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Stability theory plays a key role in systems theory and engineering. The stability
of equilibrium points is usually considered within the framework of the stability theory
developed by the Russian mathematician and mechanic A.M. Lyapunov (1857-1918), who
laid its foundations and gave it its name. Nowadays, the point of view on stability has
become very widespread, as stability in relation to disturbance of the input signal. The
research is based on the space-state approach for modelling nonlinear dynamic systems and
an alternative “input-output” approach. The input-output model is implemented without
explicit knowledge of the internal structure determined by the equation of state. The system
is considered as a “black box”, which is accessed only through the input and output terminals
ports. The concept of stability in terms of “input-output” is based on the definition of £L-
stability of a nonlinear system, the method of Lyapunov functions and its generalization to
the case of nonlinear dynamical systems. The interpretation of the problem on accumulation
of perturbations is reduced to the problem on finding the norm of an operator, which makes
it possible to expand the range of models under study, depending on the space in which the
input and output signals act.
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Introduction

In 1880, the problems of the qualitative theory of differential equations were formulated
by the French mathematician and mechanic A. Poincaré. Over time, with the development
of science and technology, problems about the stability of not only equilibrium positions,
but also the movement of the system as a whole, arose. The crisis caused by the unstable
operation of centrifugal regulators installed on steam machines was the reason for the
emergence of investigations by J.C. Maxwell (1868), I.A. Vyshnegradsky (1876-1877)
A. Stodol [1] and others, in which certain issues of the theory of regulation were considered
depending on the establishment of criteria for stability of motion.

The papers of E.J. Routh (1877-1884) [2]|, N.E. Zhukovsky (1882) [3] present forward
problems and methods for their solution and are devoted to general issues of motion
stability. In the papers of that time, when analyzing stable properties, the authors
proceeded from the linearized equations of perturbed motion without taking into account
the influence.

In this direction, the starting point for all researches is the classical book of
A.M. Lyapunov “General problem of the stability of motion”, which appeared in Russia in
1892 [4]. In Lyapunov theory, the central issue is the stability of equilibrium points.

The purpose of this research is to study generalizations of the main Lyapunov theorems
to a wider class of systems of differential equations and their application for use in problems
of analyzing the stability of various processes and phenomena in their mathematical
modelling.
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1. Stability in Terms of “Input-Output”

Consider a system in which the connection between inputs and outputs is represented
by the equality y = Hu, where H is some operator or some mapping that defines y in terms
of u. The input u belongs to the signal space and maps the time interval [0, 00) to the
Euclidean space R™. As examples of such spaces, we note the space of piecewise continuous
bounded functions, or the space of piecewise continuous square-integrable functions.

To measure the signal intensity, we introduce the norm of the function u satisfying the
following properties:

— the signal norm is zero if the signal is identically equal zero, otherwise;

— the norm takes strictly positive values;

— scaling the signal leads to the corresponding scaling of its norm, i.e. ||au| = al|ul|
for any positive constant and any signal;

— the norm satisfies the triangle inequality ||u; + us|| < [Juy|| + ||uz]|.

For example, in the case of the space of piecewise continuous square-integrable
functions, the norm is defined by the equality

oo

lull, = / W (u(t)dt < oo

0

and this space is denoted by £3'. In general, the space L', 1 < p < 00, is defined as the
set of all piecewise continuous functions u such that

1/p

lulle, = / lu@rdt| < oo
0

In L7, the subscript p corresponds to the type of the p-norm used to define the space,
and the superscript m corresponds to the dimension of the signal u. If it is clear from
the context which subscript or superscript is considered, then we omit it and denote the
corresponding space £,, L™ or L. In order to distinguish the norm of the vector u in the
space £ and the norm of the vector u(t) in the space R™, we write the first one in the
form || - || z2-

If the input u € L™ has “satisfactory behavior”, then the question arises whether it
has the same “satisfactory behavior” in the sense that y € £, where £? is a space similar
to the space L™, but in the general case the number of output variables ¢ may differ from
the number of input variables m. A system is characterized as a stable one, if the system
has the property that in the case of “satisfactory behavior” of the input action, it generates
an output signal with “satisfactory behavior”. However, it is impossible to define H as a
mapping from L™ to £, since one can obtain unstable systems in which the input v € £™
can generate the output y, which does not belong to £?. Therefore, H is usually defined
as a mapping from the extended space L to LI, where

L = {uju, € L™, VT € [0,00)}
and v, is the truncation function:

Ju@®), 0<t<T,
Ur = 0, t>T.
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The extended space £ is a linear space containing the unextended space £™. This allows
to deal with unbounded signals. For example, the signal u (¢) = ¢ does not belong to the

space L., but its truncation
_Jt, 0<t< T,
T 0, t> T,

belongs to the extended space. The mapping
H: L' — L

is called casual or non-anticipatory if the output value (Hu)(t) at any time ¢ depends only
on entering the past times, including ¢. In other words,

(Hu), = (Hu,),.

Causality is a property inherent in dynamical systems presented in the form of a state
space model. Since the spaces of input and output signals are defined, we can define the
stability of the “input-output”.

Definition 1. The mapping H : L — LI is called L-stable if there exist a KC-function a
defined on [0,00) and a nonnegative constant B such that

I(Hu)-[le < a((lurlle) + 5 (1)

for allu € L7 and T € [0,00). This mapping H is called L-stable with a finite gain if there
exist nonnegative constants v and 8 such that

[(Hu)-lle < v ([lurlle) + 8 (2)

for allu € L7 and T € [0, 00).

The constant 3 in (1) and (2) is called the displacement term. This term is presented
in the definition, since it is necessary to take into account situations when the output
of Hu in the system is not equal to zero for v = 03. If inequality (2) is true, then it is
interesting to obtain the smallest value of v for which there exists 5 under which (2) holds.
In the situations where such a value v can be determined, this value is called a system
gain factor. If inequality (2) holds under some v > 0, then the system has £-gain factor
less than or equal to 7.

For a casual, L-stable system, it can be shown that

ue L™ = Hue !

and
[(Hu)- |l < a(|lurllc) + 8, Yu € L™

For a casual L-stable system with a finite gain factor, the previous inequality takes the
following form:
|(Hu): |z < v ([Jurllz) + B, Yu € L™

The definition of L.-stability coincides with the definition of stability of a “bounded input-
bounded output” type system: if the system is L..-stable, then, for any bounded input
u(t), the output of Hu(t) is also bounded.
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Example 1. Let h : [0,00) x R — R be a memory-less function, which is possibly
time-dependent and can be considered as an operator H, matching the input signal u(t)
to the output signal y (t) = h(t,u (t)). We use this operator to illustrate the definition of
L-stability.

Solution

Assume that

ecl — p—cu
h(t)y=a+b thcu=a+b——— |
ecu + e—cu
where a, b, ¢ are some non-negative constants. Considering that
4bc
h'(u)=———— <be, VueR

(ecu + efcu)Q
we have
|h(u)| < a+bclul, YueR.

Consequently, the operator H is L. .-stable with a finite gain factor v = bc, f = a. In
addition, if @ = 0, then, for any p € [0, ),

/ (e (£)P dt < (be)? / fu ()P dt.

Thus, for any p € [0,00), the operator H is L.-stable with a finite gain factor v = bc,
and the displacement is zero. Let h be a time-dependent function satisfying the condition

|h(t,u)| < alu|, Vt >0, Vu € R,

where a is some positive constant. For any p € [0, 00), the operator H is £,-stable with a
finite gain factor v = a, and the displacement is zero. Finally, assume that

h(u) = u’.
Since
2
suplh(u(0)] < (sup u(t)] )
>0 >0
then the operator H is L..-stable and displacement is zero. This operator is not L.-stable

with a finite gain factor, since the function h (u) = u? cannot be subject to restrictions of
the form |h(u)| < v |u| + f for all u € R.

One of the drawbacks of Definition 1 is that it explicitly imposes the condition of
inequalities (1) and (2) for any input signals from the space L£™. These requirements
exclude from consideration the systems in which the input-output relations are defined
only on a subset of the input signal space. Let us give an example motivating the need to
introduce a definition of a new concept of L-stability for a small input signal.

Example 2. Consider the system with one input and one output, which is defined by
nonlinearity

y =tgu.
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Solution

The output y () is defined only for input signals satisfying the inequality
v
lu(t)] < R vt > 0.
Thus, the system is not L.-stable in the sense of Definition 1. However, if we are
restricted to consideration of the input signals w () satisfying
T

2

tgr
o< (E5)

and the system satisfies the inequality

tgr
I, < (£7) lul,

for any w € £, such that |u(t)| < r for all £ > 0, where p € [0,00). In the space L, the
inequality |u(t)| < r implies [lu(t)[|,_ < 7, i.e. the above inequality holds only for input
signals with small norm. However, in the case of considering other spaces £,, p < oo, the
instantaneous boundedness of the value of |u(t)| does not imply the boundedness of the
corresponding norm of this input signal.

lul <r <

then

Definition 2. The mapping H : L' — LI is called L-stable at a small input signal
(respectively, L-stable at a small input signal with a finite gain factor) if there exists
a positive constant r such that inequality (1) (respectively, inequality (2)) holds for all
u € LT, Supgcyc, Ju@)|] <.

2. L-Stability of State Models

In this section, we show how the means of establishing stability proposed by
Lyapunov’s theory can be used to prove the L-stability of nonlinear systems represented
by state models.

Consider the system

= f(t,x,u), x(0)=xg, (3)
y:h(taxau)a (4)

where x € R", u € R™ y € RY the function f : [0,00) x D x D, — R™ is piecewise
continuous in ¢t and locally Lipschitz by (x,u), D C R™ is the open area containing the
origin x = 0 and x = 0 u D, C R™ is the area containing u = 0. For each fixed z¢ € D,
state model (3) — (4) defines an operator H, assigning to each input u (¢) the corresponding
output y (t) . Suppose that x = 0 is the equilibrium point of the free system

= f(t,z0). (5)

Theorem 1. Consider system (3) — (4) and choose r > 0 and r, > 0 such that {||z| <
r} C D and {||z|| < ry} C Dy. Suppose that
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1) x = 0 is an exponentially stable equilibrium point of (5) and there exists a Lyapunov
function V(t,x) satisfying the inequalities

el <V (t.2) < ol ©)
v oV
270 < _ 2
ot + axf(twruo) = Cg”l‘“ ) (7>
oV
|5 | <l )

for all (t,x) € [0, c0) x D and some positive constants ¢y, cq, ¢3 and cy.
2) The functions f and h satisfy the inequalities

1f (2 u) = F(E, 2, 0)]] < Liull, (9)

h(t, z,u) < mlzl| + nellull (10)

for all (t,x,u) € [0, o0) x D x D, and some non-negative constants L, 11, 1.
Then, for each xy such that xo < ry/c1/ca, system (3) — (4) is L,-stable at a small
input signal with a finite gain factor for all p € [0, oo]. In particular, for every u € L,

such that
. ci1C3Tr
sup « < min < r,, ——— ¢,
0<t<t Cocy L

the output of the system y (t) satisfies the estimate

y=llz, < llulle, + 8 (11)
for all T € [0, 00), where
cacy L
S T C2C4
C1€3

6 || H s . 1 ) 7/f p = 09,
= m||lxolly/—p, where p= L
o Clp P <2ﬂ>p if pell,o0).

c3p

In addition, if the origin is globally exponentially stable and all assumptions are satisfied
globally (for D = R" and D, = R™), then for each xy € R™ system (3) — (4) is L,-stable
with a finite gain factor for all p € [0, o0].

The proof of Theorem 1 is presented in [5].
Using the Lyapunov converse theorem [6], we can show that there exists a Lyapunov
function satisfying (6) — (8). Then the following corollary can be formulated.

Corollary 1. Suppose that, in some neighborhood of the point (x,u) = (0, 0), the function
f(t, x, u) is continuously differentiable, the Jacobi matrices [%} and [%} are uniformly
bounded in t and h(t,x,u) satisfies (10). If the origin x = 0 is an exponentially stable
equilibrium point of (5), then there ezists a constant ro > 0 such that for any xo, ||xo|| < 7o
system (3) — (4) is L,-stable at a small input with the finite gain factor for allp € [0, o0].
Moreover, if all assumptions are fulfilled globally and the origin is a globally exponentially
stable equilibrium point of (5), then for any xy € R"™ system (3) — (4) is L,-stable with
finite gain factor for all p € [0, oo .

In the next example, we illustrate how the method of Lyapunov functions is generalized
to the case of the second-order systems with one input and one output.
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Example 3. Consider the system

Ty = T,
Ty = —21 — T = a thz + u,
Yy =T,

where a is some non-negative constant. We use

Vi(r) = z" Px = pnﬁ + 2127170 + p22$%

as the Lyapunov function for a free system:

V= —2pp (21 4 azy thay) + 2 (p11 — P12 — Po2) 1272 — 2apoa®s thxy — 2 (P22 — por) 5.

To get rid of the cross term x125, we assume p;; = pi2 + poo. Then, for psy = 2p15 = 1, the
matrix P is positive definite and

V= —x% — x% —arythr; — 2azs th ;.

Taking into account that x; thx; > 0 for all 1 € R we obtain

V < —lally +2alan] - |22] < = (1 = a) [|z]3.

Thus, for all a < 1 the function V satisfies (6) — (8) globally with

Clemin(p)a 02:)\max(p)a 03:1_a7 C4:2HpH2:2)‘ma$(P>

The functions f and h globally satisfy (9) and (10) with L = n; = 1, o = 0. Therefore,
for all zp € R? and p € [1, 00], the system is £,-stable with a finite gain factor.
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L-YCTOMYUBOCTDb HEJIMHEMHBIX CUCTEM,
INPEJACTABJIEHHBIX MOAEJIAMUW COCTOAHNUA

H.A. Enreuxuz', K.C. Eaeuxux', B.E. Il]epbamuix!
'Enenxnit rocynapersennbiit yausepenter um. V.A. Bynnna, r. Ener,
Poccuiickas @enepartiust

Teopust ycTOfIMBOCTU UT'PAET KJIOUEBYIO POJIb B TEOPUHM CUCTEM U WHYKEHEPHBIX HAYy-
KaX. YCTONYMBOCTb TOYEK PABHOBECHUsI OOBIYHO paCCMATPUBAETCSA B PAMKaX TEOPUU YCTOM-
YMBOCTHU, pa3pabOTaHHOIl pyccKuM MareMaTHKOM u MexaHukom A.M. Jlsmyxoseim (1857—
1918), 3asioKuMBIIMM €e OCHOBBI U JaBIiuM efi uMs. B Hacrosimee Bpemsi crajia O4eHb
PacCIpOCTPAHEHHON TOYKA 3PEHUdA HA YCTOMYMBOCTBH, KAK YCTOMYMBOCTH 110 OTHOIICHUIO K
BO3MYIIIEHUIO BXO/THOTO CUT'HaJIa. B OCHOBY HCCJI€IOBAHUS IIOJIOKEH ITOIXOJT ITPOCTPAHCTBA-
COCTOSIHUS JIJISI MOJIEJTUPOBAHUS HEJIMHENHBIX JUHAMUYECKUX CHUCTEM W aJIbTePHATUBHBIN
ITOJIXOJT <BXO/I-BBIXO>. MO/IesIb «BXO/-BBIXO/I> Pean3yeTcs 0e3 SBHOTO 3HAHUS BHYTPEH-
Hell CTPYKTYpBI, ompejesseMoil ypaBHenueMm coctosinus. CucreMa paccMaTpPUBAETCS KaK
<YEePHBIl AIUK>, JJOCTYI K KOTOPOMY OCYIIECTBJIAETCA TOJIBKO Yepe3 BXO/IHbIE U BBIXOTHbIE
TEePMUHAJIBI TOPTHI. B OCHOBY KOHIIENITNHU YCTOMYUBOCTH B TEPMUHAX <BXOJ-BBIXOJ> MTOJIO-
2KEHO olpejiejieHne L-yCTONYMBOCTU HEJIMHENHHOM cucTeMbl, MeTo GpyHKui JIsmyHoBa n
ero 0600IIeHne Ha CIydail HeJIMHEHHBIX IUHAMUYECKUX CcHCTeM. TpakToBKa 3aJadud O Ha-
KOIJICHUM BO3MYIIIEHUN CBOJUTCHA K 3aJia4e OTBICKAHUA HOPMBI OllepaTopa, YTO O03BOJIAeT
pPaCHIUPUTh KPYT UCCJIE/yeMbIX Mojeseil B 3aBUCHMOCTH OT IIPOCTPAHCTBA, B KOTOPOM Jefi-
CTBYIOT BXOJIHBIE U BBIXOJIHbIE CUTHAJIBI.

Karouesvie caosa: dunamuyeckas cucmema; L-ycmoluusocmyv; IKCNOHEHUUGALHASA

YCMOoGHUBOCMb; KaA3YANDHOCTND; KOIPHUUUEHT, YCUAECHUS.
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