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In this paper, we establish the finite time blow-up of solutions to nonlinear differential
systems governed by Caputo fractional differential equation. Then, we derive sufficient
conditions on parameters with positive given data. Moreover, for this purpose under some
assumptions, we prove the non existence of global solutions to the considered class of
nonlinear fractional differential Caputo-system subject to the initial condition. To prove
our main result, we apply the test function method, Riemann—Liouville integral, Caputo
derivative operator and some general analysis tools. Our result is new and generalizes the
existing one.
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1. Introduction

The original conception of fractional calculus was appeared prior to the turn of 20th
century, when L’Hopital wrote a letter to Leibniz asking him about a particular notation he
had used in his application for the nth-derivative of the function f(z) = z. L’Hopital posed
the question to Leibniz about the result when n = % From that time, fractional calculus
become the most famous notation attracted more and more mathematicians and physicists
who have discovered many disciplines, because fractional differential equations provide an
excellent tool used to describe various phenomena such as rheology, damping phenomena,
diffusion processes, etc. From this fact, we have many definitions of the concept of non-
integer order integral or derivative according to the notations and methodology of the
researchers, and the most common are given by Riemann-Liouville and Caputo which will
define later. The difference between these two definitions is connected with the order of
calculation.

The study of fractional ordinary differential systems have been widely used in different
fields of science, and the existence and uniqueness of local solutions to the integral
equations are proved by many researchers, see [1-11]| and the references therein. Recently,
Abbas [1] establishes the existence of solutions to fractional order ordinary and delay
differential equations with some applications. In [2], Mahto, Abbas and Favini use
Sadovskii’s fixed point method to investigate the existence and uniqueness of solutions to
Caputo impulsive fractional differential equations. Mahto and Abbas [3] introduce a PC-
almost automorphic function and establish the composition theorem. As an application,
the authors study the existence of almost automorphic solution to impulsive fractional
functional differential equations under the condition that the forcing term is almost
automorphic.

Our main objective is to find finite time blow-up of solutions to the following Caputo
fractional differential equation:
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wi(t) +° DEru(t) +° DAu(t) = D (b)),
v (t) +¢ DS2u(t) +° D2 (t) = D u(t)|P, t € Ry, (1)
u(0) = ug, v(0) = vp.
where p, ¢ > 1, ug, vo > 0,0 < oy, B;, v < 1, a; < B; and , © = 1, 2. Our result is new and
compliment the existing one.
In order to motivate our results, it is convenient to recall some facts about the fractional

ordinary differential system. In [12], the authors study the profile of blowing-up solution
to nonlinear system of fractional differential equations (FDE in short):

W(8) + D3 (u) (1) = (D),
V() + Dy, (0) (1) = [ult)”, te Ry,
u(0) = up > 0,v(0) =vy >0
and prove that the solutions to the precedent problem blow-up in finite time, if 1 — piq <
8 _ L a
a+por1 pq<6+p.
In [13], the authors multiply the caputo derivatives terms “Dg; (u) () and CDng (v) ()
by the continuous functions A(t), B(t), respectively, and obtain the following system:
W(t) + A1 DS, () (1) = [o(b)]%,
V() + B(t)° Dy, (v), (8) = [u(®), ¢ e R,
u(0) = ug > 0,v(0) = vy > 0.

_1 1 c\1/a c\1/p
Under the condition h = min {T, (F(QQA_/IQ)> o (%) o (5) e —, (8) . _uo} , the
authors of the work [13] guarantee the existence of local solution to their problem. Then,
the authors used Lipschitz condition on A(t) and B(t) to prove the blowing-up results.

After that, the authors of the paper [8] generalize the system of Qun and Huilai [13].
The authors take A(t) = > a;(t) , B(t) = >_b;(t), and express the right hand side of the
i=1 =1

system by the Riemann-Liouville operator of the functions f and g. The problem takes
the following form:

welt) + oy (B DG, () (6) + .+ AL D3 () (F) = S F(u, o),
0(8) +01()° Dy’ (0) (1) + .+ ba()°Dg, (0) (1) = Joi P g(u,v), t € Ry
u(0) = up > 0,v(0) = vy > 0,

where p, ¢ > 1,0 < oy < 1,0 < b; < 1,7 = 1,..,n, f and g are arbitrary analytical
functions. Their method of proof is based on Arzela Ascoli and Shauder theorems for the
existence of local solution. Then, the authors use the weak formulation of the systems with
a good choice of test function for the blowing up result, for more details see [8].

In this paper, we mix the two precedents systems. We take n = 2, Jé;“f(u,v) =
DJi[v(t)]9, J&I”g(u,v) = Dt |u(t)|P, ai(t) = as(t) = bi(t) = ba(t) = 1 to obtain system
(1). We determine the sufficient conditions on parameters of system (1) to show the non
existence of global solution to system (1). The paper is organised as follows. In Section
2, we present definitions, properties of fractional derivative equations, and some lemmas
needed for our work. Section 3 is devoted to proof of the main results on the blow up in
finite time of solutions to system (1).
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2. Some Preliminary Results

In this section, we present several lemmas for the proof of Theorem 1 and Theorem 2.
Let AC[0, T be the space of all functions which are absolutely continuous on [0, 7], where
0 < T < co. Then, for f € AC[0,T], the left-handed and right-handed Riemann—Liouville
fractional derivatives D, f(t) and D$_f(t) of order o € (0, 1) are defined as follows:

t

D310 = =y | (=9 F9)ds, e 0.7 2)
D5 () = ey | =07 F9)ds e 0T 3

t

It is shown in [5, Lemma 2.2|, see also [6], that, for f € AC([0,7]),

t

£ £(0) + / (t— ) f'(s)ds

0

1

Dg: f(t) = T(i—a)

Note that
5 (10 = FO) (0 = s [ (497" £e)s =* Di 1),

which is the Caputo derivative of f. For the right-hand derivative, we have

! O
FU—@)(T—Q“_/@_@ f(s)ds

t

In [5, Corollary 2, p. 46], it is shown that, for the functions f, g € C ([0, t]) the derivatives
D§.g, D$_f exist at every point of [0,7] and are continuous. We have

Dy f(t) =

[ ropggta = [ D5 s (@)

which is the formula for integration by parts.

Lemma 1. Let ¢(t) be a function such that

(1—t/T)", 0<t<T, |
= ’ ’ 2.
# (1) {Q t>T, Az

Then we have

AT\ — «)
A—a+1)TA=2a+1)

T
/D%QO (t) dt = KOI’)\Tlia, Koz,)\ =
0

Lemma 2. Let o(t) be a function such that

(1=t/T)", 0<t<T, |
— ) Y 2
2 (1) {Q tsT, A=
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and suppose that p > 1. Then, for A >p—1,

T
AP
P () @ () Pdt = AT, N, = ————
[erwleapa =, =
0

and, for A > ap —1
T

B B AP 'A—a) 17
=P ()| DS (t) |Pdt = Ay TP, A, = :
/(p ®) D7 (#)] s ’ P )\—Ozp+1[1“()\—204+1)}

0

3. Blow-up Results

This section is devoted to proof of the blow-up of solution to system (1).

Theorem 1. Let T > 0, assume that

Yo > max (g, Ba) or g < o < o, (5)
By 1
Yo+ <min{l 4+ ag, 1+ 5, b1 + = 5 +p_q_1}7 (6)
1-— 1-—
1<q<min{ %, %}. (7)
Yo — g Y2 — o

Then all solutions (u,v) € C ([0,T]) to (1) blow-up in finite time.
Proof. Let us carry out the proof by contradiction. Suppose that (u;v) is a non trivial
weak solution to (1), which exists globally in time. First, we have
“Du = Do+ (u — uy).

Then, we can rewrite problem (1) as follows:

uy + Dyt (u — ug) + Dg}r (u —ug) = DJL|v]e,

vy + Dy (v — o) + Dgfr (v —wo) = Dyt |ul?,

u(0) = ug, v(0) = wvy.

Let T' > 0, then
T

T
/utgadt / uo)wdtjt/Dg}r(u 0)pdt = /D |v|%pdt
0

0

and T
/vtgodt+/D0+ (v—1p godt+/D0+ v — vp)pdt = /D |u|Peodt.
0
By using (4) and snnple calculations we can obtain

T

[ [v]DIE @dt + g (1 + fDal wdt + fDﬁl godt)

0

= quO” pdt + qu L odt — fugo’dt
0
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and
f\u\PD ' @dt + g (1 +]Da2 gpdt—i—fDﬁQ @dt)
(9)
= vaO‘Q odt + va > pdt — pr’dt
0

Applying Holder’s inequality with parameters P and P (rsp. ¢ and ¢') to the right hand
sides of (8) and (9), we derive

T T
/uD;ﬁl_cpdt = /u(D%Q_ ) 1/p (Dw 90) l/pDo‘l odt <
: ' T 1/p T 1/p
< (/up (D%{(m dt / D'yz 80 p/p}D Sp}p i ’
0 0
T T
/uDTBL@dt = /u (D%?_(p)l/l’ (D2 )~ 1/p Dﬁl odt <
0 0 T Vp g Uy
) ( ul" (Di- ) dt / (D)™ DR 90) a|
0
T T
/wp/dt :/u(DV2 0) 1/p (D)~ Up(pdt<
: ' T 1/p T 1/p
< /|U|p (D72 )d /(DV2 (,0) p/p| /‘p dt ’
0 0
and
T T
/UD%Q_godt = /U (DVI )1/‘1 (D“ 4,0) /1 oz odt <
0 ’ T 1/q T l/q’
< (/U‘l D’Yl /(D’Yl <,0) Q/Q}D (p’q di ’
0 0
T T
/ D’g2 pdt = /U (D%l_ ) La (D’Yl 4,0) 1/q D?i(pdt <
: ' T 1/q T 1/q'
< ( \U]‘l (D’Yl ga)d /(D“ <p) —q'/q Dgg <,0’ di ’
0 0
T T
/vgp’dt :/U(DV1 (p)l/q (DI-g)” l/qga’dt <
: ' 1/q T 1/q’
< /\v’q (DI /(D“ o) q/q’gp‘q gt
0
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Let

N

L = /\u\p (D) dt, Jp = lv|? (DL ) dt,
0

(Dw(p p/p’D gp}p dt, J, =

T
Ig — / D’yg —p /p

I, = /(DW <p) p/p‘(p’pdt J, =

0
Then, we can rewrite (8) and (9) as

(D%ga q/q’D @}th

hep
I
\’ﬂ

(le 80) d'/q

D’Blga) dt, Jy=

D’nga) dt,

(D’Yl 90) Q/q‘(p’th

Tty Ty Tt — g Ty

T
Ji + g 1+/D cpdt+/D Codt | < 1P (f;/p’ +I§/”/+Ii/p/), (10)
0
and
I + v /DQQ odt + /D  odt | < g}/ (J;/q’ + V74 Jj/Q’) . (1)
Using (10) and (11), we obtain the 1nequahtles
J, < [11/27 <121/P' + 131/17' + Ii/p/) (12>
and / / /
o< gt (J;/q + IV 4 Jj/q) , (13)
from which we have
/ / / / / / 1/
gl < <[21/p i _i_[i/p) <J21/q Ty L Ji/q) P (14)

Next, using Lemmas 1 and 2 in the right-hand side of (14), we find
gt < <T(%*1)+§ 7 (Fren)+y +T(%*51)+§>

< (T(%fl)+%+T(%fa2)+%+T(’Yl —62)+ >1/p'

Then, we can write

Jll—l/pq <C (TSl + 7% 4 ng) (TS4 +T% 4 TSG) : (15)
where
1 1 1
512(2—1)%——,; S2=(E—Oz1)+—,; S3=(E— 1>+—,;
p p p Y p p
111 111 1
(3 5[l 5 (303
q q]p q q]p q q]r
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Therefore,

(16)

Jl—l/pq < ( TS1+54 +T5’1+5’5 +TS1+56 +T52+S4 +TSQ+S5+ )
1 - .

+TS2+56 + TS3+54 + TS3+5s5 + TS3+56

Note that S| + Sy < 0, S1+ 54 < 51+S5,51+S4 < 51+Sﬁ, while Sy + 5S4 < SQ+S5
SQ+S4 < SQ+56, and 83+S4 <53+S5,53+S4 < 53+S6.
Then, we can write

Sl+S5:Sl+S4+%(1—042)<O, 51+S6:51+S4+%(1—62)<0,

52+S5:52+54—%(1—@2)<o, Sy + S5 = Syt So— (1— ) <0,

53+S5253+S4+%(1—oz2)<0, 53+S6:53+S4+%(1—62)<0,
which, respectively, are equivalent to

1 1
Qg 2 Y2+ 6(71 —1), Ba>7y+ &(71 - 1),

where
1 1 1 1
1——§Oé1+—(062—72)—£, 1——§OZ1+—(52—’72)—£7 (17)
pq p pq pq p pq
1 1 1 1
l——<Bi+—(—m) -2 1——<Bi+=(f—mn)— 2 (18)
pq p pq pq p pq
Now, let 1 N 1 N
H1:041+—(042—72)——1, H2:041+—(52—72)——1,
p pq p pq
1 1
H3=/31+—(042—72)—£7 H4=/31+—(52—72)—£‘
p pq p pq
1
Then, 1— — < min{H,, Hy, Hs, Hy}. Now, from (11),
pq
T T
v / D22 pdt + / D pdt | < g/ (Jg/‘f + +J4W),
0 0

then T
" / D22 pdt < JV1 (JQW Yy Jj/Q') .
0

From Lemma 1, we obtain

v < CT 10 (B 4 /7 g,

and CTRIAWIEY A _gy)td 25 \4d
vo < CJITee! (T( A e A G ﬁ2)+") :
1
vo < CJYU (T +T% + T,
where
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1 1
o1 = Oég—].+ %—1)%——/:@2—14—5(%—1),
1 1
or= ap— 1+ E—OCQ)‘F_,:_(%—”,
q C{ q .
o3 = ay— 1+ %— 2)+?—042 B + — (71—1)‘

We note that o9 = % (m—=1)<0,01=a—1+ Ly —1)< 0. Using (5), we can easily
prove that o3 < 0. Then, by sending 7" — oo, we arrive at the contradiction 0 < vy < 0.
A similar analysis can be performed by showing that I; is bounded, if

1
1 — — < min{H}, Hj, H;, H} },

pq
where

1 1
H{:a2+—(a1—yl)—ﬁ, Hﬁ:o‘2+_(ﬁl_%)_ﬁ’
p Pq p Pa

1 1
S NI RS PR
5 » pq’

which, via (10), leads to the contradiction: 0 < ug < O. This completes the proof of
Theorem 1.
O

Theorem 2. Assume that

max{7y1, Y2} < min{«;, 5;} fori=1,2. (19)

Then problem (1) does not have a global solution.

Proof. Let us prove by contradiction. Assume that Ty, = +oo, and consider the test
function used in |7]:

A > max (71, 72) -

(1—t/T), 0<t<T,
0, t>1T,

Then, we multiply the first equation of (1) by ¢ and intergrate over (0,7"). We have

[ g0yt + T [ D520 () o) + D30 (8) — )| (0)dt = | D3t ol = "
0 0 . 0 20
= [ oD} ()t

A simple calculation gives that, forA > ~;

Di_p(t) = Oy, THT = )77,

AL(A—v;)

m,j = 1,2. Since ug > 0 and ¢ € C', then we integrate by parts

where C,, =
and have

T T
[ 101 (T = )7 p(t)dt < — [ ﬁ+f 1) D (1) ﬁ+f (D byt (21)
0 0

Let p’ be a conjugate of p, then
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f u(—g/(t)) dt = f wp(B) P (£) P x (T — 1)/ (T — 1™/ (gl (1)) it <

[0 Dot = [ (o) o0 7 ole) 7 x (T )7 (7 = 02 Dy plt)a <

p'/p - , 2p’ /
< C*’”Q/\U\P(T—t)”2<,o(t)dt+( : ) /(@(t))p/p (T'—t) » [Drlo(t)[" dt,

Using the same steps, we find

T
T - 3C -
o [0 (T =07 gltyir < 552 [ ul (7= gty
0
0

-

r/p T , - )
*( ; ) [ ()™ (T =) (1) der (22)

Cx 2 0

/

+(-) ’ [ (60 (=) (1Dl + Do)t

Let ¢’ be a conjugate of ¢, then

T
T 3C
Chrrs [ [ulP (T =) p(t)dt < 72” / 0|9 (T — )" p(t)dt+
0
0

d/aT —71d !
4 (04 ; ) [ (pl0)™ (T =7 [ ()l de+ !
+(gm) " ey ¥ @07 (IDg el + D etole) .

We put

-

T T
A= Cy., / | (T — )" p(t)ydt; O = / ()P (T — 1) 5 | (@) dt;
0 0

T T
_ _ -4’ ,
BimCoy [P (=0 o0t Di= [ (o0) (T =0 ¥ (o) ar
0 0
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Bim [(e0)F (-0 % (IDel + DIl ) dis
Fim [ o) (-0 (IDelf +IDE ) d

From (23) and (24), we have

p'/p d/q
A<§B+( 1 ) (C+E), B§§A+( 1 ) (D+F).

— 4 OAKY2 4 CA,M
Therefore,
12 4 q//q 16 ( 4 )p'/p
A < — D+F)+ — C+FE), 25
2(oo) 0T (as) € (25)
12/ 4 \"" 16 (4 \*"
B < = C+E)+— D+ F).
N 7 (C)\,’YQ) ( * ) * 7 (C)\rh) ( * )

Using integration by parts in system (1) and (25), we write

T
12 (4 7 16 (4 \"7
Dgty(t)dt < = D+F)+ = E
uo/ T_('O( ) N 7 (C’AWI) ( - ) " 7 (OAKYQ) (O - )’
0

T / /
12 4 P/p ].6 4 q'/q
UO/D;Q_cp(t)dtg ( ) (C+E)+7(O ) (D+F).
0

Using Lemma 2, we find
C< CT*’Yz%Jrl*p/; D<M %Jrl*q/;
E<c (T_’Y2%+1—Pl0¢1 + T_’Y2%+1_plﬁl) . F<ec (T—’Yl%'f'l—qlaQ 4+ %-1—1—9'52)

for some positive constant ¢. Consequently, we find

[ 12 (4 \7/ /41y /41y /41y
ug / DL (t)dt < ( ) c {T“q“q + (T“q“q‘” + T 5)} +

7 \ Oy
l/ / / /
+E( 4 g PC T*’YQ%Jrl*p'_}_ T*’YZ%‘Fl*p/al _}_T*’YQ%‘Fl*pl/Bl
7 \ Cxr '
Therefore,
l/ / ! /
1_72 (04 )q ! (T'yl‘fJerq/_i_ (T'y1'§+a1q/a2 _}_T'yl‘2+a1q/[32)) +
-1 A,
0= Cane | g T\ Y iy Y iy 2 oy ‘
_}_7 (C ) (T’Yz;Jralp + (T’Yz;Jralp a1l _i_T*’Yz;Jral*p ﬂl))
>\7’72
61
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12/ 4\ , : , : , :
( ) <T—72p /p+az—p + (Twzp /p+az—p'a1 + T2P /p+az—p 51)) +

-1 7 C,
0= Caant | g e
7 ( ) <T_W1ql/q+a2_ql + <T_71q'/q+a2—q/a2 + T—qu//Q+a2—q/52))
7 C>\7’71

Finally, using the fact that
/ / /
—71q—+041—q < 0, —71q—+041 —q'ay <0, —71q—+041 —q'B2 <0,
? q/ q/
—72% +o—p < 0, —72% + o —p'og <0, —72% + oy — /B <0,
/ / /

q q q
—”Ylg—i‘@z—q, < 0, —’71E+6Y2—q/042 <0, —’71E+042—q/52 <0
and taking T' — oo we arrive at the contradiction: 0 < ug < 0 or 0 < vy < 0.

Remark 1. Theorems 1 and 2 remain valide for the new system

cDYy 4+°¢ DAy = Dji|vle,
cDp +¢ D2y = D3 |ulP, t € Ry
u(0) = ug, v(0) = .

under the same initial conditions on the parameters.
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PA3PEIIEHNU Y J1JIS1 HEJIMHEMHON ®PAKIITMOHHON
INP®DPEPEHIINAJIBHON CUCTEMBI KAIIYTO

M. Tepuu', X. Xaccyna'
'Vamsepenrer Buckpsl, 1. Buckpa, Amknp

B crarpe ycramaBamBaeTcss paspyllieHHe 3a KOHEYHOE BpPEMsi DEIIeHUN HeJIMHENHBIX
nuddepeHnraaIbHbBIX CUCTEM, OCHOBAHHBIX Ha muddepeHnunasbHoM ypaBHeHun KarmyTo.
Haiisenn! jocraTovHble yCJIOBUS Ha APAMETPhI C ITOJIOXKUATEIbHBIMUI JaHHbIMU. BoJiee Toro,
JIJIST 9TOH [eJIN, TPU HEKOTOPBIX IIPE/IITOJIOKEHHAX, JOKA3aHO HECYIIIECTBOBaHNUE IVI0DAIbHBIX
pelreHuii Ijisi pacCMaTPUBAEMOTO KJIACCA HEJIMHEHHBIX JIPOOHO- 1D ePEeHITNATBHBIX CHCTEM
Kamyro npu 3agaHHOM HAYaJIbHOM yeaoBuU. UTOOBI JOKA3aTH OCHOBHOM PE3YJIbTAT, IPUME-
HSIETCsT METOJI, TeCTOBO# (byHKInu, narerpai Pumana — JlnyBusuist, orepaTop mpou3BOIHOM
Kamyro u HekoTopble 00IIMe MHCTPYMEHTHI aHaju3a. Hair pe3yabTar gBJISeTCS HOBBIM W
0000IIaeT CyIIEeCTBY FONTHUIA.

Karoueswie caosa: dugdeperyuanvhoie ypasruenus; unmezpanr Pumana — Jluysuans;
dugpdepenyuarvroit onepamop Kanymo.
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