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The article is devoted to the construction of algorithm for solving inverse spectral
problems generated by Sturm-Liouville differential operators of an arbitrary even order.
The goal of solving inverse spectral problems is to recover operators from their spectral
characteristics and spectral characteristics of auxiliary problems. In the scientific literature,
we can not find examples of the numerical solution of inverse spectral problems for the
Sturm—Liouville operator of higher than the second order. However, their solution is
caused by the need to construct mathematical models of many processes arising in science
and technology. Therefore, the development of computationally efficient algorithm for the
numerical solution of inverse spectral problems generated by the Sturm—Liouville operators
of an arbitrary even order is of great scientific interest.

In this article, we use linear formulas obtained earlier in order to find the eigenvalues of
discrete semi-bounded operators and develop algorithm for solving inverse spectral problems
for Sturm—Liouville operators of an arbitrary even order.

The results of the performed computational experiments show that the use of the
algorithm developed in the article makes it possible to recover the values of the potentials
in the Sturm—Liouville operators of any necessary even order.

Keywords: eigenvalues and eigenfunctions; discrete, self-adjoint and semi-bounded
operators; Galerkin method; ill-posed problems; Fredholm integral equations of the first kind;

asymptotic formulas.

Introduction

The first substantiations of linear formulas for calculating the eigenvalues of discrete
semi-bounded operators were made on the basis of the method of regularized traces in the
papers [1-5]. Following them, consider a discrete semi-bounded below operator T" and a
bounded operator P defined in a separable Hilbert space H. Let the eigenvalues {\,}52,
and the orthonormal eigenfunctions {v, }5°, of the operator 7" be known and enumerated
in the non-decreasing order of their values. Denote by v,, the multiplicity of the eigenvalue

An. Let ng be the number of all unequal eigenvalues A, that belong to the inner part of

: : Ang+1 + An .
the circle T,,, of radius p,, = %0‘ centered at the origin of the complex plane. If,

2|\ Pl

|/\n+un - )‘n‘
eigenvalues {fi,,}.2; of the operator 7'+ P are calculated by the formulas |2]

for all n € N, the inequalities ¢, = < 1 hold, then the approximate first my

/jn:An—i_(PUnuvn)—i_anu n=1,my. (]->

52 Bulletin of the South Ural StateUniversity. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2021, vol. 14, no. 2, pp. 52-63



I[TPOI'PAMMIPOBAHNE

Moreover, the numbers §,, satisfy the estimates

2

no
q
|0n] < (20 — 1>pn1—_qa q = maxdn, Mo = ;Vn-

Formulas (1) were obtained under the condition

Further investigations of the problem on calculating the eigenvalues of discrete semi-
bounded operators showed that the restrictions (2) on the norm of the operator P can be
removed if the Galerkin method is used to find the eigenvalues of discrete semi-bounded
below operators.

In a separable Hilbert space H, consider a discrete semi-bounded operator L with
the domain D C H. The eigenvalues u of the differential operator L are determined by
finding solutions to the equation

Lu = pu, (3)

satisfying homogeneous boundary conditions
Gu‘F = 07 (4)

where I" is the boundary of the domain Dy . To calculate them, we use the Galerkin method.
In H, we consider the complete sequence {H,}>, of the finite-dimensional subspaces
H, C H. Let the systems of functions {¢y}7_, be orthonormal bases of the spaces H,.
Moreover, suppose that all basis functions ¢y, satisfy boundary conditions (4). Let us find
an approximate solution to spectral problem (3), (4) in the form

n

Uy = Z ag(n) k.

k=1

Theorem 1. Galerkin method, which is applied to the problem on finding eigenvalues of
spectral problem (3), (4) and constructed on the system of functions {@y}2, converges [6].

Theorem 2. There exists a unique solution to the problem on finding the eigenvalues
and eigenfunctions of the operator L. The approximate values of the eigenvalues can be
found by the Galerkin method [6].

Theorem 3. The approzimate eigenvalues i, of the operator L are found by the
formulas [7]

~ n—1
where 6, = > [(n — 1) — fg(n)].
k=1
From the theorems, we have B
lim §,, = 0. (6)
n—oo

Therefore, as the ordinal number of the eigenvalue calculated according to formulas
(5) increases, the accuracy of its calculation increases, and this is confirmed by numerous
calculations. Using the example of spectral problems generated by Sturm-Liouville
operators of an arbitrary even order, which are considered in the article, it is shown
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that linear formulas (5) differ from the known asymptotic formulas only by the order of
errors [4]. Compared to classical methods, the formulas drastically reduce the amount of
computation and allow to calculate the eigenvalues of discrete semi-bounded operators with
any ordinal numbers. The formulas can be used by specialists with no special knowledge
in the field of spectral operator theory.

In the articles [3, 7], algorithm for solving inverse spectral problems for discrete semi-
bounded operators are developed. In this case, numerical examples were considered for
differential operators of the second order. Below, using the example of Sturm—Liouville
operators of an arbitrary even order, we investigate the possibility of using the developed
algorithm for cases where the order of operators is greater than two.

1. Sturm—Liouville Operators of Arbitrary Even Order

Consider a method for solving inverse spectral problems based on formulas (5), using
the example of problems generated by Sturm—Liouville operators of an arbitrary even order
of the form

LQmu2m(3) = M?mUQm(S)? m e Na 0<s< T, (7>
usp V(0) = us V(m) =0, v=Tm, (8)

d2m m

where Loy, ugm(s) = <T2m +p2m(s)>u2m(s), Tomuam(s) = (—1)mdu+(8). Recover the
S m

potentials pa,,(s) by the eigenvalues pio,,, of boundary value problems (7), (8) that belong

to the segments [Con, donm), eigenvalues {Ao,, 122, and eigenfunctions {wvo,, 152, of the

corresponding unperturbed boundary value problems

Tomvam(s) = Aamvam(s), m e N, 0<s <, 9)
v (0) = vl U (m) =0, v=Tm. (10)

In the works [8-10], it is shown that (9), (10) are self-adjoint problems, the eigenvalues
Aom,, and the corresponding eigenfunctions vy, are of the form

L 0
— n=2y,
Ao, = 0", Vg, = 0pcos(ns), o, = 72T , Vm € N. (11)
\/j, n > 0.
T

It is known that the system of functions {vy,, = 0, cos(ns)}2, is an orthonormal
basis of the space Ls[0, w]. Moreover, all functions vy, satisfy boundary conditions (10).
Let us write formulas (5) for this system

fom, (1) = (Lvom,, , Vom,, ) + ngn = Aom,, + (D2mV2m,,, Vom,) + ngn =

~ 12
=n?" + 02 [ pan(s) cos®(ns)ds + dapm,, . (12)
0
Using (12), we construct the Fredholm integral equations of the first kind
i
Apan = [ K2, )2 (55 = Fan5zn)s 2 € feams ol (13)
0
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Here K (g, ,s) = 02 cos?(ns). The segments [ca,,, da,] are chosen such that they contain
the required number of known eigenvalues of spectral problems (7), (8). The exact values
of the right-hand sides f,, of equations (13) are unknown, but we know their approximate
values f;m(xgmn) = flom, (n) —n*™ — ggmn, for which || fop, — fgm] ]%Q[CQW dpm] < €2m- Let the
kernels K (g, s) of integral equations (13) be continuous in Iy, = [com, dom]| X [0, 7] and
DPa2m € W22m[077r]7 f2m(x) S L2[02mad2m]‘

The problems of solving Fredholm integral equations of the first kind (13) are ill-posed.
Their approximate numerical solutions p$,, are found by the quadrature method, passing
to finite subspaces. Let us introduce discretization grids along the s and x5, axes, which
are uniform along the s and non-uniform along the z,,, axes with an equal number N, of
nodal points.

P v — n
=0 n+l — Sn hsa :17Ns_17 hs: >
S , Sn+l = Sp + n N 1

Com = Toam, < Lomsy <...< meNS = d2m7 h2m1 = thza
thk = Tomy, — L2my_1>» k= 27NS — 1.

To calculate the definite integrals in equations (13), we interpolate the functions pa,,(s)
by the Lagrange polynomials

N

N
S— S,
pons) = 3 L(5)pams 1) = T 2. (14)
n=1 g=1 """ !
Jj#n

Substituting (14) into integral equations (13), we find systems of linear algebraic equations
for the values of the functions ps,, at the discretization nodes pa,,, = pom(Sn)

N
ZHk:np2mn = f2m(l‘2mk)7 (15>
n=1

where Hy, = [ 1,(8)K (2am,, s)ds, k,n =1, Nj.
0
Let us write the constructed system of equations (15) in the matrix form
APy, = Fip,. (16)

Here A is a square matrix of the order Ny x Ny, and the column matrices Ps,,, ﬁgm have
the form

H11 e HINS
ol I
HNsl e HNSNS
Pom, .Zém (T2m, )
P2m — DPame ’ ﬁ2m — f2m (l‘2m2)
P2my, };m(x2mNs>
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Since the condition number cond(A) of the matrix A of systems of equations (16) is
relatively large, and the components ﬁm (29m,, ) of the vectors ﬁgm in the right-hand sides
of these systems are approximate, then relative errors can lead to rather large errors of
the vectors Ps,,. In this regard, in order to partially eliminate the undesirable effects of
the influence of errors, it is necessary to apply various regularization methods in order to
replace the inadmissible solution vector with some “pseudosolution” vector, which is the
best for the problem under consideration.

To find “pseudosolutions” to systems of linear algebraic equations (16), we use the
Tikhonov regularization method with the choice of the residual regularization parameters.
The regularization method of A.N. Tikhonov [12-15] is reduced to minimizing parametric
functionals of the form B

||AP2m—F2m||2+a2m||P2m||27 (17)

where ag,, > 0 is the regularization parameter, ||Py,|| is the Euclidean norm of the vector
Py,,. The problem of minimizing functionals (17) with respect to P, is equivalent to
solving the system of linear algebraic equations

(ATA + ag, )Py = ATFy,,, (18)
in this case, the parameters asy,, are found by the conditions
APy = Foml| = El[Fom]. (19)

Here ﬁ%m are vectors of approximate solutions to integral equations (13). The superscript
T in (18) means transposition of the matrix A, while E' is the specified residual level and
I is the identity matrix. B

For fixed aw,,, the unique solutions P;>™ to the problem of minimizing functionals
(17) are explicitly expressed by the formulas:

~ —1 ~
pozn — <ATA n a2m1> AT Fop. (20)

For gy, — 0, the solutions PS2™ converge to normal solutions to systems (16) [12]. In
(16), inverse matrices exist for any rank of the matrix A and any ag,, > 0 [15].

Another method for finding approximate solutions to Fredholm integral equations of
the first kind (13), which we use, is based on the construction of A.N. Tikhonov [12, 16|
smoothing functionals of the form

dom

2m ra _ f o ra 2
(I)agm [p2m7 f2m] - [ K(mea 8)p2m(5)d5 f2m(x> dem + CVQmQQm [p2m]7 (21)
com 0

where Qo [pom] = [P35 () + @3, (s)]ds are stabilizing functionals, ¢ > 0.
0
At the discretization nodes of the domain [0, ], the approximate values of the functions

no2m

po2m are found by the condition that functionals (21) reach the minimum values

O [ Fonl = inf @2 o, Fon) (22)
p2m6W22m [077(}
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under the boundary conditions
Pon(0) = p'om(m) = 0. (23)

Formula (22) implies the Tikhonov equations, which, in these cases, have the form:

T - dam
a0 753 (0) = a5 (0 [ [ B ) e ) | i (s = o
C2m 24
d2m

f K me, )f2m(x2m)dx2ma 0<t<m.
C2m
To find the regularization parameters s, in equations (24), we use the generalized
residual method, which, as applied to Fredholm integral equations of the first kind (13),
is reduced to solution of the equations

doy, T
/ [/K(me, s)pom(s)ds — };m(me):| 2dx2m =0. (25)
Coam 0

In discrete form, equations (25) can be written as

Ns Ny o
> D (Hedhzy = Fome) =0, (26)
k=1 n=
With this approach, instead of incorrect integral equations (13), we solve either integral
equations of the second kind (24) for ¢ = 0 or integro-differential equations for ¢ > 0 taking
into account boundary conditions (23).
Discrete versions of Tikhonov equations (24) take the form

N

>~ {m [ln(t) = gl (B)] + Galt) } 72 = Fom (1), ¢ € 0,7, (27)

n=1

Here G, (t) = Z YK (22m,,, t) Hyn, Fgm( ) = Z Ve K (Tom, , )meka v are weighting factors

in the quadrature formula of trapezoids Wlth a Varlable step. Introducing discretization on
the segment [0, 7] with an equal number N of nodal points

T
N, —1’
we obtain a system of linear algebraic equations for finding the values of the functions
pom at the discretization nodes

t1:0, tk+1:tk+h5, kzl,Ns—l, hS:

i {a2m [ln(tk) - ql;;(tk)] + Gn(tkz)}ﬁﬁgm = Fym, (th), k=1, N,. (28)

Summarizing the above, we formulate an algorithm for the numerical solution of inverse
spectral problems (7), (8) using the developed method.
Algorithm. For specific values of m, consider the given N, eigenvalues pio,,, € [Com, dom]
of spectral problems (7), (8), cigenvalues {Aaop, Y2, and eigenfunctions {v,,, }2*, of the
corresponding perturbed problems (9), (10).
1. Construct integral equation (13).
2. Using the quadrature method, write system of linear equations (16) or (28) depending
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on the applied method of recovering the values of the functions p§2™(s) at the sampling
nodes.

3. Using the generalized residual method to select the regularization parameters as,,, and
conditions (19) or (26), find agy,.

4. Using the found regularization parameter s, and formulas (20) or solving systems
(28), find Pg2m.

2m
5. To estimate the accuracy of the obtained approximate solution {p52(s,)}2,, find
1N

the average absolute error (»,, = N > | Hpnpoimds — };mk and the residual &, =
s k,n=1
N, N ~ 2
Te S <Hkn}3§ﬁ{z — mek) of equation (13).
k=1 n=1

2. Computational Experiment

Using the algorithm described above for solving inverse spectral problems (7),
(8) generated by Sturm-Liouville operators of an arbitrary even order, in the Maple
mathematical environment, computational experiments were carried out to recover the
values of the potentials po,, using the eigenvalues of spectral problems (7), (8) that
belong to the segments [cop, dan], the spectra and eigenfunctions of the corresponding
unperturbed problems (9), (10). In Maple software environment, using the reserved
constant Digits, the operations with real numbers can be performed with a given mantissa,
which allows to find numerical solutions to Fredholm integral equations of the first kind
(13). All the calculation results given below were obtained with Digits=541.

Table 1
Reconstructed values of potentials at discretization nodes
for Sturm—Liouville operators of various even orders

n Sn p(sn) P5°(sn) Py (sn) Pg° (sn) P1g° (sn) P53° (Sn)

1 0,0000 | 2,0000 1,8647 1,8596 1, 8596 1,8596 1,8596

2 | 0,2244 | 3,1724 4,0700 4,0645 4,0645 4,0645 4,0645

3 |0,4488 | 4,4454 5,8664 5,8630 5,8630 5,8630 5, 8630

4 10,6732 5,8192 7,3732 7,3737 7,3737 7,3737 7,3737

5 0,8976 | 7,2937 8,6902 8,6954 8,6954 8,6954 8,6954

6 1,1220 | 8§,8689 9,9029 9,9124 9,9123 9,9123 9,9123

7 1,3464 | 10,5448 11,0864 11,0986 11,0986 11,0986 11,0986

8 1,5708 | 12,3214 12,3087 12,3214 12,3214 12,3214 12,3214
9 1,7952 | 14,1987 13,6343 13,6450 13,6449 13,6449 13,6449
10 | 2,0196 | 16,1767 15,1269 15,1333 15,1333 15,1333 15,1333
11 2,2440 | 18,2555 16,8533 16,8538 16,8538 16,8538 16,8538
12 | 2,4684 | 20,4349 18, 8866 18, 8804 18,8404 18, 8804 18, 8804
13 | 2,6928 | 22,7151 21,3099 21,2974 21,2975 21,2975 21,2975
14 | 2,9172 | 24,0960 24,2211 24,2038 24,2039 24,2039 24,2039
15 | 3,1416 | 27,5776 27,7382 27,7179 27,7180 27,7180 27,7180
Com 1,48-10727 | 3,08-10731 | 1,14-1073* [ 1,10-1073? | 3,35-10" 7
Eom 3,71-10°1 | 7,63-10-° | 3,67-10-°5 | 3,68 1077 | 4,24- 10103

To check the developed algorithm, using Tikhonov equations (24), the values of the
same potentials pa,, (s) = s?+5s+2 were recovered at the discretization nodes for different
orders 2m (m = 1,2,3,4,8) of the differential operators in inverse spectral problems (7),
(8). Some of the results of these calculations are shown in Table 1.
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In this case, the number of eigenvalues of spectral problems (7), (8) that belong to the
segment o, day,] used in the algorithm must coincide with the number of discretization
nodes of the segment [0, 7] in which the values of the potentials p52" of spectral problems
(7), (8) are found. The calculations were carried out using systems (28).

The calculation results given in Table 1 show that the developed algorithm for solving
inverse spectral problems (7), (8) are computationally efficient and allow to recover the
values of the potentials p,,, for different orders of differential operators with good accuracy.

The algorithm developed above assume that any segments [ca,,, doy,] containing their
eigenvalues can be taken to recover the potentials pa,, in problems (7), (8). Table 2 shows
the results of calculations that allow to restore the values at discretization nodes using
different segments [cg, dg] for the potential pg = sin(s) of spectral problem (7), (8) with

m = 3. The calculations were carried out using formulas (20).
Table 2

The reconstructed values of the potential at the nodes of discretization using various
segments containing the known eigenvalues of problem (7), (8)

n Sn Pe(sn) Pg° (sn) Pg°(sn) Pg° (sn)
cg = 7,296184 - 102 ce = 6,252350- 1010 | ¢ = 2,081952- 10'2
dg = 2,413757- 107 dg = 2,084224 - 10" | dg = 4,195873-10"2
ag = 1,985200- 1073 | ag = 2,288800-10""° | ag = 1,500000- 10~
1 | 0,000000 | 0,000000 0,000021 0,000026 0,000026
2 10,224399 | 0,222521 0, 222540 0,222544 0,222544
3 | 0,448799 | 0,433884 0,433897 0,433900 0,433900
4 |0,673198 | 0,623490 0, 623494 0, 623496 0, 623496
5 | 0,897598 | 0,781831 0, 781827 0, 781826 0, 781826
6 | 1,121997 | 0,900969 0,900956 0,900953 0, 900953
7 | 1,346397 | 0,974928 0,974909 0,974905 0,974905
8 | 1,570796 | 1,000000 0,999979 0,999974 0,999974
9 | 1,795196 | 0,974928 0,974909 0,974905 0,974905
10 | 2,019595 | 0,900969 0,900956 0,900953 0, 900953
11 | 2,243995 | 0,781831 0, 781827 0, 781826 0, 781826
12 | 2,468394 | 0,623490 0, 623494 0, 623496 0, 623496
13 | 2,692794 | 0,433884 0,433897 0,433900 0,433900
14 | 2,917193 | 0,222521 0, 222540 0,222544 0,222544
15 | 3,141593 | 0,000000 0,000021 0,000026 0,000026
o 6,518733- 1021 4,160036 - 10~% 8,241057-10%
& 1,055714- 10733 3,581863- 10 % 2,001959 - 10~ 3%

The results of calculations showed that the recovering approximate values of the
potential ps = sin(s) using the developed algorithm practically does not depend on the
choice of the segments [cg, dg].

Conclusion

Using the example of spectral problems generated by Sturm—Liouville operators of an
arbitrary even order (7), (8), we developed efficient computational algorithm that allow
to find the values of the potentials pa,,(s) by the eigenvalues pg,,, of these problems that
belong to the segments [com, day], eigenvalues { Aoy, 152, and eigenfunctions {ve,,, 152, of
the corresponding unperturbed boundary value problems (9), (10).

The results of the performed computational experiments confirm the correctness of the
idea to develop a new method for solving inverse spectral problems (7), (8) based on the
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use of formulas (5). It should be noted that the algorithm for recovering the values of the
potentials are quite simple and computationally efficient in their numerical implementation
for any m. The order of the differential operators is 2m and, in inverse spectral problems
(7), (8), does not lead to additional computational difficulties when finding their numerical
solutions.
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AJITOPUTMBI YNCJIEHHOI'O PEIITEHN A OBPATHBIX
CIIEKTPAJIBHBIX 3AJAY, IIOPO2KIEHHBIX OITEPATOPAMUN
IHITYPMA — JINYBINJIJIA ITPON3BOJILHOI'O YETHOTI'O ITOPAJIKA

C.1U. Kaoduenxo', JI.C. Paszanosa', FO.P. /Ixcuzanvuna®
"MarauToropckuit rocynapersennnlii Texandecknii ynusepenter um. IV, Hocosa,
r. Maruuroropck, Poccuiickass Peeparnins
2MocKOBCKHiT TOCYapCTBEHHDBIH TexuumaecKuii yansepenter nmenn H.D. Baymana,
r. Mocksa, Poccuiickag Penepaliusd

CraTbs MOCBSIIIEHA TOCTPOEHUIO AJITOPUTMOB PEIeHNs OOPATHBIX CIIEKTPAJIbHBIX 3a-
J1ad, MOPOXKIeHHBIX Juddepeniuaibabivu oneparopamu [Typma — JInyBusuis mpon3Boib-
HOT'O Y€THOTO Mopsijka. Llesbio perrenust 0OpaATHBIX CIIEKTPAJIBHBIX 3889 SIBJISETCSI BOCCTA~
HOBJIEHUE OTIEPATOPOB 10 UX CHEKTPAJIBLHBIM XapPAKTEPUCTUKAM M CHEKTPAIbHBIM XapaKTe-
PUCTUKAM BCIIOMOTATEJbHBIX 3a/1ad. B HAayJIHOI JiuTepaType MpUMEPOB YUCJIEHHOIO perre-
HUsl ODPaTHBIX CIEKTPAJIbHBIX 3ajad i oneparopa Llrypma-JInyBuiist Bbeilie Broporo
[IOPSIJIKA, MBI HE BCTPEYaJId, XOTsI UX PEIeHre BbI3BAHO HEOOXOIMMOCTHIO IIOCTPOEHMS Ma~
TeMaTHIeCKUX MOJIeJIell MHOI'MX IIPOIECCOB BO3HUKAWIINX B HayKe u TexHuke. [losTomy
pa3paboTKa BBIYUCIUTETLHO 3(DPEKTUBHBIX AJTOPUTMOB TUCIECHHOTO PEIIeHUsT 00PAaTHBIX
CHEKTPaJIbHBIX 3aJ1a4, TOPOXKIAeHHbIX oneparopamu LlItypma — JlnyBuiiis mpou3BoIbLHOTO
YETHOI'O TOPSIIKA, [IPEICTaBJIsieT OOJIBINON HAyIHBI HHTEPEC.

B crarbe, ucrnosb3yst juHeliHbIe (GOPMYJIBI, IIOJIyYeHHbIE PaHee, /I HAXOXKJIEHUsI COD-
CTBEHHBIX 3HAYEHUI JIMCKPETHBIX IOJIyOIPAHUYEHHBIX OIIepaTOPOB, pa3paboTaHbl AJITOPUT-
MBI peliennsi OOpATHBIX CHEKTPAIbHBIX 3314 it onepaTropos [Irypma — Jlnysusisa mpo-
U3BOJILHOTO Y€THOTO TOPSIJIKA.

PesysbraThl IpoBeIeHHBIX BBIYAC/IUTEIBHBIX S9KCIIEPUMEHTOB ITOKA3aJI1, YTO UCIIOJIB3Y sl
paspaboTaHHBIE B CTAThE AJTOPUTMBI MOXKHO BOCCTAHABJIMBATH 3HAYEHUS MOTEHIIHAJOB B
oneparopax [IItypma — JluyBuiist Jitob0oro HEOOXOIUMOIO YETHOI'O HOPSIIKA.

Karouesvie crosa: cobemeenmvie snavenus u cobemseennoie Gyrryun; duckpemmoie, ca-
MOCONPANCEHHBIE U NOAYOLPAHUMEHHBIE ONEPAMOPsl; Memod anepruna; HeEKOppeKmmo no-
cmasaenmnvle 3a0a4u; urnmezpaivrse ypasrenus Ppedzosoma nepeozo poda; acuMnNMOMU-
yeckue Gopmyaol.
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