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Recently, in the mathematical literature, the Wentzell boundary condition is considered
from two points of view. In the first case, let us call it classical one, this condition is an
equation containing a linear combination of the values of the function and its derivatives on
the boundary of the domain. Moreover, the function itself also satisfies the equation with an
elliptic operator defined in the domain. In the second case, which we call neoclassical one,
the Wentzell condition is an equation with the Laplace-Beltrami operator defined on the
boundary of the domain understood as a smooth compact Riemannian manifold without
boundary, and the external action is represented by the normal derivative of a function
defined in the domain. The paper shows the non-uniqueness of solutions to boundary value
problems with the Wentzell condition in the neoclassical sense both for the equation with
the Laplacian and for the equation with the Bi-Laplacian given in the domain.
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Let @ C R", n € N\ {1} be a bounded connected domain with the boundary 92 of
the class C'*°. For the first time, the Wentzell boundary condition

ou
Au(z) + oza—(x) + fu(z) =0, = € 09, (1)
v
appeared in [1]. Boundary value problems with condition (1) for second-order linear
elliptic equations were studied by various methods [2-6]. Over time [7], condition (1)
was understood as a description of a process occurring at the boundary of the domain
and influenced by processes within the domain. The work [8] was the first to represent
condition (1) in the following form
3u1
Aus(z) + aa—(x) + Pug(x) =0, = € 0. (2)
v
Here the boundary 052 is understood as a compact smooth Riemannian manifold without
boundary, A is the Laplace-Beltrami operator, and the second term characterizes the
influence of the processes occurring inside the domain.
In this context, consider condition (2) together with the Laplacian

Auy(z) =0, z € Q. (3)

By solution to problem (2), (3) we mean the function

ui(z), x € Q;
u(w) = { ug(z), T € 0N, 4)
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Perform the replacemnet
8u1
v
Following [9], we can always find a pair of Banach spaces in ; = 44 () and § = §(09Q)
such that for any function ¢ € § there exists the unique solution u; € $l; to problem (3),
(5). Following [10], we can find the Banach space Ly = $45(052) for the space § and find
the coefficients & € R\ {0} and 8 € R such that there exists a unique solution uy € Ly
to problem (2), (5) for any function ¢ € §. Obviously, due to the arbitrary choice of ¢,
solution (4) to problem (2), (3) cannot be unique.
A similar situation arises if we replace a Laplacian with the Bi-Laplacian

(x) = p(x), € . (5)

APui(z) =0, x € Q. (6)
For completeness, we introduce the Dirichlet condition
u(x) =0, x € 0. (7)

Reasoning by analogy with the previous case, we find a triple of Banach spaces i, s and
§ such that for any ¢ € § there exist unique solutions to problems (5)—(7) and (3), (5).
However, the solution to problem (2), (6), (7) cannot be unique.

Also, note that despite all the above, under boundary conditions (7) and

Auy () + a%(x) + puy(z) =0, = € 09,

the solution to equation (6) exists and is unique in a suitably chosen space [11].
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HEEJIMHCTBEHHOCTH PEIIIEHII KPAEBBIX 3ATIAY
C YCJIOBMEM BEHTIIEJIA

H.

C. I'onuapos', C.A. 3aepebuna', IA. Csupudiox'

'TOzkn0-Ypasbcknuii rocy1apcTBeHHbI yHuBepenTeT, . Ye1sa6uHcK,
Poccniickas ®enepariust

B mociieiHee BpeMsi B MaTeMaTHUIECKOR JIUTEpaType KpaeBoe ycjioBue BeHTiesst pac-
CMATPUBAETCA C ABYX TOYEK 3peHus. B mepBoM ciydae, HA30BEM €r0 KJACCUYECKUM, ITO
yCJIOBUE TPEICTABIIAET cOOOi ypaBHEHHE, CoAepKalee JUHEHHYI0 KOMOMHAIMIO 3HAYCHUIT
byHKIMY U ee TPOUBBOIHBIX Ha IpaHuile obyactu. [lpuuem cama GyHKIMS YIOBIETBOPSIET
ele YPaBHEHUIO C JUIMIITUYECKUM OIEPATOPOM, 3aJlaHHBIM B objiactu. Bo BTOpOM, Heo-
KJIACCHYECKOM cJlydae ycsoBue BeHTress mpejicraBiisier coboil ypaBHEHHE C OIEPATOPOM
Jlammaca — BenbrpaMu, 3amaHHbIiM Ha rpaHuile o0JIaCTH, HOHUMAEMONH KaK IVIAIKOe KOM-
[IAKTHOE PUMAaHOBO MHOroo0Opasme 0e3 Kpasi, IPUYeM BHEIHEee BO3JEHCTBUE IIPEICTaBIEHO
HOpPMaJIbHOM MPOU3BOAHON (PyHKIINM, 3aJaHHON B obsacTu. B 3aMeTke moka3ama HeeInH-
CTBEHHOCTh PEIEHUil KPaeBbIX 3aJad C yCJIOBHEeM BeHTIe/si B HEOKJIACCUYECKOM CMBICJIe
KaK JJIsi YpaBHEHUsI C JIATIJIACHAHOM, TaK U JJis yPABHEHUsI C OMJIAIIACHAHOM, 33 JaHHBIMU
B obJjiacTu.

Karuesvie caosa: ycaosue Benmue./m.
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