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The aim of this study is to construct the exact solutions of the (2+1)-dimensional
Kundu-Mukherjee-Naskar (KMN) equation via Improved Bernoulli Sub-Equation Function
Method (IBSEFM). The physics of this model describes optical dromions in (241)-
dimensional case. It is also studied in fluid dynamics. Applying the proposed method, we
obtain new exact solutions of (2-+1)-dimensional KMN equation. Moreover, we plot the 2D-
3D figures and contour surfaces according to the suitable parameters by the aid of computer
software. The results confirm that IBSEFM is powerful, effective and straightforward for
solving nonlinear partial differential equations arising in mathematical physics.
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Introduction

Various natural phenomena in physics are modelled by nonlinear partial differential
equations. Investigating the exact solutions of these equations is very important to describe
the nonlinear physical process ranging from graviation to fluid dynamics. Models of real-life
problems such as nonlinear waves [1], temporal transitions [2|, shallow water waves [3] and
plasma physics [4] are based on nonlinear phenomena. For a better understanding of these
equations, many powerful methods were introduced by mathematicians for exact solutions
of nonlinear partial differential equations. Some of them are the Adomian decomposition
[5], (G'/G)-expansion [6], the improved tanh function [7], IBSEFM |[8], extended direct
algebraic method [9] and others.

In recent years, a deep research attention was paid to rogue wave solutions. Recently,
in [10], a new completely integrable (2+1)-dimensional nonlinear evolution equation was
derived to describe the dynamics of two-dimensional oceanic rogue wave phenomena. In
the paper [10], this nonlinear dynamical equation was called the Kundu-Mukherjee-Naskar
(KMN) equation. Firstly, the rogue waves were observed in the deep oceans and then
derived in modelling nonlinear ion acoustic waves in magnetized plasma system [11]. In
literature, there exist only four methods to find exact solutions of (2 + 1)-dimensional
KMN equation. These methods are trial equation method [12], extended trial function
method [13], traveling wave reduction [14], extended direct algebraic method [15].

In this study, we consider the following (2+1)-dimensional KMN equation:

iU + Qplay + iaru(uu), — u'u,) = 0, (1)

where i = /=1, u(x,y,t) represents the nonlinear wave function with the independent
variables x, y (space coordinates) and ¢ (time), u* denotes complex conjugation of u. Here,
the coefficient g is the dispersion term and the coefficient az is the nonlinearity term.
Before beginning of the solution procedure, we should describe the proposed method.
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1. Description of IBSEFM

In this section, we give the fundamental properties of the IBSEFM |[8]. Let us present
the five main steps of the IBSEFM [16-20].

Step 1. Consider the following nonlinear partial differential equation in two
independent variables z and t:

P(u, ug, Uyy, ...) = 0, (2)

where P is the function containing wu, u, ., ... and the subscripts denote the partial
derivatives of u(z,t) with respect to x and ¢. The aim is to convert (2) into the ordinary
differential equation with a suitable wave transformation as

Using (3), equation (2) turns into the ordinary differential equation of the form
NV, V' V" .)=0, (4)

where N is the function of V' and its derivatives V', V", ... with respect to . If we integrate
(4) term by term, we obtain integration constants which can be determined later.
Step 2. Hypothesize that the solution of (4) can be presented as follows:

V(E) = E%)QZFZ(@ _ + a1 F(§) +a2F2(§) bt an F(E) 5
fjobjpj(g) bo + D1 F (&) + ba F2(§) + .. + by F(8)’

where ag, ay, ..., a, and by, by, ..., b,, are coefficients to be determined later, m # 0,n # 0 are
chosen arbitrary constants of the balance principle, and the form of Bernoulli differential
equation is as follows:

F'(&) =oF (&) +dFM(€), d#0,0 #0, M € R/{0,1,2}, (6)

where F'(§) is a polynomial.

Step 3. The positive integers m,n, M are found by balance principle that is both
nonlinear term and the highest order derivative term of (4).

Substitute (5), (6) in (2) and obtain the equation of polynomial O(F) of F as follows:

O(F(§)) = ps F(§)° + ... + p1 F(§) + po = 0,

where p; are coefficients to be determined later.
Step 4. The coefficients of O(F(£)), which give us a system of algebraic equations,
turned out to be zero:
Pi = O,Z = 0, .y S.

Step 5. When we solve (4), we get the following two cases with respect to o and d:

1
_deU(Efl) _|__ €T 1—e
PO = || aze )
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(e — 1) + (e + 1) tanh(o(1 — €)§)

F(&) = 1 — tanh (o(1 — €)§)

,d=o0, e € R. (8)

Using a complete discrimination system for the polynomial of F'(£), we obtain the
analytical solutions of (4) via mathematics software and categorize the exact solutions
of (4). To achieve better results, we can plot two and three dimensional figures of exact
solutions by considering proper values of parameters.

2. Application of IBSEFM

In this section, the application of the IBSEFM to the KMN model is presented. Let
us consider the following wave transform:

u(w,y,t) = U (€)e?vy, (9)
where U(&) represents the amplitude portion and
£ = a1x + agy —nt, (10)
and the phase portion of the solution is defined as
o(z,y,t) = —azr — aqgy + ast. (11)
Then, we get the nonlinear ordinary differential equation

ara0a6U" — (a5 + azago)U — 2a307,U° = 0, (12)

n = —ag(azaz + a1ay). (13)

Then we reconsider (12) for the balance principle considering among U” and U? and get
the relationship as follows:
M=n—m+1. (14)

Formula (14) shows different cases of the solutions of (1) and we can obtain some exact
solutions. According to the balance, we consider M = 3, m = 1,n = 3 for (12) and (14),
and the following equations hold:

_ag+ a1G(§) + axGP(§) + asGP(§) _ Y(§)

v bo + b1G(€) T (e (15)
U'(¢) = T/(f)‘l’(fq)ﬂ—(g)ﬂf)‘l’/(f)’ (16)

and
() = TV (&) = TEOW'(E) [TV (O] P*(E) - 2T(€)[‘I’/(E)]2‘I’(E)7 (a7)

w2(¢) (¢)

where G' =0G+dG?, a3 #0,b; #0, 0 #0, d # 0. Using (15)-(17) in (12), we get from
the coefficients of the polynomial of GG the following;:
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Constant : —agbias — agbiasayas — 2a3azar = 0,

G —albgag, - 2(10()0[)10&5 - (llbgOé30é40[6 - 2@0()0[)10&30[40[6 + 0'2(111730610620[7—
—6aga1a3a7 =0,

G2 . &2[)3045 — 2@1[)0610(5 — aobgOé;gOé4046 — a26%&3&4046 — 2@1[)0[910(30440&6—

—aphiazayag + 4o2asbiarasar + o?agh? oy anar — 6agaiazar — 6aZasasar = 0

GS : —a3bgoz5 - 2(12[)0()10[5 - CL1b%Oé5 - a3b30[30(4066 - 4d0a0b0b1a1a2a7—
—alb%OZquOéﬁ + 4d0a1b(2)0[10[2067 — 2(12[)0()10[3064066 + 90'2(13b(2)061062017+
+30%asboby oy — 2a3azar — 12apaasa30; — 6aiazazar = 0,

G4 : —2&3bobloé5 — &2[)%045 — 2@3[)0(910(3044046 — &2[)%0430440(6 + 12d0’&2b30&10€20€7+
+11c%azboblajasay + o2asbiayasay — 6alasasar — 12apasazazar = 0,

G5 : —a3b%oz5 - CL3b%O[30[4066 + 3d2a1b(2)0610620[7 + 24d0’(13b(2)0610[20[7 - 3d2a0b0b1a1a2a7+
+12doasbob oy sy + 4o2asb?ayapar — 6ajaiasar — 6alagazar—

—12agasasaza; = 0,

G6 . 8d2a2b(2)041a2a7 + d2a1b0b1a1a2a7 + 32d0a3b0b1a1a2a7 — dQCL()b%O[lOZQOW
+ddoasbioy gy — 2a3azar — 12a1asaza300 — 6agaiazar = 0,

G" : 15d%azbi ey + 9dPasboby sy + 12doazbiay asar — 6asazasor—
—6ayazasar = 0,

GS . 21d2a3b0b1a1a2a7 + 3d2a2b%a10{20{7 — 6@1@%0[3067 == 0,
QY : 8d*azbia sy — 2a3azar = 0.

By solving the above system, we obtain the coefficients as follows.
Case 1. For 0 # d, we can consider the following coefficients obtained by a software:

i \/043\/044\/04660'&1 — Va3 a6by .
. —iﬁd\/OéquOé(g -+ 045190 . . —i\/idﬂOégO@O% + Oé5b1
Ay = a3 = \/&_3\/&_70 .

Vs a0

Substitute these coefficients along with (7) in (15) and obtain the complex solution of (1):

il 2d
jei(—astt(@tew)) /osona +0o
34 kg exp{_(a3a4a6)(a4a6t—x)+2a2(a3a6t_y)o_}e_§

agsago

V2 /ar

ul(x7y7t> = -

Y

where as, ag, ag, a7, o are not equal to zero.
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Fig. 1. 3D-plots of wy(z,y,t) for the values d = 0,4; 0 = 0,4; ay = 0,9; a3 = 0,5;
as=0,3,05=0,25;06 =0,1; 06 =0,7; 07, =0,3; e =0,2; =16 <x <15, =15 <t < 15

a1

-10 ~5 0

Fig. 2. 2D-graphs of wy(z,y,t) for —15 < = < 15, t = 0,1 and contour surfaces for
-10<2x<10,0<t<1
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Case 2. For o # d, we consider the following coefficients obtained by a software:

a o \/051\/052\/0560'[)0.& o \/041\/042\/0460'61.
- y W1 — — 3
0 \/Q34/ 07 \/Q3+/ Q7
2d\/041\/0[2\/0[60'b1 (071 —|—20(10(20460'2

az = — o Qg = — :

V O34/ Q7 7 Q306

Substitute these coefficients along with (7) in (15) and obtain the complex solution of (1):

2 +o
— 2 2 2
20| ajag—agazagt2ajagago? Jt+ajagrtagazy d
erpq — o3 e—=

us(z,y,t) = — X

V Q1006 + (/OO0
ie’lest=es®) | [ Ta o
)
v/ — 1t + /i3 /ar

where a1, g, a3, ag, a7, 0 are constants different from zero.

X

Im[u]

Fig. 3. 3D-plots of wug(z,y,t) for the values d = 0,5; 0 = 0,4; a3 = 0,2; ay = 0,8;
a5 =0,1; 06 =0,7,¢=0,1; 10 < x < 10, =10 < t < 10

Case 3. For o # d,

V—Qau06 — asay —/— Q30406 — Q5a2h) azby
o = — ;a1 = a3 =
2V/2d /[ \/Qz /O 2V/2d. /[ /a2 /o 0
o . 4d20[10[2046b(2) . o= \/—0430[4046 — QO
7T — 2 ) - :
Q303 \/5,/041,/042\ /g
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Im[u] Refu]
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Fig. 4. 2D-graphs of ws(z,y,t) for —15 < = < 15, t = 0,2 and contour surfaces for
—15<x <15 -15<t <15

Substitute these coeflicients along with (7) in (15) and obtain the complex exponential
function solution as follows:

= +o
20(ajag— 2 202 2)¢
1a5 a2a3a6+ alazaﬁo' +a1a3z+a2a3y d
exrpy — e~

a3
ug(z,y,t) = — X

d?a1 o0 +b2
2./03\/— 300 — Qs T%
ie~Hasttasetasy) /o fong /o a3a4a6+a5
d2a1a2a6+b2
2./03\/— 300 — Qs Tag

where aq, as, ag, ag, a7, 0 # 0.

Conclusion

In this work, the Improved Bernoulli Sub-Equation Function Method (IBSEFM) is
used in (2+1)-dimensional Kundu-Mukherjee-Naskar (KMN) equation. Various solitary
wave solutions are successfully constructed. Using mathematics software, two and three
dimensional figures and contourplot surfaces of the solutions are plotted according to the
suitable values of parameters. According to the results, we see that the formats of travelling
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Fig. 5. 3D-plots of wug(z,y,t) for the values d = 0,3; 0 = 0,4; a1 = 0,6; ay = 0,5;
a5 =02 ag=0,1:05 =09 a;=0,3: a0y =0,1: e = 0,1; =10 < z < 10, =10 < ¢ < 10

T .o(-s (_2 \s W o

5
=i -3 L] L] L]

Fig. 6. 2D-graphs of ws(z,y,t) for —15 < z < 15, t = 0,3 and contour surfaces for
—10<2x <10, -10 <t <10

wave solutions in two and three dimensional surfaces are similar to the physical meaning
of results. The solutions are also solitary wave solutions. It is also clear that the more steps
are developed and the better approximations are obtained. The conclusions show that the
IBSEFM is simple, effective and powerful. Therefore, the IBSEFM is applicable to solve
different kind of nonlinear partial differential equations in mathematical physics.
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TOYHBIE PEIIIEHUSA (2+1)-MEPHOI MOJEJIN KYHY —
MVYXEPI2KI1 - HACKAPA C ITOMOIIBIO IBSEFM

K.P. Mamedos', FO. /Temupbusex’, B. Aaa?
"Yrnppeknit yausepenter, r. VUrapip, Typrms
2Mepcunckuit yausepeuret, r. Mepcun, Typrusa

Iesbio JAHHOTO UCCIIEIOBAHMUS SIBJISIETCS IIOCTPOEHUE TOYHBIX pernenuii (2+4-1)-mepHoro
ypasuenust Kynny—Myxepmxu—Hackapa (KMH) ¢ momoipio ycoBepIieHCTBOBAHHOI'O METO-
na dysknuit nogypasaennii Bepuyin (IBSEFM). @usuka 100l MOI€IM ONUCHIBAECT OIITH-
YecKHe JPOMUOHBL B (2+41)-MepHOM IPOCTPAHCTBE, YTO TAKXKe U3yUaeTCsl B IHIPO/MHAMUA-
ke. IIpuMenss npejIoyKEeHHBIH MEeTOI, IOJly4aeM HOBbIE TOUHbIe pernenus (2-+1)-mepHOro
ypasuenus KMH. Kpowme toro, mbr Hanocum 2D-3D dburypsr u KOHTypHBIE ITOBEPXHOCTH
B COOTBETCTBUU C TOJXOJSIIUMHI MAPAMETPAMU C MTOMOIIHI0 KOMIIBIOTEPHOT'O IPOTPAMMHO-
ro obecriedenus. Pegyiabrarsr mogrsepxkmator, uro IBSEFM sasisercs momuabiM, g dek-
TUBHBIM W IIPOCTBIM CPEJICTBOM PEIleHUs] HeJIMHEHHBIX TuddepeHnalbHbIX YPABHEHUN B
YACTHBIX [IPOU3BOJHBIX, BOSHUKAIONINX B MATEMATUIECKON (hU3HKe.

Karoueswie caosa: IBSEFM; ypasnenue Kyndy — Mykepoorcu — Hacxapa; mounvie pe-
WeHUA.
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