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DIFFERENTIAL EQUATIONS OF ELLIPTIC TYPE WITH VARIABLE
OPERATORS AND HOMOGENEOUS ROBIN BOUNDARY VALUE
CONDITION IN UMD SPACES

Rabah Haoua, Abdelhamid ibn Badis University, Algeria, rabah.haoua@univ-mosta.dz

In this article, we give new results on the study of elliptic abstract second
order differential equation with variable operators coefficients under the general Robin
homogeneous boundary value conditions, in the framework of UMD spaces. Here, we do not
assume the differentiability of the resolvent operators. However, we suppose that the family
of variable operators verifies the Labbas—Terreni assumption inspired by the sum theory and
similar to the Acquistapace—Terreni one. We use Dunford calculus, interpolation spaces and
semigroup theory in order to obtain existence, uniqueness and maximal regularity results
for the classical solution to the problem.

Keywords: Robin boundary value conditions; analytic semigroup; maximal regularity;

Dunford operational calculus.

Introduction and Hypotheses

In a complex Banach space E, we consider the second-order differential equation with
variable operator coefficients

u () + A(x)u(z) —wu(x) = f(z), x€(0,1), (1)

under the general Robin homogeneous boundary value conditions

w' (0) — Hu (0) =0,
{ u((l)): : (0) @)

where f € L7 (0,1; E), 1 < p < +00 and (A (2)),cpo, is a family of closed linear operators
in £ with domains D (A (z)) that are dense in E. Here H is a closed linear operator in
E, w is a positive real number. The results proved here in the LP case complete our recent
paper concerning the hélderian case, see [1].
For all z € [0, 1], set:
A, (x)=A(z) —wl.

)
We seek for a classical solution to problem (1), (2), that is a function u such that:
) €

for a.e z € (0,1), wu(x) € D(A(x)) and

r— Ax)u(z) € LP(0,1; F),

we W2 (0,1, E), 3)
w(0) € D(H),

u satisfies (1), (2).

The method is essentially based on Dunford’s operational calculus, interpolation spaces,
the semigroup theory and some techniques as in [1,2].

Here we assume that
E isan UMD space. (4)

We consider problem (1), (2) in an elliptic situation: the family of linear closed operators
(A (2)),ep0,) satisties

Jwe > 0,3C >0:Vz € [0,1], V2 >0, (A, (z) — 2I)"" € L(E) and:

_1 C
Ay (T) — 21 H < —. 5
[(Aug (2) = 21) e S T2 (5)
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It is well known that assumption (5) implies that for every = > 0 and every w > wy, the

square roots
1/2
Qu () = — (= Au ()"
are well defined and generate analytic semigroups (eyQW(“’))y>0 that are not necessarily

strongly continuous at 0 (see Balakrishnan [3] for dense domains and Martinez—Sanz [4]
for non dense domains). We also assume:

3C > 1, 0, €)0,7[: Vs € R, Yz € [0,1], Yw > wy, (—A, (z))* € L(E) and
< el (6)

| (=A@
AC, a, u>0: Vo, 7€ [0,1] , V2> 0, Vw > wp :

40 (A ) =207 (A @) = A gy < SETE
with a + 2 — 2 > 0.
The operators @ (z) and H satisfy
D(Q(x)) C D (H)Vx € [0,1], (8)

and the following commutativity condition:

(Qu (@)™ (Qu (@) — H) ™' = (Qu (@) — H) ™ (Qu ()" Vo € [0,1], Yo > wp.  (9)

Remark 1. For the complex power of an operator in (6), see for instance Haase [5].
Hypothesis (7) is well known as Labbas—Terreni assumption, see [6].

Remark 2. From (5) we deduce that, there exists 6, € ]0, g[ and ry > 0 such that for
all z belonging to [0, 1], the resolvent of (A, (z)) verifies:

p(Awo (ZL‘)) ) HGO,TO = {Z € C\ {0} : \argz\ < 00} uB (0,7’0),

where B (0,79) is the closed ball of radius 7y and centered in 0. We denote by I' the
boundary of Tly, ,, oriented from ooe® to ooe~%.

The constant case (A (x) = A) with a Robin condition was treated by M. Cheggag et
al. |7-9], for LP and hoelderian cases.

The commutator hypothesis (7) was used for the first time in Labbas [2| for the same
problem but with boundary value conditions of Dirichlet type, in Bouziani et al [10] for
transmission conditions and Haoua et al [1| for Robin conditions. All these studies were
performed in the framework of hélderian spaces.

Another approach including the differentiability of the resolvents of (A (x)),¢o, Was

used by Da Prato and Grisvard [11], Labbas [2] and Boutaous et al [12]. Also, in these
studies, the boundary value conditions considered were of Dirichlet type.

In this work, we consider an abstract homogeneous Robin boundary value condition
in problem (1), (2) in L? case.

Our main result is summarized by Theorem 1 in Subsection 4.2.

The paper is organized as follows. Section 2 contains some technical lemmas useful
for the study of problem (1), (2). In Section 3, an heuristic reasoning is used to obtain a
representation of the solution. We obtain an integral equation which is solved using (7).
Section 4 is devoted to the study of the maximal regularity of the solution. In Section 5,
the existence of the solution is proved using the associated approximating problem. Finally
in section 6, we give a concrete example of partial differential equation to which our theory
applies.
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1. Technical Lemmas

Lemma 1. There exists C' > 0 such that for each z € I' and r > 0, we have

lz+7r| > C|z], |z 47| = Cr,

|z —r| > C|z|, |z —r] = Cr,
and J o
Vr >0, Vv e [0,1], ¢<—.

rlzEr)|z]” T
Proof. See [6, Lemma 6.1 and 6.2, p. 564].

(]
Lemma 2. Assume that (4) — (9) hold. Then there exist constants C' > 0 and w} > wy
such that, for all w > wi and x € [0,1], the operator Q,, (x) £ H is boundedly invertible
and C

H(Qw (z) + H)_lﬂgm S N
Proof. See [13, Proposition 7, p. 987].
For al w > wj and x € [0, 1], we consider the linear operator I, (z) defined by
I, (z) =1+42(I - eQQW(w))_1 Q. (x) 2@ (Q,, (x) — H) .
Proposition 1. Under assumptions (4) — (6) and (9), for allw > w} and x € [0, 1], 11, (z)
18 boundedly invertible.

Proof. Here, our assumptions lead us to application of Lemma 5.2, in |9, p. 1466] to obtain
the desired result.

O
For all w > wf and z € [0, 1], we also define the linear operator A, (z) by

{ D (A, (2) = D(Q. (),
Ao (2) = Qu () — H + €2 (Q, (2) + H) , v € [0, 1],

which is the determinant of the system of our problem.

Lemma 3. Assume (4) ~ (6) and (9). Then for all w > wi and x € [0,1], A, () is
closed and boundedly invertible with

(A (@] = (Qu () = H) ™M (I ()7 (1 = )
Proof. See Lemma 2.5 in [1, p. 4].
Lemma 4. From (5) and (7), we have
AC, a,p>0: Vo, 7 € [0,1],Vz > 0,Vw > wi,

1Qu (2) (Qu () = 21) " (Qu (2) ' = Qu (1) )| 1y <
with o + 2 — 2 > 0.

Cle—1]"
‘Z—i—w‘“‘ )

Proof. For all z> 0, x € [0,1] and w > w{, we have

<—\/ —A, (z) — z])l S (Aw\yi)_z; j_ﬂj) dz", (10)

~2mi
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and using the simple calculus we obtain

— (= Ay (@) + (= Au (1)1 = 1
_ __1 A, (z) (Ay (z) = 2'1) [Aw () = Au(7)” } Ay (1) (Ay (1) = 2'1) ds'
27 V—7 :

r

-1
Here we use formula (10) for (— —A, (x) — 21 ) with a curve IV homotopic to I' and
—A, (z) is written as /—z" by Dunford’s calculus, we obtain

Qu (2) (Qu (@) = 2) 7 (Qu (2) " = Qu (7)™ T omi // \/_—Z”A—z )(E/—(” )+ z) -

X (Ay () = 2T) 7 [Au (2) 7! = A, (T)*l] Aw (T) (A, (1) = 2 1) dz'dz".

Using the algebraic identity

Ay (2) (Ay (o) _Z”I)_l _ Ay (2) (Au () _Z/])_l

o ot oM

Ay (z) (A (2) _Z”I)_l (A (2) —z/[)_l =

Y

then, we obtain

Qu () (Qu () — 21) ™" (Qu (2) ™" = Qu (7) )=%g

f V=2 A () (Aw (@) —2" 1) [Aw(@) " = Au (1) Aw (1) (A (7)—2'T)
(\/7,2”4’2)(2”*2/)

1 Ay (@) (Aw(z)—2'T) 7! [Aw(:c)_ —Au(1)” I]Aw(r)(Aw(T)_z/z)* Nar? W
+2—m‘f |:! V=2 (2" =2") dz' V=242 _Il+[27

dz”] dz'+

we have I, = 0 and
1

1
V=""42 = 42

when 2" — 2/,

then
dlz
11l < Cf %1/‘2‘)
Setting 2z’ = z&, we obtain

Clz—7|* d Clz—1|*
H]lHE < ‘Tz‘uﬂ f ‘5‘1+(a|/§2|+u71) — |Tz|’j‘
T

2. Representation of Solution

Let us recall briefly the case when A, (z) = A—w] is a constant operator satisfying the
natural ellipticity hypothesis mentioned above (we take @, = — (—Aw)l/ %). In this case,
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the representation of the solution v to problem (1), (2) is given by the formula (see [9])

0 (@) = 569 (Qu+ H) (A) ' Q5! / 2 f (s) ds — 56" (Qu+ H) ()™ Q5 x
0

xfl (1- s)wa( )ds — (1 2)Qu (Qu+ H) (M)~ eQwQ fesQw —
0

_%e(l—x)Qw [[ _ (Qw + H) (Aw)_l €2QW:| Q; fe (1-s) wa (S) ds+
0

xT

1
+1Q5 [elmm)Qu f (s)ds + 1Q ! [els=Q f () ds.

0
Set

Lo,y (z, f) = 1 e*@ (@) (Q, (z) + H) (A (z)) 71 Qu (x) 71flesQw(‘”) f(s)ds—
1) (Q, (a) + H) (A (1)) 90 Ofel 900 (5) -
5179909 (@, (0) + H) (A (0) " 9000, (0)7" [ 01 (5) ds—

eI [1 = (Qu (@) + H) (A (2) 7 2] QG (2) [ 192 (5)

o, .

HQu ()7 [ eI f (0)ds + 3Qu () [ eI f () s,

0 x
We can write that:

L@ (@, f) = Lo (z,u" (2) + Ay (2) u(2)) -
After two integrations by parts and some formal calculus, as in [1], we obtain the following
abstract equation:
w+ P,w=G(z, f),

where
Here, for all 2 € [0, 1], w > w}
(Pow) (z) = LK, (2) %) ,j@w (2)° Q) (Q,, (5) 2 = Qu (2)2) w (s) ds—
:
L, (1) €2 [ Q, (2)° 07994 (Q, (5) 2 = Qu (1) %) w (s) ds—

0
_1-0Qu0) ¢ () Q@) bew( PP @@ (Q, (s)2 — Qu (2)72) w(s) dst
+Lel-D@ K, (1) 20 f@ e1=9R() (Q,, ()% = Qu () %) w (s) ds—
—Le(1-2)Qu(@) lew (2)° e1=9)Qu(@) (Qu (s)72 = Q, (x)_2) w(s)ds+

L[ Qu (@) e 990 (Qu () = Qu ) ) w (s) ds+

0
1 7
+% f Qu (x)S ele=2)Qu(®) (Qw (s) " = Qu () ) (s)ds= > I (v),
T =1
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where

K, (x) = (Qu(z) + H) [A, (2)]

Gou@ (@, f) (x) = —Au (z) Lo, @) (2, f)-
Proposition 2. Assume (4) — (9). Then for all w > wi :

1

HPwHL(LP(O,l;E)) < 5

and

Proof. Set for all (x — s) > 0 and z outside the negative axis:

oo
U(z) = =z

The functional calculation applies to the sector operator —A, () for each z € [0,1] and
each holomorphic function g satisfying the right hypotheses, see [5], p. 30, so we have

g(—Aw@»»:—ii/g<@<—Awu>—zD—%h. (11)

i

F/
Here T is the opposite of T'. We apply Haase’s rule (see [5]) of composition for each
x € [0,1], we have

oo v] (—Au (@) = ¢ [0 (—Au (@))] = ¢ [~ V=As )| = Qu (2)° o799,
and using (11), we have
1 -1
lpod] (—Au () = (-Au () = 5~ / [pot](2) (A (z) — 21) " dz,
therefore )

Q. (3:')3 elz=9)Qu(z) — _L f (_\/5)3 o= VZ(z—s) (_Aw (33') . ZI)il dz,
F/

2im

and in fact the change of variable z — —z to get back to our curve:
Qu ()" el = g [(V=2)" e V0 (4, (2) — 1) 7' d.
r

So
Qw() xSQ“(x( w(s)” ~Qul@) 1) 1
=z f\/_e V=z(@=s) A () (A, (x) — 21) (Aw (s)” — A, (z)” )dz,

*

Consider for example I (z) + Iy (x) in P, we can write for all z € [0,1] and w > wj] :

I () + I7 (z) = Low (x :4mffK1 w (s) dsdz,
and
x) = /K\l/—z(x, s)w (s) ds,
where 0
) —ze VR A (2) (A (x) — 2I) 7 (A, (s)"" — A, (x)fl) ins<x
K = (2,5) =
V—ze VDA (1) (A, () — 217 (A (5) 7 = Ay (2)7') ins > a.
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We should estimate
HLwHL(Lp(o,l;E) .
In virtue of the Schur’s lemma, we write

1 ‘2‘1/2 1
z w
0 0

Due to Holder’s inequality, we have

T 1 1+a
etV 5 o s om0 sy ds <= (=)

where we used .
efRe\/f_zxs T —3s)ds < 1 ’

Of ( )ds < (Rev—2)"

and

1
e~ Rev=2(s—2) (¢ — ) ds < — L.
J ( ) (Rev—2)"

Not that the function u — 1 —ue™ — e is greater than or equal to 1 for u > 0. From
where

/
P e s O (e — s )
0
I W c
X |z+w\“ |Z‘1/2+o¢/2 X \z\|z+w|“+a/271 )
and so C
H WHL (Lr(0,1;E) < ‘ "Z+w’u+a/2 1’

Finally we obtain

C 1
H'CUJHL(LP(O,LE) < / ‘Z’ ‘Z+w’u+a/2—l ‘dz| = O <’w‘u+a/2—1> :
ol

The same technique is used for the other terms.

1
Therefore for all w > wi, [ Pullzr01.)) < 5 which leads us to invert I 4+ P, in the
space LP (0,1; E'). We can write for all w > w] and z € [0, 1]
u(z) = Ay (@) (I + P.)" Gou) (. f)- (12D)

3. Regularity of Solution

Throughout this section we assume that w > wj.

3.1. Regularity of Second Member G ) (z, f)

As in the autonomous case we use the following lemma, see [14].
Lemma 5. Fizx € [0,1], p € ]1,00] and w > wi. Then
1. t— A, (z) Q@ p c [P (0,1; E) if and only if p € (D (A(z)),E) 1

D

2p
2.t Q, (2) 9@y c [P(0,1; E) if and only if ¢ € (D (A(x)) aE)L+1 .
2p " 27
We obtain then the following regularity results of Go, () (2, f) .
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Proposition 3. Assume (4) — (9) and f € LP(0,1; E) with 1 < p < co. Then for all
W = wy
GQw(x) (l‘, f) e L’ (07 L; E) :

Proof. Let x € [0,1] and w > w}, we have

GQw(x) (l‘, f) = _%Qw (l‘) erW(x)Kw (l‘) j€SQW($)f (S) d8+
0

1 T
+%Qw (x) e(l_x)Qw(x) {e(l_s)Qw(x)f( )dS — = w (x) bf e(x_S)Qw(x)f (S) dS—

—%Qw (x) fle(s*x)Q“(x)f (s)ds+ R(x, f) = iJi () + R (z, f),
where

R (o) = 3Qu (o) 00K, (5) [0 () s 4+ 3Qu (0) €0-00K, (1) x

. 1
X [ e0F9)Qu@) f () ds — 1Q,, (x) D@, (z) [ eB=)u@ f () ds.
0 0

For any ¢ € E, k € N, we have e?«®)( € D ((Qw (x)k>>, SO

A, (Z‘) e.Qw(x)eQw(x)C _ e.Qw(:t)Aw (.1') eQw(x)C

?

and s — A, (7) e39+@)eQw@) ¢ is bounded and thus in L? (0, 1; E)). To conclude it is enough
to remark that R( do,ul,f) can be written as a sum of terms PA,, ()¢ @«®eQu@)(,
PA, (z) =)0 eQw )¢, where P € L(E), ¢ € E, see Lemma 9 in [13].

For J3, we consider the following problem:

") = Qu(x)Y ()= f(z), ze€(0,1),
{5(%)>:(§2<>w<> ), xe(1) (13)

Let v be the strict solution to problem (13). Fix = € [0, 1], and set
v(s) = e HL@y (5) se[0,a].
Then for each s € [0, z], we have

v <s>=—@ (z) @)@ (5) + @@ [Q,, (s) ¥ () + f (5)] =
Qu () @@ [Q, (2) ™ — Qu (s)7'] Qu (s) ¥ (s) + e~ sQMﬂ ).

Integrate over |0, z[ and apply Q,, (x) to both sides, the result is
Qw f Q (25)Qu (=) [Qw (x>71_Qw (S>7l] Qw (8) w (8) ds + Qw (33') X
% f (@5)Qu ( dS _ f Qw e(T=5)Qu () [Q ( >_1_Qw (S)_l] Qu (S) v (5) ds + Js (-1') ;

see Acquistapace and Terreni [15, p. 56, 57|. Due to Monniaux Theorem 5.11 in [16,
p. 59|, we have x — Q, ()¢ (z) in LP(0,1; F) and due to Lemma 4, we have z
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fow ()% elr—5)Qulx Q. (z)” '— Q. (3)71} Q. (s)¥ (s)dsin LP (0,1; E). Then x — J3 (x)

0
isin L? (0,1; E).
The same technique is used for the other terms. Finally

r— Go,@) (@, f) € LP(0,1; B).
3.2. Regularity of P,

Proposition 4. Assume (4) — (9). Then for all w > w}, we have
P,eLl (LP (0,1; E),LP(0,1; E)NB (O, 1;Dagy (§,+oo))) , where [ €10,a+2u—2].

Proof. Let us prove that
sup [[rP A, () (Au (2) — 1) (Pow) (2)|| ; < C llwll oo, -

r>0
Using the following identity

<Aw(x)(Aw(x)——rIy4;4w(x)(Aw(x)——z[)_l:: 1
=2 A (@) (A (2) = 21)7 + 5 AL (o) (Au (2) =),

we have
A Au) = I (Pa)(0) = B e) [ [ /D2 A )
KAL)= (A = Ao ws) dsde— £ [ [ /30250,
X (Aulw)— 21 (Al = Au(a) ™) wls) dsdz + 25 ffeﬂx—s%fflw(x)x
X(Au(@) =2 (Au(s) ™ = Au(@) ™) w(s) dsdz + 5% ff N HAEZ A () %
><(Aw(:r)—zl)*11 (Au(s)™ = Au(@) ™) w(s) dsdz—"7 A, (x)Q(Aw( )Y erQul®)

x K, (z) e@l®) [ 1=)Qule) (Aw(sf1 —Aw(x)fl) w(s) ds—gAw(x)Q(Aw(x) —rI) " x
x dI Qo) K (1) eQl®) f Q) (A, (s)™ = A () ) w(s) ds + T A (2)* (Au(z) —rI)

1 7
w d 1) Qul x)K e2Qu(T) fel 5)Qu) ( w(S)il—Aw(l‘)il) w(s)ds = S 0;(z).
0 i=1

@:j&@@w@%,

For &, (x), we can write:

where
B /_
Kaos) = 1 [ Ku(0)e o020, (@) (A 0) = 207 (A (97 = Au (@) ) d
r
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Then, we have

> —colz/2 (z+s) la=s]*
el )Wd\z\dsg

|z
[r—z

1 1
J|Ka (. 5)|ds < CvP [ [
0 0r

2€[0,1] 0 z€[0,1] 1=l
g _1el*?  dlz|
< Cr ! ;

—z[|z|F ‘Z|1/2+a/2 )

/ y (03 ! « z
<orf [ ( sup [ el @) (z — §)* ds + sup [ el (5 ) ds) dd <

which leads us to using of Lemma 1, hence

1
d|z| Cr?
B
/‘K2 (z,s)] < Cr /\r— a/2+p—1 S ro/2+p—1"
0 T

2|12

In virtue of Schur’s lemma, we conclude that

CrP

P11l 2o 0,1,) < a1 [l 2o0.1,5) -

The same technique is used for the other terms ®; (z), 1 = 2,3, ..., 7.

O
Summarizing the above results we obtain the following theorem.

Theorem 1. Assume (4) — (9). Let f € LP (0,1; E) with 1 < p < 400 and for allw > wy.
Then equation (12) has a unique solution w () = A, (-)u (+) such that

1) Ay (Yu() € 17(0,1; B);

2) u' € W2 (0,1; E).

Proof. We have

w () =f()+ A ()ul)
f () + [Gauw (do,ur, ) () = (Pow) ()]
[f () + GQW(LL’) (d07 Uy, f) ()] - (pww) () .

4. Approximating Problem

In Section 2, we supposed the existence of an exact solution to problem (1), (2) and by
using a heuristic reasoning we constructed a representation of the solution. Now to prove
the existence of the solution, we consider the following approximating problem

ul(x) + Ap(x)uy(z) — wuy, () = f(z), 2z €]0,1],

Uy, (0) = Huy(0) = 0, (14)
u,(0) =0,
where (A, (2)) ¢y is the family of Yosida approximations of (A (z)),¢( ) defined by
A, (z) = —nA(x) (A(z) —nl)™", neN-
We use the same arguments as in [1,2,10], to show that: w, — u.
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5. Concrete General Example

Consider the complex Banach space E = L9(0,1), 1 < ¢ < 400 with its usual norm.
Then E is an UMD (Unconditional Martingale Differences) Banach space. Define the
family of closed linear operators A (x) for all x € [0, 1] by

{ D(A(x)) ={p e W»1((0,1)) : 9(0) = 0, a () p (1) + b(x)¢'(1) = 0},
(A(z)p) (y) = ¢"(y), ye(0,1),

where a (-) and b(-) are two real functions in C' ([0, 1]) such that:

a(z) >0,b(z) >0 and il[lf | (a(z)+0b(x))>0.
z€[0,1
Let us define the linear operator H by H = al, where o > 0.
By direct calculations, one proves hypotheses (5) and (7) — (9), see Agmon, Douglis and
Niremberg [17]. Hypotheses (6) is proved in Labbas-Moussaoui [18]. Then Theorem 1
applies to the following concrete quasi-elliptic boundary value problem:

(0 0?
guz W)+ 55 (y) —w@y) = f (o), (e) € 0.1) x 0.1),
0
= (0.y) = au(0,y) =0, u(ly)=0, ye (1),
a(x)u(x,1)+b(x)g—Z(x,1) =0, u(z,0)=0.
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JANOOEPEHIIMAJIBHBIE YPABHEHU A SJIJINIITUYECKOI'O TUITA
C IIEPEMEHHBIMU OITEPATOPAMU 1 O/THOPOJHBIM
I'PAHNYHBIM YCJIOBUEM POBEHA B ITPOCTPAHCTBAX YM/]

Pabax Xaya, Yuusepcurer Abgenbxamuaa 116u Bamguca, r. Mocraranem, Ajzkup

B 310it cTaTbe MBI H3y4daeMm abCTpakTHOE UM (MEPEHIINAIBLHOE YPaBHEHNE SJITUITAYE-
CKOI'0 THUIIA BTOPOIO MOPSJIKA C [IEPEMEHHBIMU OIIePATOPHBIMU KO MUIINEHTAMEI U OOIIUME
rpaanaabiMu ycsoBusmu Pobuna B ocnoBe UMD npocrpamcts. Pe3ynbrars cyiecTBoBaHus
U PEryJIsPHOCTHU IOJIYyYal0TCs Korja mpemmnosioxkenue Jlabbaca — Teppenu BbvimosHsIeTCH C
UCTIOJIb30BAHUEM TEOPUU MOJIYTPYIII U WHTEPIIOIATHOHHBIX IIPOCTPAHCTB.
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