòðåíèÿ îñóùåñòâëÿþòñÿ â âåùåñòâåííûõ áàíàõîâûõ ïðîñòðàíñòâàõ, íî
èçó÷àÿ ≪ñïåêòðàëüíûå≫ âîïðîñû, ââîäèòñÿ èõ åñòåñòâåííàÿ êîìïëåêñèôèêàöèÿ, ñèì-
âîëàìè I è O îáîçíà÷àþòñÿ ñîîòâåòñòâåííî ≪åäèíè÷íûé≫ è ≪íóëåâîé≫ îïåðàòîðû,
îáëàñòè îïðåäåëåíèÿ êîòîðûõ ïîíÿòíû èç êîíòåêñòà.
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Îòìåòèì, ÷òî ðåçóëüòàòû äàííîé ðàáîòû îáîáùàþò ðåçóëüòàòû [11,12] íà ñëó÷àé
ìîäåëè Êåëüâèíà � Ôîéãòà âûñøåãî ïîðÿäêà.

1. Ðåäóêöèÿ ê àáñòðàêòíîé çàäà÷å Êîøè â ñëó÷àå κ−1 ̸∈ σ(∇2)

Ïîëîæèì U=Uψ × Uw, ãäå Uψ= {ψ ∈ W 4
2 (Ω) : ψ(x)=∇2ψ(x) = 0, x ∈ ∂Ω} ,

Uw=ΠK
l=1

{
w(m,s)l ∈ W 2

2 (Ω) : w(m,s)l(x) = 0, x ∈ ∂Ω, l = 1, 2
}
. Ýëåìåíò u=

(
ψ,w(1,0)1,

w(1,0)2, w(1,1)1, w(1,1)2, . . . , w(M,nm−1)1, w(M,nm−1)2

)
, à ýëåìåíò f = (g, 0, . . . , 0︸ ︷︷ ︸

2K

), ãäå

g ∈ L2(Ω).
×åðåç σ(∇2) îáîçíà÷èì ñïåêòð îäíîðîäíîé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëà-

ïëàññà ∇2 â îáëàñòè Ω. Îïðåäåëèì îïåðàòîð L ôîðìóëîé

L =

( ∼
L O
O I

)
, (4)

ãäå
∼
L= (1 − κ∇2)), I � åäèíè÷íûé îïåðàòîð (ìàòðèöà ïîðÿäêà 2K), O � íóëåâîé

îïåðàòîð.

M : u 7→

( ∼
M +M1

M2

)
, (5)

ãäå
∼
M= ν∇4ψ − ∂(ψ,∇2ψ)/∂(x, y) + g,

M1 =
M∑
m=1

nm−1∑
s=0

Am,s∇2

(
∂wm,s1
∂y

− ∂wm,s2
∂x

)
,

M2 =


∂ψ
∂y

+ αlw(m,0)1

−∂ψ
∂x

+ αlw(m,0)2

sw(m,s−1)1 + αmw(m,s)1

sw(m,s−1)2 + αmw(m,s)2

 , m = 1, M, s = 1, nm − 1.

Ëåììà 1.
i) Ôîðìóëîé (4) çàäàåòñÿ ëèíåéíûé, íåïðåðûâíûé, ôðåäãîëüìîâ îïåðàòîð L ∈
L(U ;F) ïðè ëþáîì κ ∈ R, ïðè÷åì, åñëè κ−1 ̸∈ σ(∇2), òîãäà ñóùåñòâóåò îïåðà-
òîð L−1 ∈ L(F ;U).
ii) Ôîðìóëîé (5) çàäàåòñÿ îïåðàòîð M ∈ C∞(U ;F).

Äîêàçàòåëüñòâî. i) Íåïðåðûâíîñòü îïåðàòîðà L î÷åâèäíà, ôðåäãîëüìîâîñòü âûòå-

êàåò èç ñàìîñîïðÿæåííîñòè îïåðàòîðà
∼
L è èç òîãî, ÷òî åñëè κ−1 ̸∈ σ(∇2), òîãäà

∼
L

−1

=
∞∑
k=1

⟨·, φk⟩
κk(1− κκk)

φk, (6)

ãäå {φk} ÿâëÿåòñÿ îðòîíîðìèðîâàííûì â L2(Ω) ñåìåéñòâîì ñîáñòâåííûõ âåêòîðîâ
çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà, êîòîðîå çàíóìåðîâàíî ïî âîçðàñòàíèþ ñîá-
ñòâåííûõ çíà÷åíèé {κk} ñ ó÷åòîì èõ êðàòíîñòè.

ii) Î÷åâèäíûì ÿâëÿåòñÿ è òîò ôàêò, ÷òî ïåðâàÿ è âòîðàÿ ïðîèçâîäíûå Ôðåøå
îïåðàòîðà M : U 7→ F â ëþáîé òî÷êå u ∈ U ÿâëÿþòñÿ íåïðåðûâíûìè. Îñòàëüíûå
ïðîèçâîäíûå Ôðåøå � òîæäåñòâåííûé íóëü. Ñëåäîâàòåëüíî, ëåììà äîêàçàíà.
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Íàäî çàìåòèòü, ÷òî ïðè äîêàçàòåëüñòâå ëåììû 1 èñïîëüçîâàëèñü ðåçóëüòàòû [11]

äëÿ îïåðàòîðîâ
∼
L è

∼
M .

Íà îñíîâàíèè ëåììû 1 çàäà÷ó (3),(2) ðåäóöèðóåì ê çàäà÷å Êîøè

u(0) = u0 (7)

äëÿ ïîëóëèíåéíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà

Lu̇ =M(u). (8)

Òåîðåìà 1. Ïóñòü îïåðàòîðû L,M îïðåäåëåíû ôîðìóëàìè (4) è (5) ñîîòâåòñòâåí-
íî è λ−1 ̸∈ σ(∇2). Òîãäà ïðè ëþáîì u0 ∈ U ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå
u ∈ C∞((−t0, t0); U) çàäà÷è (7), (8), ãäå t0 = t0(u0) > 0.

Äîêàçàòåëüñòâî. Â ñèëó ëåììû 1 óðàâíåíèå (8) áóäåò èìåòü âèä

u̇ = T (u). (9)

Çäåñü îïåðàòîð T = L−1M ∈ C∞(U). Ðàçðåøèìîñòü çàäà÷è (7), (9) ÿâëÿåòñÿ êëàññè-
÷åñêîé çàäà÷åé Êîøè [13]. Òàêèì îáðàçîì, òåîðåìà äîêàçàíà.

2. Îòíîñèòåëüíî ñïåêòðàëüíî îãðàíè÷åííûå îïåðàòîðû

Ïóñòü ïðîñòðàíñòâà U ,F ÿâëÿþòñÿ áàíàõîâûìè, îïåðàòîðû L,M∈L(U ;F).
Ââåäåì, ñëåäóÿ [7, 8], â ðàññìîòðåíèå L�ðåçîëüâåíòíîå ìíîæåñòâî ρL(M) =
{µ ∈ C : (µL− M)−1 ∈ L(F ;U)} èL�ñïåêòðσL(M) = C\ρL(M) îïåðàòîðàM.

Îïðåäåëåíèå 1. ÎïåðàòîðM íàçûâàåòñÿ ñïåêòðàëüíî îãðàíè÷åííûì îòíîñèòåëü-
íî îïåðàòîðà L (êîðî÷å (L, σ)-îãðàíè÷åííûì), åñëè

∃a > 0 ∀µ ∈ C (|µ| > a) ⇒ (µ ∈ ρL(M)).

Òåîðåìà 2. Ïîëîæèì îïåðàòîðM ÿâëÿåòñÿ (L, σ)-îãðàíè÷åííûì. Òîãäà ñóùåñòâó-
þò ðàñùåïëåíèÿ ïðîñòðàíñòâ U = U0 ⊕U1, F = F0 ⊕F1, U0 ⊃ ker L, F1 ⊃ im L, è
ðàñùeïëåíèå äåéñòâèé îïåðàòîðîâ L, M : Uk 7→ Fk, k = 0, 1.

Äîêàçàòåëüñòâî. Ïðîåêòîðû P ∈ L(U) è Q ∈ L(F), êîòîðûå îïðåäåëÿþò èñêîìûå
ðàñøèðåíèÿ, çàäàþòñÿ èíòåãðàëàìè òèïà Äàíôîðäà � Òåéëîðà

P =
1

2πi

∫
Γ

(µL−M)−1Ldµ, Q =
1

2πi

∫
Γ

L(µL−M)−1dµ,

ãäå êîíòóð Γ = {µ ∈ C : |µ| = r > a}. Òåîðåìà äîêàçàíà.

×åðåç Lk(Mk) îáîçíà÷èì ñóæåíèå îïåðàòîðà L(M) íà ïîäïðîñòðàíñòâî Uk, k =
0, 1.

Òåîðåìà 3. Ïóñòü îïåðàòîð M (L, σ)-îãðàíè÷åí. Òîãäà ñóùåñòâóþò îïåðàòîðû
M−1

0 ∈ L(F0;U0) è L−1
1 ∈ L(F1;U1).
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Äîêàçàòåëüñòâî. Îïåðàòîð M−1
0 ðàâåí ñóæåíèþ îïåðàòîðà − 1

2πi

∫
Γ

(µL−M)−1dµ íà

F0, à îïåðàòîð L−1
1 � ñóæåíèþ îïåðàòîðà

1

2πi

∫
Γ

(µL −M)−1dµ íà F1. Çäåñü Γ � ýòî

êîíòóð, êîòîðûé îïðåäåëÿåòñÿ òàê æå, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 2. Òåîðåìà
äîêàçàíà.

ÏîëîæèìH =M−1
0 L0, S = L−1

1 M1; î÷åâèäíî, ÷òî îïåðàòîðûH ∈ L(U0), S ∈ L(U1).

Ñëåäñòâèå 1. Ïóñòü îïåðàòîð M (L, σ)-îãðàíè÷åí, òîãäà ïðè ëþáîì µ ∈ C, |µ| =
r > a èìååò ìåñòî ðàçëîæåíèå îòíîñèòåëüíîé ðåçîëüâåíòû â ðÿä Ëîðàíà

(µL−M)−1 = −
∞∑
k=0

µkHkM−1
0 (I −Q) +

∞∑
k=1

µ−kSk−1L−1
1 Q.

Îïðåäåëåíèå 2. Ïóñòü îïåðàòîð M ÿâëÿåòñÿ (L, σ)-îãðàíè÷åííûì. Äëÿ L-
ðåçîëüâåíòû (µL−M)−1 îïåðàòîðà M òî÷êà ∞ íàçûâàåòñÿ
(i) óñòðàíèìîé îñîáîé òî÷êîé, åñëè îïåðàòîð H ≡ 0;
(ii)ïîëþñîì ïîðÿäêà p ∈ N, åñëè Hp ̸= 0, à Hp+1 ≡ 0;
(iii) ñóùåñòâåííî îñîáîé òî÷êîé, åñëè Hq ̸= O ïðè ëþáîì q ∈ N.

Çàìå÷àíèå 1. Áóäåì ñ÷èòàòü äëÿ óäîáñòâà óñòðàíèìóþ îñîáóþ òî÷êó ïîëþ-
ñîì ïîðÿäêà íóëü. Òîãäà âûðàæåíèå ≪îïåðàòîð M (L, σ)-îãðàíè÷åí, ïðè÷åì åãî
L−ðåçîëüâåíòà èìååò â òî÷êå ∞ ïîëþñ ïîðÿäêà p ∈ N0≫ ýêâèâàëåíòíî âûðàæåíèþ
≪îïåðàòîð M (L, p)-îãðàíè÷åí, p ∈ N0≫.

Óïîðÿäî÷åííîå ìíîæåñòâî {φ1, φ2, . . .} âåêòîðîâ èç U íàçûâàåòñÿ öåïî÷êîé M -
ïðèñîåäèíåííûõ âåêòîðîâ âåêòîðà φ0 ∈ ker L\{0}, åñëè Lφq+1 = Mφq, q = 0, 1, . . . ,
è φq ̸∈ ker L\{0}, q = 1, 2, . . .. Öåïî÷êà ìîæåò áûòü áåñêîíå÷íîé (â ÷àñòíîñòè, îíà
ìîæåò áûòü çàêîí÷åíà íóëÿìè, åñëè φ0 ∈ ker L

∩
ker M\{0}), íî îíà îáÿçàòåëüíî

êîíå÷íà, åñëè â íåé íàéäåòñÿ âåêòîð φp òàêîé, ÷òî Mφp ̸∈ im L. Â ÷àñòíîñòè, âåêòîð
φ0 ∈ ker L\{0} íå èìååò M -ïðèñîåäèíåííûõ âåêòîðîâ, åñëè Mφ0 ̸∈ im L.

Òåîðåìà 4. Ïóñòü îïåðàòîð M (L, 0)-îãðàíè÷åí. Òîãäà ëþáîé âåêòîð φ ∈ ker L\{0}
íå èìååò M-ïðèñîåäèíåííûõ âåêòîðîâ, ïðè÷åì ker L = U0, im L = F1.

Ââåäåì â ðàññìîòðåíèå óñëîâèÿ, êîòîðûå â äàëüíåéøåì íàì ïîíàäîáÿòñÿ.
À1) Îïåðàòîð L ÿâëÿåòñÿ áèðàñùåïëÿþùèì, ïðèòîì ëþáîé âåêòîð φ ∈ ker L íå

èìååò M -ïðèñîåäèíåííûõ âåêòîðîâ.
Ïîëîæèì F0 = H( ker L), F1 = im L.
A2) F = F0 ⊕F1.

Òåîðåìà 5. Ïóñòü óñëîâèÿ À1), À2) âûïîëíåíû. Òîãäà îïåðàòîðM ÿâëÿåòñÿ (L, 0)-
îãðàíè÷åííûì.

Çàìå÷àíèå 2. Áèðàñùåïëÿþùèìè íàçûâàþòñÿ ëèíåéíûå îïåðàòîðû ñ äîïîëíÿ-
åìûìè ÿäðîì è îáðàçîì [14]. Òåîðåìà 5 ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì áîëåå îáùå-
ãî ðåçóëüòàòà èç [9], óñòàíàâëèâàþùåãî íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ (L, p)-
îãðàíè÷åííîñòè îïåðàòîðà M . Ïðîñòåéøèì ñëó÷àåì áèðàñùåïëÿþùåãî îïåðàòîðà L
ÿâëÿåòñÿ ôðåäãîëüìîâ îïåðàòîð (ind L = 0).
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Ñëåäñòâèå 2. Ïóñòü îïåðàòîð L ÿâëÿåòñÿ ôðåäãîëüìîâûì, ïðèòîì ëþáîé âåêòîð
φ ∈ ker L\{0} íå èìååò M-ïðèñîåäèíåííûõ âåêòîðîâ. Òîãäà:

i) ñïðàâåäëèâî óòâåðæäåíèå òåîðåìû 5;

ii) U1 = {u ∈ U : (I−
∼
Q)M(u) = 0}, ãäå

∼
Q: F 7→ F1 � íåêîòîðûé ïðîèçâîëüíûé

ïðîåêòîð.

3. Êâàçèñòàöèîíàðíûå òðàåêòîðèè è ôàçîâîå ïðîñòðàíñòâî

Èññëåäóåì ðàçðåøèìîñòü çàäà÷è (7), (8), ãäå îïåðàòîðû L ∈ L(U ;F), M ∈
C∞(U ;F). Ïóñòü ïðîñòðàíñòâà U è F , ÿâëÿþùèåñÿ áàíàõîâûìè, ðàñùåïëÿþòñÿ â ïðÿ-
ìûå ñóììû U = U0 ⊕ U1 è F = F0 ⊕ F1, ker L ⊂ U0, ïðè÷åì äåéñòâèå îïåðàòîðà
L òîæå ðàñùåïëÿåòñÿ, òî åñòü L : Uk 7→ Fk, k = 0, 1. Óðàâíåíèå (8) ðåäóöèðóåì ê
ñèñòåìå

Lu̇0 = (I −Q)M(u), Lu̇1 = QM(u), (10)

ãäå u = u0 + u1, uk ∈ Uk, Q : F 7→ F1 � ïðîåêòîð âäîëü F0.

Îïðåäåëåíèå 3. [9] Ðåøåíèå u ∈ C∞((−t0, t0);U) çàäà÷è (7), (8) íàçûâàåòñÿ êâàçè-
ñòàöèîíàðíîé òðàåêòîðèåé óðàâíåíèÿ (8), åñëè Lu̇0 ≡ 0 ∀t ∈ (−t0, t0).

×åðåç M ′ îáîçíà÷èì ïðîèçâîäíóþ Ôðåøå îïåðàòîðà M â òî÷êå u0.

Òåîðåìà 6. Ïóñòü îïåðàòîð L ÿâëÿåòñÿ ôðåäãîëüìîâûì, è ëþáîé âåêòîð φ ∈
ker L\{0} íå èìååò M ′-ïðèñîåäèíåííûõ âåêòîðîâ. Ïîëîæèì, òî÷êà u0 ∈ M = {u ∈
U : (I−

∼
Q)M(u) = 0}. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ C∞((−t0, t0);U)

çàäà÷è (7), (8), ÿâëÿþùååñÿ êâàçèñòàöèîíàðíîé òðàåêòîðèåé.

(Çäåñü, êàê è âûøå
∼
Q: F 7→ F1 = im L � íåêîòîðûé ïðîåêòîð.)

Äîêàçàòåëüñòâî. Â ñèëó ñëåäñòâèÿ 2 i) îïåðàòîðM ′ (L, σ)-îãðàíè÷åí. ×åðåçM ′
0 îáî-

çíà÷èì ñóæåíèå îïåðàòîðà (I−
∼
Q))M ′ íà ker L. Â ñèëó òåîðåìû 3 è ôðåäãîëüìîâîñòè

îïåðàòîðà L îïåðàòîð M ′
0 : ker L 7→ ker

∼
Q � òîïëèíåéíûé èçîìîðôèçì.

Â íàøåì ñëó÷àå ñèñòåìà (10) ïðèîáðåòåò âèä

0 = (I−
∼
Q)M(u), L1u̇

1 =
∼
Q M(u), (11)

ïðè÷åì âòîðîå óðàâíåíèå (11), â ñèëó òåîðåìû 3, èìååò âèä

u̇1 = L−1
1

∼
Q M(u0 + u1). (12)

Â ñèëó âûøåñêàçàííîãî, òåîðåìû î íåÿâíîé ôóíêöèè, êîòîðàÿ ïðèìåíåíà ê îòîá-

ðàæåíèþ (I−
∼
Q)M : U 7→ ker

∼
Q, è óñëîâèé òåîðåìû, ñóùåñòâóåò îêðåñòíîñòü O1 ⊂ U

òî÷êè u10 ∈ U è C∞-îòîáðàæåíèå δ : O1 7→ U0 òàêîå, ÷òî (I−
∼
Q)M(δ(u1)+u1) = 0 ∀u1 ∈

O1. Ïîýòîìó (12) ðåäóöèðóåòñÿ ê âèäó

u̇1 = L−1
1

∼
Q M(δ + I)(u1) ≡ T (u1), (13)

ãäå îïåðàòîð T ∈ C∞(O1;U1) ïî ïîñòðîåíèþ.
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Ïîýòîìó, â ñèëó òåîðåìû Êîøè [13], ðåøåíèå u1 ∈ C∞((−t0, t0);O1) çàäà÷è Êîøè
u1(0) = u10 äëÿ óðàâíåíèÿ (13) ñóùåñòâóåò è åäèíñòâåííî. Â ñèëó æå (11) âåêòîð-
ôóíêöèÿ u(t) = δ(u1(t))+ u1(t), t ∈ (−t0, t0), áóäåò ÿâëÿòüñÿ ðåøåíèåì çàäà÷è (7), (8),
à òàêæå êâàçèñòàöèîíàðíîé òðàåêòîðèåé óðàâíåíèÿ (8). Òåîðåìà äîêàçàíà.

Äàëåå ðàññìîòðèì çàäà÷ó (7), (8) â òîì ñëó÷àå, êîãäà îïåðàòîðû L è M îïðåäå-
ëåíû ôîðìóëàìè ëåììû 1, ïðè÷åì λ−1 ∈ σ(∇2).

Ïîëîæèì ker L = span {φ1, φ2, . . . , φn}, ãäå {φk} ÿâëÿåòñÿ îðòîíîðìèðîâàííûì (â

ñìûñëå F) íàáîðîì ñîáñòâåííûõ ôóíêöèé. Â ñèëó òîãî, ÷òî îïåðàòîð
∼
L ñàìîñîïðÿæåí

è ôðåäãîëüìîâ, òî åãî îáðàç im
∼
L= {f ∈ F : ⟨f, φk⟩ = 0, k = 1, n}, ãäå ⟨·, ·⟩ �

ñêàëÿðíîå ïðîèçâåäåíèå â L2(Ω). Òîãäà ker L = ker
∼
L ⊕ Uw, im L = im

∼
L ⊕ O.

Ëåììà 2. Ïðè ëþáîì u ∈ U ëþáîé âåêòîð φ ∈ ker L íå èìååò M ′
u-ïðèñîåäèíåííûõ

âåêòîðîâ.

Äîêàçàòåëüñòâî. Äëÿ òîãî ÷òîáû äîêàçàòü ëåììó íåîáõîäèìî è äîñòàòî÷íî óñòàíî-

âèòü íåâûðîæäåííîñòü ìàòðèöû
∼
M

′
0= ∥⟨

∼
M

′
k φk, φl⟩∥, k = 1, n, l = 1, n. À íåâû-

ðîæäåííîñòü ýòîé ìàòðèöû åñòü ïðÿìîå ñëåäñòâèå íåðàâåíñòâà (
∼
M

′
0 a, a) ̸= 0, ∀a ∈

Rn\{0}, ãäå (·, ·) � ñòàíäàðòíîå (åâêëèäîâî) ñêàëÿðíîå ïðîèçâåäåíèå â Rn [11]. Ëåììà
äîêàçàíà.

Èòàê, â ñèëó ëåìì 1 è 2 è òåîðåìû 6 ñïðàâåäëèâî

Ñëåäñòâèå 3. Ïîëîæèì îïåðàòîðû L èM îïðåäåëåíû ôîðìóëàìè ëåììû 1 è κ−1 ∈
σ(∇2). Òîãäà ïðè ëþáîì u0 ∈ M = {u ∈ U : ⟨M(u), φk⟩ = 0, k = 1, n} óòâåðæäåíèå
òåîðåìû 6 ÿâëÿåòñÿ ñïðàâåäëèâûì.

Çàìå÷àíèå 3. Ëþáîå ðåøåíèå u ∈ C∞((−t0, t0);U) óðàâíåíèÿ (8) â ñèëó (11) ëåæèò
â M, ò.å. u(t) ∈ M ∀t ∈ (−t0, t0).

Îïðåäåëåíèå 4. Ìíîæåñòâî P ⊂ U íàçûâàåòñÿ ôàçîâûì ïðîñòðàíñòâîì óðàâíå-
íèÿ (8), åñëè
i) ëþáîå ðåøåíèå u ∈ C∞((−t0, t0);U) óðàâíåíèÿ (8) ëåæèò â P, ò. å. u(t) ∈ P ∀t ∈
(−t0, t0);
ii) åäèíñòâåííîå ðåøåíèå çàäà÷è (7), (8) ñóùåñòâóåò ïðè ëþáîì u0 ∈ P.

Çàìåòèì, ÷òî åñëè îïåðàòîðû L,M îïðåäåëÿþòñÿ ôîðìóëàìè ëåììû 1 è κ−1 ̸∈
σ(∇2), òî ñîãëàñíî òåîðåìå 1, P = U . Â ñëó÷àå æå åñëè κ−1 ∈ σ(∇2), òî â ñèëó
ñëåäñòâèÿ 3 P = M.

Äàëåå çàéìåìñÿ èññëåäîâàíèåì ìîðôîëîãèè [10] ôàçîâîãî ïðîñòðàíñòâà M. Âíà-
÷àëå óñòàíîâèì åãî íåïóñòîòó. Äëÿ ýòîãî ïîëîæèì U0 = ker L, U1 = {u ∈ U : (u, φk) =
0, k = 1, n}. Î÷åâèäíî, U = U0 ⊕ U1. È íà îñíîâàíèè [11] ñïðàâåäëèâà

Ëåììà 3. Ïóñòü ôîðìóëàìè ëåììû 1 îïðåäåëÿþòñÿ îïåðàòîðû L è M , à òàêæå
κ−1 ∈ σ(∇2). Òîãäà äëÿ ëþáîãî u1 ∈ U1 ñóùåñòâóåò åäèíñòâåííûé u0 ∈ U òàêîé,
÷òî u = u0 + u1 ∈ M.

Òåîðåìà 7. Ïóñòü âûïîëíåíû óñëîâèÿ ëåììû 3. Òîãäà ìíîæåñòâî M � ïðîñòîå
áàíàõîâî C∞-ìíîãîîáðàçèå, êîòîðîå ìîäåëèðóåòñÿ ïîäïðîñòðàíñòâîì U1.
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Äîêàçàòåëüñòâî. Ïóñòü u ∈ M, u = u0 + u1. Ñîîòâåòñòâåííî ëåììå 2, îòîáðàæåíèå
m : U0 7→ U0, èñïîëüçóåìîå ïðè äîêàçàòåëüñòâå ëåììû 3 [11], C∞-äèôôåðåíöèðóåìî,
ïðè÷åì, åãî ïåðâàÿ ïðîèçâîäíàÿ íå âûðîæäåíà. Ñîãëàñíî òåîðåìå î íåÿâíîé ôóíêöèè,
ñóùåñòâóåò îêðåñòíîñòü O ⊂ M òî÷êè u, êîòîðàÿ äèôôåîìîðôíî ïðîåêòèðóþåòñÿ
âäîëü U0 â U1. Èç ëåììû 3 âûòåêàåò ïðîñòîòà C∞-ìíîãîîáðàçèÿ. Â ñèëó ýòîé ëåììû
ïðîåêòèðóþùèé C∞-äèôôåîìîðôèçì ðàâåí ñóæåíèþ ïðîåêòîðà P = I−

∑n
k=1⟨·, φk)φk

íà M. Òåîðåìà äîêàçàíà.

Çàìå÷àíèå 4. Â ïîñëåäíèå äåñÿòèëåòèÿ òåîðèÿ óðàâíåíèé ñîáîëåâñêîãî òèïà ïî-
ëó÷èëà ìîùíûé ñòèìóë â ñâîåì ðàçâèòèè, î ÷åì ñâèäåòåëüñòâóåò ïîÿâèâøèåñÿ ìîíî-
ãðàôèè [8,15�18]. Äàííàÿ ðàáîòà ïðèìûêàåò ê íàó÷íîìó íàïðàâëåíèþ, ðàçâèâàåìîìó
ïðîôåññîðîì Ã.À. Ñâèðèäþêîì è åãî ó÷åíèêàìè [19�22].

Àâòîðû âûðàæàþò áëàãîäàðíîñòü ïðîôåññîðó Ã.À. Ñâèðèäþêó çà âíèìàíèå è
êîíñòðóêòèâíóþ êðèòèêó.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ïðàâèòåëüñòâà Ðîññèéñêîé Ôåäå-
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In recent decades, the theory of Sobolev type equations is actively studied in various

aspects. The application of the semigroup approach to the theory of singular Sobolev

type equations has received a deep and wide development in the works of the scienti�c

direction headed by G.A. Sviridyuk. This work is adjacent to this scienti�c direction. The

�rst initial-boundary value problem for the Oskolkov system is investigated. In our case,

the system simulates a plane-parallel incompressible Kelvin�Voigt �uid of the higher order.

This problem has an advantage, since the phase space for the above system can be described

completely at any values of the parameter that characterizes the elastic properties of the

liquid. This article is devoted to presenting of this fact. The study is carried out within the

framework of the theory of semi-linear autonomous Sobolev type equations on the basis of

the concepts of a relatively spectrally bounded operator and a quasi-stationary trajectory.

Keywords: Sobolev type equations; phase space; quasi-stationary trajectories; Oskolkov

systems; incompressible viscoelastic Kelvin�Voigt �uid.
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