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Ïðåäëîæåí àëãîðèòì ÿâíîãî ðåøåíèÿ êðàåâîé çàäà÷è Ìàðêóøåâè÷à â êëàññå

ôóíêöèé, àâòîìîðôíûõ îòíîñèòåëüíî ôóêñîâîé ãðóïïû Γ âòîðîãî ðîäà. Êðàåâîå óñëî-

âèå çàäàíî íà ãëàâíîé îêðóæíîñòè. Êîýôôèöèåíòû çàäà÷è ÿâëÿþòñÿ ãåëüäåðîâñêèìè

ôóíêöèÿìè. Àëãîðèòì îñíîâàí íà ñâåäåíèè çàäà÷è ê êðàåâîé çàäà÷å Ãèëüáåðòà. Ïî-

ëó÷åíî ðåøåíèå çàäà÷è â çàìêíóòîé ôîðìå ïðè äîïîëíèòåëüíîì îãðàíè÷åíèè, íàëî-

æåííîì íà îäèí èç êîýôôèöèåíòîâ çàäà÷è b(t): åñëè χ+(t), χ−(t) � ôàêòîðèçàöèîííûå
ìíîæèòåëè êîýôôèöèåíòà a(t), òî ïðîèçâåäåíèå ôóíêöèè b(t) íà ÷àñòíîå îò äåëåíèÿ

χ+(t)) íà χ+(t) àíàëèòè÷åñêè ïðîäîëæèìî â îáëàñòü D− è àâòîìîðôíî îòíîñèòåëüíî

Γ â ýòîé îáëàñòè.

Êëþ÷åâûå ñëîâà: êðàåâûå çàäà÷è äëÿ àíàëèòè÷åñêèõ ôóíêöèé, çàäà÷à Ìàðêóøå-

âè÷à, àâòîìîðôíûå ôóíêöèè.

Ââåäåíèå

Îäíîé èç ìàòåìàòè÷åñêèõ ìîäåëåé ïðî÷íîñòíûõ ñâîéñòâ ðàçíîîáðàçíûõ êîìïîçèöèîí-
íûõ ìàòåðèàëîâ, ðàñ÷åòà ýëåêòðè÷åñêèõ öåïåé, òåîðèè ãåòåðîãåííûõ ñðåä, òåîðèè ôèëü-
òðàöèè, òåîðèè îáîëî÷åê è çàäà÷ äðóãèõ ðàçäåëîâ ìåõàíèêè è ôèçèêè ÿâëÿåòñÿ çàäà÷à R-
ëèíåéíîãî ñîïðÿæåíèÿ Ìàðêóøåâè÷à [1]. Çàäà÷à Ìàðêóøåâè÷à îñîáåííî àêòóàëüíà ñåãîäíÿ
â ñâÿçè ñ íàñóùíîé íåîáõîäèìîñòüþ èññëåäîâàíèÿ êóñî÷íî-îäíîðîäíûõ (ãåòåðîãåííûõ) ñðåä,
ôèçè÷åñêèå ïàðàìåòðû êîòîðûõ íà ëèíèÿõ ñîåäèíåíèé ñðåä óäîâëåòâîðÿþò âî ìíîãèõ ñëó-
÷àÿõ óñëîâèþ R-ëèíåéíîãî ñîïðÿæåíèÿ Ìàðêóøåâè÷à. Õîòÿ èññëåäîâàíèÿ ïî ýòîé çàäà÷å
âåäóòñÿ äàâíî (ñ ñåðåäèíû ïðîøëîãî âåêà), òåì íå ìåíåå, òî÷íûå ðåøåíèÿ çàäà÷è èçâåñò-
íû ëèøü äëÿ íåáîëüøîãî ÷èñëà ÷àñòíûõ ñëó÷àåâ, ÷òî ëèøíèé ðàç ïîäòâåðæäàåò âûñîêóþ
ñòåïåíü ñëîæíîñòè ïðîáëåìû ïîñòðîåíèÿ òî÷íûõ ðåøåíèé çàäà÷è. Ïîýòîìó ëþáûå èññëåäî-
âàíèÿ â äàííîì íàïðàâëåíèè ÿâëÿþòñÿ àêòóàëüíûìè, è ëþáûå íîâûå ðåçóëüòàòû ïðåäñòàâ-
ëÿþò íàó÷íûé è ïðàêòè÷åñêèé èíòåðåñ. Îñîáåííî âàæíû èññëåäîâàíèÿ, íàïðàâëåííûå íà
êîíñòðóêòèâíîå ïîñòðîåíèå ðåøåíèé óêàçàííîé çàäà÷è.

1. Ïîñòàíîâêà çàäà÷è

Ïóñòü Γ : σ0(z) ≡ z, σk(z), k = 1, 2, . . ., � êîíå÷íîïîðîæäåííàÿ ôóêñîâà ãðóïïà âòîðîãî
ðîäà ñ îáëàñòüþ èíâàðèàíòíîñòè S, ñ íåïîäâèæíîé (ãëàâíîé) îêðóæíîñòüþ L : |z− z0| = r0,
äëÿ êîòîðîé ∞ ÿâëÿåòñÿ îáûêíîâåííîé òî÷êîé. Èçâåñòíî, ÷òî òàêàÿ ãðóïïà ÿâëÿåòñÿ ãðóï-

ïîé ïåðâîãî êëàññà, òî åñòü ðÿä
∞∑
0
|σ′

k(z)| ñõîäèòñÿ íà ëþáîì êîìïàêòíîì ìíîæåñòâå, íå

ñîäåðæàùåì ïðåäåëüíûõ òî÷åê ãðóïïû è òî÷åê σk(∞) [2]. Ïóñòü R0 � ôóíäàìåíòàëüíàÿ
îáëàñòü Ôîðäà, ρ � ðîä ôóíäàìåíòàëüíîé îáëàñòè, D± � âíóòðåííîñòü è âíåøíîñòü îêðóæ-
íîñòè L : |z−z0| = r0 ñîîòâåòñòâåííî, R± = R0∩D±, L∗ � ìíîæåñòâî äóã ãëàâíîé îêðóæíî-
ñòè, ïîëó÷àåìîé èç L óäàëåíèåì âñåõ ïðåäåëüíûõ òî÷åê ãðóïïû. Òðåáóåòñÿ íàéòè êóñî÷íî
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àíàëèòè÷åñêóþ ôóíêöèþ ψ(z), àâòîìîðôíóþ îòíîñèòåëüíî ãðóïïû Γ , èñ÷åçàþùóþ íà áåñ-
êîíå÷íîñòè, åñëè íà êîíòóðå L0 = L∗ ∩R0 åå êðàåâûå çíà÷åíèÿ óäîâëåòâîðÿþò óñëîâèþ

ψ+(t) = a(t)ψ−(t) + b(t)ψ+(t), t ∈ L0. (1)

Ïîëíîé òåîðèè ðàçðåøèìîñòè çàäà÷è (1) â íàñòîÿùåå âðåìÿ íåò. Â ïðåäñòàâëåííîé ðàáî-
òå çàäà÷à ðåøåíà ïðè ñëåäóþùèõ îãðàíè÷åíèÿõ, íàëîæåííûõ íà êîýôôèöèåíòû: a(t) ̸=

0, b1(t) + 1 ̸= 0 íà L, ãäå ôóíêöèÿ b1(t) =
χ+(t)

χ+(t)
b(t) àíàëèòè÷åñêè ïðîäîëæèìà â îáëàñòü

D− è àâòîìîðôíà îòíîñèòåëüíî Γ â ýòîé îáëàñòè. Çäåñü χ+(t), χ−(t) � ôàêòîðèçàöèîííûå
ìíîæèòåëè êîýôôèöèåíòà a(t). Â äàííîé ðàáîòå ïîëó÷èë äàëüíåéøåå ðàçâèòèå ìåòîä íà-
õîæäåíèÿ ðåøåíèÿ çàäà÷è Ìàðêóøåâè÷à â ÿâíîì âèäå, ðàçðàáîòàííûé â ñòàòüå [6]. Ýòîò
ìåòîä îòëè÷àåòñÿ îò ðàññìîòðåííîãî â ñòàòüÿõ [3�5], ÷òî îáóñëîâëåíî ðàçëè÷íûìè ïîñòà-
íîâêàìè çàäà÷è. Èäåÿ ïðåäëîæåííîãî ìåòîäà çàêëþ÷àåòñÿ â ñâåäåíèè çàäà÷è Ìàðêóøåâè÷à
ê ñèíãóëÿðíîìó èíòåãðàëüíîìó óðàâíåíèþ îòíîñèòåëüíî Reψ+(t) ñ ïîñëåäóþùèì ðåøåíèåì
ñêàëÿðíîé çàäà÷è Ãèëüáåðòà â êëàññå àâòîìîðôíûõ ôóíêöèé. Ðåøåíèå çàäà÷è Ìàðêóøåâè-
÷à (1) ïðåäñòàâëåíî â çàìêíóòîé ôîðìå ïðè äîïóùåíèè, ÷òî ïðîáëåìà îáðàùåíèÿ ßêîáè
ðåøåíà.

2. Ñâåäåíèå çàäà÷è ê ñèíãóëÿðíîìó èíòåãðàëüíîìó óðàâíåíèþ

Êàê èçâåñòíî [7], åñëè a(t) ̸= 0, t ∈ L0, � ãåëüäåðîâñêàÿ ôóíêöèÿ, òî ôóíêöèþ a(t)
ìîæíî ïðåäñòàâèòü â âèäå

a(t) =
χ+(t)

χ−(t)
, (2)

ãäå

χ(z) = eΓ(z)E−κ(z, t0, θ0)

ρ∏
j=1

E(z, θj , θ0)
n∏

j=1

Emj (z, σj(θ0), θ0), κ = IndL0 [a(t)], (3)

Γ(z) =
1

2πi

∫
L0

K(z, τ) ln a(τ)dτ,K(z, τ) =

∞∑
j=0

σ
′
j(τ)

σj(τ)− z
=

∞∑
j=0

[
1

τ − σj(z)
− 1

τ − σj(∞)

]
,

σ1(z), . . . , σn(z) � ïîðîæäàþùèå ïðåîáðàçîâàíèÿ ãðóïïû Γ, t0 ∈ L0 � ôèêñèðîâàííàÿ òî÷êà;
òî÷êè θj ∈ R−, θj ̸= θ0, j = 1, . . . , ρ, ãäå θ0 � ôèêñèðîâàííàÿ òî÷êà îáëàñòè R−; mj , j =
1, . . . , n, � öåëûå ÷èñëà. Ôóíêöèÿ

E(z, θ, θ0) = exp

 θ∫
θ0

K(z, τ)dτ

 ,

ãäå K(z, τ) � êâàçèàâòîìîðôíûé àíàëîã ÿäðà Êîøè, áåðåòñÿ âäîëü ïóòè, öåëèêîì ðàñïî-
ëîæåííîãî â S. Îíà îäíîçíà÷íà â ýòîé îáëàñòè è, â ñëó÷àå íåêîíãðóýíòíûõ ìåæäó ñîáîé
òî÷åê θ0 è θ, èìååò â ýòèõ òî÷êàõ ïðîñòîé ïîëþñ è íóëü êðàòíîñòè 1, ñîîòâåòñòâåííî. Åñëè
òî÷êè θ0 è θ ìåæäó ñîáîþ êîíãðóýíòíû, òî E(z, θ, θ0) íà ìíîæåñòâå S îãðàíè÷åíà è íèãäå
íå îáðàùàåòñÿ â íóëü. Òàê êàê

χ(σk(z)) = χ(z)eHk , ∀z ∈ S\L,

Hk =
1

2πi

∫
L0

ηk(τ) ln a(τ)dτ −κ
t0∫

θ0

ηk(τ)dτ +

ρ∑
j=1

θj∫
θ0

ηk(τ)dτ +

n∑
j=1

mj

σj(θ0)∫
θ0

ηk(τ)dτ, k = 1, 2, . . . ,

50 Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

òî äëÿ àâòîìîðôíîñòè êàíîíè÷åñêîé ôóíêöèè χ(z) íåîáõîäèìî ïîòðåáîâàòü, ÷òîáû âñå Hk ≡
0(mod 2πi). Òî åñòü öåëûå ÷èñëà mj , j = 1, . . . , n, è òî÷êè θj ∈ R−, θj ̸= θ0, j = 1, . . . , ρ,

äîëæíû ÿâëÿòüñÿ ðåøåíèåì ïðîáëåìû ßêîáè îáðàùåíèÿ èíòåãðàëîâ φk(z) =
z∫

θ0

ηk(τ)dτ, k =

1, . . . , ρ,
ρ∑

j=1

φk(θj) +
n∑

j=1

mjηk,j + nk2πi = − 1

2πi

∫
L0

ηk(τ) ln a(τ)dτ + κφk(t0),

ãäå nk, k = 1, . . . , ρ, � íåêîòîðûå öåëûå ÷èñëà, ηk,j = φk(σj(z)) − φk(z) =
σj(θ0)∫
θ0

ηk(τ)dτ, j =

1, . . . , n. Îäèí èç ìåòîäîâ ðåøåíèÿ ïðîáëåìû îáðàùåíèÿ ßêîáè ñ èñïîëüçîâàíèåì ñïåöè-
àëüíîé Θ-ôóíêöèè Ðèìàíà áûë ïðåäëîæåí â ðàáîòå Ý.È. Çâåðîâè÷à [8]. Ôóíêöèÿ χ(z) àâòî-
ìîðôíà îòíîñèòåëüíî ãðóïïû äðîáíî-ëèíåéíûõ ïðåîáðàçîâàíèé Γ, èìååò â òî÷êàõ θ1, . . . , θm,
îáðàçóþùèõ ðåøåíèå ïðîáëåìû îáðàùåíèÿ ßêîáè, íóëè êðàòíîñòè λ1, . . . , λm, ñîîòâåòñòâåí-
íî, à â òî÷êå θ0 èìååò ïîðÿäîê κ − ρ.

Íà îñíîâàíèè âûøåèçëîæåííîãî êðàåâîå óñëîâèå (1) çàïèøåòñÿ â âèäå :

ϕ+(t) =
1

b1(t) + 1
ϕ−(t) +

2b1(t)

b1(t) + 1
Reϕ+(t) + g(t), (4)

ãäå

g(t) =
f(t)

χ+(t)(b1(t) + 1)
, ϕ±(t) =

ψ±(t)

χ±(t)
, b1(t) = b(t)

χ+(t)

χ+(t)
. (5)

.Ôóíêöèÿ ϕ(z), óäîâëåòâîðÿþùàÿ êðàåâîìó óñëîâèþ (4), èìååò ïîëþñû â òî÷êàõ θ1, . . . , θm ∈
R− ñîîòâåòñòâåííî êðàòíîñòè λ1, . . . , λm , èñ÷åçàåò íà áåñêîíå÷íîñòè è èìååò ïîðÿäîê ρ−κ
â òî÷êå θ0 ∈ R−.

Ïóñòü κ1 = IndL0 [b1(t)+1]. Ðåøåíèå ïîëó÷åííîé çàäà÷è (4), ãäå ïðåäïîëàãàåòñÿ Reϕ+(t)
èçâåñòíîé, çàïèøåòñÿ ñëåäóþùèì îáðàçîì [9]:

ϕ(z) = χ0(z)(F (z) + Ψ0(z) + Ψ1(z) + Ψ2(z)). (6)

Çäåñü

χ0(z) =

{
1, åñëè z ∈ D+,

b1(z) + 1, åñëè z ∈ D−,

� êàíîíè÷åñêàÿ ôóíêöèÿ,

F (z) =
1

2πi

∫
L0

[
2b1(τ)

b1(τ) + 1
Reϕ+(τ) + g(τ)

]
A(z, τ)dτ =

=
1

2πi

∫
L0

[
2b1(τ)

b1(τ) + 1
Reϕ+(τ) + g(τ)

]
K(z, τ)dτ −

ρ∑
j=1

djK(z, aj)−
ρ∑

j=1

δjK(z, aj),

dj =
1

2πi

∫
L0

2b1(τ)

b1(τ) + 1
Reϕ+(τ)ωj(τ)dτ, δj =

1

2πi

∫
L0

g(τ)ωj(τ)dτ, j = 1, . . . , ρ;

Ψ0(z) = C +

m∑
q=1

λq∑
ν=1

cq,νζν(z, θq), λ1 + λ2 + · · ·+ λm = ρ;
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ζν(z, θq) =

∞∑
j=0

[
1

(σj(z)− θq)ν
− 1

(σj(∞)− θq)ν

]
−

ρ∑
j=1

d
(q)
j,νK(z, aj);

d
(q)
j,ν = −

ω
(ν−1)
j (θq)

(ν − 1)!
, q = 0, . . . ,m, ν = 1, 2, . . . ; κ1 = IndL0 [b1(t) + 1];

Ψ1(z) =


κ−ρ∑
ν=1

cνζν(z, θ0), κ > ρ,

0, κ ≤ ρ.

; Ψ2(z) =


−κ1−1∑
k=1

bkξk(z,∞), κ1 ≤ 0,

0, κ1 > 0.

Àâòîìîðôíûé àíàëîã ÿäðà Êîøè A(z, τ) èìååò âèä [7]:

A(z, τ) = K(z, τ)− ω1(τ)K(z, a1)− . . .− ωρ(τ)K(z, aρ),

ãäå ρ � ðîä ôóíäàìåíòàëüíîé îáëàñòè R0. Çäåñü ïðåäïîëàãàåòñÿ, ÷òî áåñêîíå÷íîñòü íå ÿâ-
ëÿåòñÿ íåïîäâèæíîé òî÷êîé ïðåîáðàçîâàíèÿ ãðóïïû Γ. Ôóíêöèè

ξk(z,∞) = zk +

∞∑
j=1

(
σkj (z)− σkj (∞)

)
−

ρ∑
j=1

ωk−1
j (∞)

(k − 1)!
K(z, aj), k = 1, . . . ,−κ1 − 1,

ÿâëÿþòñÿ êîýôôèöèåíòàìè ðàçëîæåíèÿ ÿäðà A(z, τ) â îêðåñòíîñòè τ = ∞. Â òî÷êàõ
aj ∈ R+, j = 1, . . . , ρ, ÿäðî A(z, τ) èìååò ïðîñòûå ïîëþñû ñ âû÷åòàìè ωj(τ), j = 1, . . . , ρ,
ñîîòâåòñòâåííî [10].

Ôóíêöèÿ ϕ(z) èìååò â òî÷êàõ aj , j = 1, . . . , ρ, ïðîñòûå ïîëþñû ñ âû÷åòàìè

hj = dj + δj −
−κ1−1∑
k=1

bk
ω
(k−1)
j (∞)

(k − 1)!
−

m∑
q=1

λq∑
ν=1

cq,νd
(q)
j,ν −

κ−ρ∑
ν=1

cνd
(0)
j,ν , j = 1, . . . , ρ. (7)

Åñëè κ1 > 0, òî îáùåå ðåøåíèå çàäà÷è (4) îïðåäåëèòñÿ ôîðìóëîé

ϕ(z) = χ0(z)(F (z) + Ψ0(z) + Ψ1(z)),

åñëè âûïîëíÿþòñÿ κ1 óñëîâèé ðàçðåøèìîñòè

1

2πi

∫
L0

2b1(τ)Reϕ+(τ)

[b1(τ) + 1]
ηk−1(τ,∞)dτ +

1

2πi

∫
L0

g(τ)ηk−1(τ,∞)dτ = βk−1, (8)

βk−1 = − dk−1

dzk−1
[Ψ0(z) + Ψ1(z)]

∣∣∣∣∣
z=∞

, k = 1, . . . ,κ1.

Çäåñü ηk(τ,∞) � êîýôôèöèåíòû ðàçëîæåíèÿ ÿäðà A(z, τ) â îêðåñòíîñòè òî÷êè z = ∞. Ðàñ-
ñìîòðèì ñëó÷àé κ < ρ, κ1 ≤ 0. Òîãäà ôîðìóëà

ϕ(z) = χ0(z)(F (z) + Ψ0(z) + Ψ2(z))

îïðåäåëÿåò îáùåå ðåøåíèå çàäà÷è (4), åñëè âûïîëíÿþòñÿ ρ − κ êîìïëåêñíûõ óñëîâèé ðàç-
ðåøèìîñòè

1

2πi

∫
L0

2b1(τ)Reϕ+(τ)

[b1(τ) + 1]
ηk(τ, θ0)dτ +

1

2πi

∫
L0

g(τ)ηk(τ, θ0)dτ = β1k, (9)
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β1k = − dk−1

dzk−1
[Ψ0(z) + Ψ2(z)]

∣∣∣∣∣
z=θ0

, k = 1, . . . , ρ− κ.

Ðàññìîòðèì ïîñëåäíèé ñëó÷àé: κ < ρ, κ1 > 0. Òîãäà îáùåå ðåøåíèå çàäà÷è (4) îïðåäå-
ëèòñÿ ôîðìóëîé

ϕ(z) = χ0(z)(F (z) + Ψ0(z)).

Óñëîâèÿ ðàçðåøèìîñòè çàïèøóòñÿ â ýòîì ñëó÷àå, ñîîòâåòñòâåííî, ñëåäóþùèì îáðàçîì:

1

2πi

∫
L0

2b1(τ)Reϕ+(τ)

[b1(τ) + 1]
ηk−1(τ,∞)dτ +

1

2πi

∫
L0

g(τ)ηk−1(τ,∞)dτ = βk−1, (10)

1

2πi

∫
L0

2b1(τ)Reϕ+(τ)

[b1(τ) + 1]
ηk(τ, θ0)dτ +

1

2πi

∫
L0

g(τ)ηk(τ, θ0)dτ = β1k, (11)

βk−1 = − dk−1

dzk−1
Ψ0(z)

∣∣∣∣∣
z=∞

, k = 1, . . . ,κ1, β
1
k = − dj−1

dzj−1
Ψ0(z)

∣∣∣∣∣
z=θ0

, k = 1, . . . , ρ− κ.

Ïîñòðîåííàÿ ôóíêöèÿ ϕ(z) ÿâëÿåòñÿ êóñî÷íî àíàëèòè÷åñêîé â îáëàñòè R0 è àâòîìîðô-
íîé îòíîñèòåëüíî ãðóïïû Γ, çà èñêëþ÷åíèåì òî÷åê aj ∈ R+, j = 1, . . . , ρ, â êîòîðûõ îíà
èìååò ïðîñòûå ïîëþñû.

Íà îñíîâàíèè ôîðìóë Ñîõîöêîãî èç ðàâåíñòâà (6) íà êîíòóðå L0 èìååì :

ϕ+(t) =
b1(t)

b1(t) + 1
Reϕ+(t)+

g(t)

2
+

1

πi

∫
L0

b1(τ)

b1(τ) + 1
Reϕ+(τ)A(t, τ)dτ+

1

2πi

∫
L0

g(τ)A(t, τ)dτ+Φ(t),

(12)
ãäå Φ(t) = Ψ0(t) + Ψ1(t) + Ψ2(t).

Ñ äðóãîé ñòîðîíû, çàìåòèì, ÷òî ôóíêöèÿ ϕ+(z) îïðåäåëÿåòñÿ â îáëàñòè R+ ñ òî÷íîñòüþ
äî ìíèìîãî ïîñòîÿííîãî ÷åðåç çíà÷åíèå ñâîåé äåéñòâèòåëüíîé ÷àñòè íà êîíòóðå L0 :

ϕ+(z) =
1

πi

∫
L0

Reϕ+(τ)A(z, τ)dτ + ζ(z) + β + ic. (13)

Çäåñü

ζ(z) =

ρ∑
j=1

γjK(z, aj)−
ρ∑

j=1

(aρ+j − z0)
2

r20
γjK(z, aρ+j), aρ+j = z0 +

r20
aj − z0

,

γj =
1

2πi

∫
L0

Reϕ+(τ)ωj(τ)dτ, j = 1, . . . , ρ, β = − 1

2πi

∫
L0

Reϕ+(τ)A(z0, τ)dτ − ζ(z0).

Âû÷åòû ôóíêöèè ϕ+(z) â òî÷êàõ aj ∈ R+, j = 1, . . . , ρ, ðàâíû ñîîòâåòñòâåííî −γj , j =
1, . . . , ρ.

Òàê êàê ôóíêöèÿ ϕ+(z) â îáëàñòè D+ äîëæíà áûòü àíàëèòè÷íà, ïîòðåáóåì, ÷òîáû âû-
÷åòû ýòîé ôóíêöèè â òî÷êàõ aj ∈ R+, j = 1, . . . , ρ, ðàâíÿëèñü íóëþ, òî åñòü:{

γj = 0,
sj + δj = 0,

, j = 1, . . . , ρ, (14)

sj = − 1

πi

∫
L0

Reψ+(τ)

b1(τ) + 1
ωj(τ)dτ −

−κ1−1∑
k=1

bk
ω
(k−1)
j (∞)

(k − 1)!
−

m∑
q=1

λq∑
ν=1

cq,νd
(q)
j,ν −

κ−ρ∑
ν=1

cνd
(0)
j,ν ,
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δj =
1

2πi

∫
L0

g(τ)ωj(τ)dτ, j = 1, . . . , ρ.

Çäåñü γj , j = 1, . . . , ρ, � âû÷åòû â òî÷êàõ aj ∈ R+, j = 1, . . . , ρ, ôóíêöèè ϕ+(z), ÿâëÿþùåéñÿ
ðåøåíèåì çàäà÷èØâàðöà; sj+δj = hj , j = 1, . . . , ρ, � âû÷åòû â òåõ æå òî÷êàõ ôóíêöèè ϕ+(z),
ÿâëÿþùåéñÿ ðåøåíèåì çàäà÷è (4), ðàññìàòðèâàåìîé êàê çàäà÷à Ðèìàíà. Èç ñîîòíîøåíèÿ
(13) èìååì íà êîíòóðå L0:

ϕ+(t) = Reϕ+(t) +
1

πi

∫
L0

Reϕ+(τ)A(t, τ)dτ + ζ(t) + β + ic. (15)

Îòêóäà, ñðàâíèâàÿ âûðàæåíèÿ (12), (15), ïðèõîäèì ê ñèíãóëÿðíîìó èíòåãðàëüíîìó óðàâíå-
íèþ

Reϕ+(t)

b(t) + 1
+

1

πi

∫
L0

Reϕ+(τ)

b(τ) + 1
A(t, τ)dτ =

g(t)

2
+ +

1

2πi

∫
L0

g(τ)A(t, τ)dτ +Φ(t)− ζ(t) + d,

ãäå d = −β − ic.

3. Ïîñòàíîâêà è ðåøåíèå çàäà÷è Ãèëüáåðòà
îòíîñèòåëüíî ôóíêöèè φ−

1 (z)

Äëÿ îäíîçíà÷íîé êóñî÷íî àíàëèòè÷åñêîé ôóíêöèè

Ψ(z) =
1

2πi

∫
L0

[
2Reϕ+(τ)

b1(τ) + 1
− g(τ)

]
A(z, τ)dτ (16)

ñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå, íà îñíîâàíèè àâòîìîðôíûõ àíàëîãîâ ôîðìóë Ñîõîö-
êîãî, ñâîäèòñÿ ê îäíîñòîðîííåé êðàåâîé çàäà÷å

Ψ+(t) = Φ(t)− ζ(t) + d, (17)

â êëàññå Γ-àâòîìîðôíûõ ôóíêöèé, èìåþùèõ ïðîñòûå ïîëþñû â òî÷êàõ aj ∈ R+, j = 1, . . . , ρ,
è èñ÷åçàþùèõ íà áåñêîíå÷íîñòè. Çàìåòèì çäåñü, ÷òî ôóíêöèÿ

Φ(z)− ζ(z) + d

Γ � àâòîìîðôíà â îáëàñòè D+, êðîìå òî÷åê aj ∈ R+, j = 1, . . . , ρ, è òî÷åê, êîíãðóýíòíûõ
èì, â êîòîðûõ îíà èìååò ïðîñòûå ïîëþñû. Ïîýòîìó ðåøåíèå çàäà÷è (17), ïî àíàëîãèè ñ
îäíîñòîðîííåé êðàåâîé çàäà÷åé Ðèìàíà, çàïèøåòñÿ â âèäå [11]:

Ψ(z) =

{
Φ(z)− ζ(z) + d, z ∈ D+,

φ−
1 (z), z ∈ D−,

(18)

ãäå φ−
1 (z) � ïðîèçâîëüíàÿ àíàëèòè÷åñêàÿ â îáëàñòè D− ôóíêöèÿ, èñ÷åçàþùàÿ íà áåñêîíå÷-

íîñòè è àâòîìîðôíàÿ îòíîñèòåëüíî ãðóïïû Γ.
Â òî÷êå z0, î÷åâèäíî, äîëæíî âûïîëíÿòüñÿ ðàâåíñòâî

Ψ(z0) = Φ(z0)− ζ(z0) + d. (19)

Íà îñíîâàíèè (16), (18) èìååì

Reϕ+(t)

b1(t) + 1
=

1

2

[
Φ(t)− ζ(t) + d+ g(t)− φ−

1 (t)

]
, t ∈ L0. (20)

54 Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

Ó÷èòûâàÿ, ÷òî â ëåâîé ÷àñòè âûðàæåíèÿ (20) èìååòñÿ äåéñòâèòåëüíîçíà÷íàÿ ôóíêöèÿ
Reϕ+(t), ïðèõîäèì äëÿ ôóíêöèè φ−

1 (z) ê êðàåâîé çàäà÷å Ãèëüáåðòà â êëàññå àâòîìîðôíûõ
îòíîñèòåëüíî ãðóïïû Γ ôóíêöèé

Re {−i[b1(t) + 1]φ−
1 (t)} =

1

2
Im

[
(b1(t) + 1)(Φ(t)− ζ(t) + d+ g(t))

]
. (21)

Ðåøåíèå ýòîé çàäà÷è çàïèøåòñÿ â âèäå [10]:

−iφ−
1 (z) =

1

b1(z) + 1

[
F0(z) + F1(z) +Qκ1 − 1(z) +Qκ1 − 1(z

∗)
]
. (22)

Çäåñü

F0(z) =
1

2πi

∫
L0

c0(τ)A(z, τ)dτ + ζ0(z) + β0; F1(z) =
1

2πi

∫
L0

c1(τ)A(z, τ)dτ + ζ01(z) + β01;

c0(τ) = Im

[
(b1(t) + 1)(Φ(t)− ζ(t) + d)

]
; c1(τ) = Im

[
(b1(τ) + 1)g(τ)

]
= Im

[
f(τ)

χ+(τ)

]
;

ζ0(z) =

ρ∑
j=1

γ0jK(z, aj)−
ρ∑

j=1

(aρ+j − z0)
2

r20
γ0jK(z, aρ+j);

β0 = − 1

4πi

∫
L0

c0(τ)A(z0, τ)dτ − ζ0(z0); γ
0
j =

1

4πi

∫
L0

c0(τ)ωj(τ)dτ, j = 1, . . . , ρ;

ζ01(z) =

ρ∑
j=1

γ01j K(z, aj)−
ρ∑

j=1

(aρ+j − z0)
2

r20
γ01j K(z, aρ+j);

γ01j =
1

4πi

∫
L0

c1(τ)ωj(τ)dτ, j = 1, . . . , ρ; β01 = − 1

4πi

∫
L0

c1(τ)A(z0, τ)dτ − ζ01(z0);

Qκ1 − 1(z) =

 α0 +

κ1−1∑
k=1

αkξk(z,∞), κ1 > 0,

0, κ1 ≤ 0.

Åñëè κ1 ≤ 0 (Qκ1 − 1(z) ≡ 0),) òî ìû èìååì −κ1 + 1 óñëîâèé ðàçðåøèìîñòè

1

2πi

∫
L0

c0(τ)ηk−1(τ,∞)dτ − β0k−1 = − 1

2πi

∫
L0

c1(τ)ηk−1(τ,∞)dτ + β01k−1, (23)

ãäå

β0k−1 = − dk−1

dzk−1
[ζ0(z) + β0]

∣∣∣∣∣
z=∞

, β01k−1 = − dk−1

dzk−1
[ζ01(z) + β01]

∣∣∣∣∣
z=∞

, k = 1, . . . ,−κ1 + 1.

Äëÿ àíàëèòè÷íîñòè ôóíêöèè φ−
1 (z) â òî÷êàõ aρ+j ∈ R−, j = 1, . . . , ρ, ïîòðåáóåì, ÷òîáû

âû÷åòû ôóíêöèè â ýòèõ òî÷êàõ îáðàùàëèñü â íóëü, à èìåííî:

1

4πi

∫
L0

c0(τ)ωj(τ)dτ −
κ1−1∑
k=1

αk

ω
(k−1)
j (∞)

(k − 1)!
= − 1

4πi

∫
L0

c1(τ)ωj(τ)dτ, åñëè κ1 > 0; (24)

1

4πi

∫
L0

c0(τ)ωj(τ)dτ = − 1

4πi

∫
L0

c1(τ)ωj(τ)dτ, , åñëè κ1 ≤ 0, j = 1, . . . , ρ. (25)
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4. Íàõîæäåíèå Reϕ+(t) è ðåøåíèÿ çàäà÷è Ìàðêóøåâè÷à

Ïóñòü φ−
1 (z) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Ãèëüáåðòà (21). Òàê êàê

Reϕ+(t)

b1(t) + 1
=

1

2

[
Φ(t)− ζ(t) + d+ g(t)− φ−

1 (t)

]
, t ∈ L0,

à ôóíêöèÿ φ−
1 (z) àíàëèòè÷íà â îáëàñòè D− è èñ÷åçàåò íà áåñêîíå÷íîñòè, òî óñëîâèÿ ðàçðå-

øèìîñòè (14) ìîæíî ïåðåïèñàòü â âèäå:

1

2πi

∫
L0

(b1(τ) + 1) [Φ(τ)− ζ(τ) + d]ωj(τ)dτ−

− 1

2π

∫
L0

[
F0(τ) +Qκ1 − 1(τ) +Qκ1 − 1(τ)

]
ωj(τ)dτ = ej , j = 1, . . . , ρ,

(26)

ej =
1

2π

∫
L0

F1(τ)ωj(τ)dτ −
1

2πi

∫
L0

f(τ)

χ+(τ)
ωj(τ)dτ, j = 1, . . . , ρ.

Íà îñíîâàíèè ôîðìóë (20), (22) èìååì íà êîíòóðå L0

Reϕ+(t) =
[b1(t) + 1]

2
[Φ(t)− ζ(t) + d+ g(t)]−

−i[F−
0 (t) + F−

1 (t) +Qκ1 − 1(t) +Qκ1 − 1(t)].
(27)

Èç ñîîòíîøåíèé (6), (27) ñëåäóåò, ÷òî ôóíêöèÿ

ϕ(z) =

{
F (z) + Φ(z), åñëè z ∈ D+,

(b1(z) + 1)[F (z) + Φ(z)], åñëè z ∈ D−,
(28)

F (z) =
1

2πi

∫
L0

c(τ)b1(τ)A(z, τ)dτ +
1

2πi

∫
L0

f1(τ)b1(τ)A(z, τ)dτ,

f1(τ) =
f(t)

χ+(t)b1(t)
− 2i

b1(τ) + 1
F−
1 (τ),

óäîâëåòâîðÿåò êðàåâîìó óñëîâèþ (4). Çäåñü

Φ(z) = Ψ0(z) + Ψ1(z), c(τ) = [Φ(τ)− ζ(τ) + d]−

− 2i

b1(τ) + 1

[
F−
0 (τ) +Qκ1 − 1(τ) +Qκ1 − 1(τ)

]
, åñëè κ1 > 0,

(29)

è
Φ(z) = Ψ0(z) + Ψ1(z) + Ψ2(z), c(τ) = [Φ(τ)− ζ(τ) + d]−

− 2i

b1(τ) + 1
F−
0 (τ), åñëè κ1 ≤ 0.

(30)

Óñëîâèÿ ðàçðåøèìîñòè (8), (9), íà îñíîâàíèè âûøåèçëîæåííîãî, ñîîòâåòñòâåííî, çàïè-
øóòñÿ â ÿâíîì âèäå:

1

2πi

∫
L0

b1(τ)c(τ)ηk−1(τ,∞)dτ − βk−1 = − 1

2πi

∫
L0

b1(τ)f1(τ)ηk−1(τ,∞)dτ, (31)

βk−1 = − dk−1

dzk−1
[Ψ0(z) + Ψ1(z)]

∣∣∣∣∣
z=∞

, k = 1, . . . ,κ1, åñëè κ1 > 0;
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è
1

2πi

∫
L0

b1(τ)c(τ)ηk(t, θ0)dτ − βk = − 1

2πi

∫
L0

b1(τ)f1(τ)ηk(t, θ0)dτ, (32)

β1k = − dk−1

dzk−1
[Ψ0(z) + Ψ2(z)]

∣∣∣∣∣
z=θ0

, k = 1, . . . , ρ− κ, åñëè κ ≤ ρ.

Ïîñòðîåííàÿ ôóíêöèÿ ϕ(z) áóäåò ÿâëÿòüñÿ ðåøåíèåì çàäà÷è, åñëè âûïîëíÿþòñÿ ρ êîì-
ïëåêñíûõ óñëîâèé ðàçðåøèìîñòè (24) èëè (27) è ρ êîìïëåêñíûõ óñëîâèé ðàçðåøèìîñòè (26),
÷òî îáåñïå÷èâàåò àíàëèòè÷íîñòü ôóíêöèè â òî÷êàõ aj ∈ R+, j = 1, . . . , ρ.

Íà îñíîâàíèè ïðîâåäåííûõ âûêëàäîê, à òàêæå ôîðìóë (2), (3), (5), îáùåå ðåøåíèå
íåîäíîðîäíîé çàäà÷è Ìàðêóøåâè÷à (1) çàïèøåòñÿ â âèäå:

ψ(z) =

{
χ+(z) [F (z) + Φ(z)] , åñëè z ∈ D+,

χ−(z)(b1(z) + 1)
[
F (z) + Φ(z)

]
, åñëè z ∈ D−,

(33)

ãäå ôóíêöèè Φ(z), F (z), χ(z) îïðåäåëÿþòñÿ èç ôîðìóë (28), (29) èëè (30), (3).
Ðàññìîòðèì íåñêîëüêî ñëó÷àåâ.

1) κ > ρ, κ1 > 0. Â ýòîì ñëó÷àå Ψ2(z) ≡ 0, ôóíêöèÿ c(t), îïðåäåëÿåìàÿ ôîðìóëîé
(29), ñîäåðæèò κ + κ1 êîìïëåêñíûõ ïîñòîÿííûõ. Ýòè ïîñòîÿííûå äîëæíû óäîâëåòâî-
ðÿòü 2ρ êîìïëåêñíûì óñëîâèÿì ðàçðåøèìîñòè (24), (26), à òàêæå κ1 êîìïëåêñíûì
óñëîâèÿì ðàçðåøèìîñòè (31). Ïóñòü r � ðàíã ìàòðèöû êîýôôèöèåíòîâ îáúåäèíåííîé
íåîäíîðîäíîé ñèñòåìû ëèíåéíûõ óðàâíåíèé (24), (26), (31). Êàê èçâåñòíî, ïîëó÷åííàÿ
îáúåäèíåííàÿ íåîäíîðîäíàÿ ñèñòåìà ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà

ρ∑
ν=1

Nν,ks
0
ν +

ρ∑
ν=1

Kν,keν +

κ1∑
ν1=1

Lν1,kαν1 = 0, k = 1, . . . , 2ρ+ κ1 − r, (34)

ãäå

s0ν = − 1

4πi

∫
L0

c1(τ)ων(τ)dτ, eν =
1

2π

∫
L0

F1(τ)ων(τ)dτ−
1

2πi

∫
L0

f(τ)

χ+(τ)
ων(τ)dτ, ν = 1, . . . , ρ,

αν1 = − 1

2πi

∫
L0

b1(τ)f1(τ)ην1−1(τ,∞)dτ, ν1 = 1, . . . ,κ1.

Çäåñü Nν,k, Kν,k, Lν1,k (ν = 1, . . . , ρ, ν1 = 1, . . . ,κ1, k = 1, . . . , 2ρ+ κ1− −r) � ïîëíàÿ
ñèñòåìà ëèíåéíî íåçàâèñèìûõ ðåøåíèé ñîîòâåòñòâóþùåé îäíîðîäíîé òðàíñïîíèðî-
âàííîé ñèñòåìû. Ïðè âûïîëíåíèè ýòèõ óñëîâèé îáùåå ðåøåíèå íåîäíîðîäíîé çàäà-
÷è Ìàðêóøåâè÷à ñîäåðæèò κ + κ1 − r ïðîèçâîëüíûõ êîìïëåêñíûõ ïîñòîÿííûõ. Åñëè
r = κ + κ1, òî çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå.

2) κ ≤ ρ, κ1 > 0. Òàê êàê Ψ2(z) ≡ 0, Ψ1(z) ≡ 0, òî ôóíêöèÿ c(t) ñîäåðæèò κ1 + ρ
êîìïëåêñíûõ ïîñòîÿííûõ. Îíè äîëæíû óäîâëåòâîðÿòü 2ρ êîìïëåêñíûì óñëîâèÿì ðàç-
ðåøèìîñòè (24), (26), κ1 êîìïëåêñíûì óñëîâèÿì ðàçðåøèìîñòè (31) è ρ−κ óñëîâèÿì
ðàçðåøèìîñòè (32). Ïóñòü r1 � ðàíã ìàòðèöû êîýôôèöèåíòîâ îáúåäèíåííîé íåîäíî-
ðîäíîé ñèñòåìû ëèíåéíûõ óðàâíåíèé (24), (26), (31), (32). Ïîëó÷åííàÿ îáúåäèíåííàÿ
íåîäíîðîäíàÿ ñèñòåìà ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà

ρ∑
ν=1

Nν,ks
0
ν +

ρ∑
ν=1

Kν,keν +

κ1∑
ν=1

Lν1,kαν +

ρ−κ∑
ν=1

Tν2,kξν = 0, (35)
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k = 1, . . . , 3ρ+κ1−κ−r1, ξν2 = − 1

2πi

∫
L0

b1(τ)f1(τ)ην2(t, θ0)dτ, ν2 = 1, . . . , ρ−κ. Çäåñü

Nν,k, Kν,k, Lν1,k, Tν2,k (ν = 1, . . . , ρ, k = 1, . . . , 3ρ + κ1 − κ − r1, ν1 = 1, . . . ,κ1, ν2 =
1, . . . , ρ − κ, ) � ïîëíàÿ ñèñòåìà ëèíåéíî íåçàâèñèìûõ ðåøåíèé ñîîòâåòñòâóþùåé îä-
íîðîäíîé òðàíñïîíèðîâàííîé ñèñòåìû. Ïðè âûïîëíåíèè ýòèõ óñëîâèé îáùåå ðåøåíèå
íåîäíîðîäíîé çàäà÷è Ìàðêóøåâè÷à ñîäåðæèò κ1 + ρ− r1 ïðîèçâîëüíûõ êîìïëåêñíûõ
ïîñòîÿííûõ. Åñëè r1 = ρ+ κ1, òî çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå.

3) κ > ρ, κ1 ≤ 0. Òîãäà Qκ1 − 1(τ) ≡ 0, ôóíêöèÿ c(t), îïðåäåëÿåìàÿ ôîðìóëîé (30),
ñîäåðæèò κ − κ1 êîìïëåêñíûõ ïîñòîÿííûõ. Ýòè ïîñòîÿííûå äîëæíû óäîâëåòâîðÿòü
2ρ êîìïëåêñíûì óñëîâèÿì ðàçðåøèìîñòè (27), (26), −κ1 + 1 êîìïëåêñíûì óñëîâèÿì
ðàçðåøèìîñòè (23). Ïóñòü r2 � ðàíã ìàòðèöû êîýôôèöèåíòîâ îáúåäèíåííîé íåîäíîðîä-
íîé ñèñòåìû ëèíåéíûõ óðàâíåíèé (27), (26), (23). Îáúåäèíåííàÿ íåîäíîðîäíàÿ ñèñòåìà
ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà

ρ∑
ν=1

Nν,ks
0
ν +

ρ∑
ν=1

Kν,keν +

−κ1+1∑
ν=1

Mν3,kt
0
ν3 = 0, k = 1, . . . , 2ρ− κ1 + 1− r2, (36)

ãäå

t0ν3 = − 1

2πi

∫
L0

c1(τ)ην3−1(τ,∞)dτ + β0ν3−1, ν3 = 1, . . . ,−κ1 + 1.

Çäåñü Nν,k, Kν,k, Mν3,k (ν = 1, . . . , ρ, k = 1, . . . , 2ρ−κ1+1− r2, ν3 = = 1, . . . ,−κ1+1)
� ïîëíàÿ ñèñòåìà ëèíåéíî íåçàâèñèìûõ ðåøåíèé ñîîòâåòñòâóþùåé îäíîðîäíîé òðàíñ-
ïîíèðîâàííîé ñèñòåìû. Ïðè âûïîëíåíèè ýòèõ óñëîâèé îáùåå ðåøåíèå íåîäíîðîäíîé
çàäà÷è Ìàðêóøåâè÷à ñîäåðæèò κ − κ1 − r2 ïðîèçâîëüíûõ êîìïëåêñíûõ ïîñòîÿííûõ.
Åñëè r2 = κ − κ1, òî çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå.

4) κ ≤ ρ, κ1 ≤ 0. Â ýòîì ñëó÷àå Qκ1 − 1(τ) ≡ 0, Ψ1(z) ≡ 0, ôóíêöèÿ c(t) ñîäåðæèò ρ−κ1

êîìïëåêñíûõ ïîñòîÿííûõ. Ýòè ïîñòîÿííûå äîëæíû óäîâëåòâîðÿòü 2ρ êîìïëåêñíûì
óñëîâèÿì ðàçðåøèìîñòè (27), (26), −κ1+1 êîìïëåêñíûì óñëîâèÿì ðàçðåøèìîñòè (23)
è ρ − κ êîìïëåêñíûì óñëîâèÿì ðàçðåøèìîñòè (32). Ïóñòü r3 � ðàíã ìàòðèöû êîýô-
ôèöèåíòîâ îáúåäèíåííîé íåîäíîðîäíîé ñèñòåìû ëèíåéíûõ óðàâíåíèé (27), (26), (23),
(32). Ïîëó÷åííàÿ îáúåäèíåííàÿ íåîäíîðîäíàÿ ñèñòåìà ðàçðåøèìà òîãäà è òîëüêî òî-
ãäà, êîãäà

ρ∑
ν=1

Nν,ks
0
ν +

ρ∑
ν=1

Kν,keν +

−κ1+1∑
ν=1

Mν3,kt
0
ν3 +

ρ−κ∑
ν=1

Tν2,kξν2 = 0, (37)

k = 1, . . . , 3ρ− κ1 − κ + 1− r3. Çäåñü Nν,k, Kν,k, Mν3,k, Tν2,k
(ν = 1, . . . , ρ, k = 1, . . . , 3ρ− κ1 − κ + 1− r3, ν3 = 1, . . . ,−κ1 + 1, ν2 = = 1, . . . , ρ− κ)
� ïîëíàÿ ñèñòåìà ëèíåéíî íåçàâèñèìûõ ðåøåíèé ñîîòâåòñòâóþùåé îäíîðîäíîé òðàíñ-
ïîíèðîâàííîé ñèñòåìû. Ïðè âûïîëíåíèè ýòèõ óñëîâèé îáùåå ðåøåíèå íåîäíîðîäíîé
çàäà÷è Ìàðêóøåâè÷à ñîäåðæèò ρ − κ1 − r3 ïðîèçâîëüíûõ êîìïëåêñíûõ ïîñòîÿííûõ.
Åñëè r3 = ρ− κ1, òî çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå.

Ñëåäîâàòåëüíî, ñïðàâåäëèâà

Òåîðåìà 1. Ïóñòü êîýôôèöèåíòû a(t), b(t) è ñâîáîäíûé ÷ëåí f(t) íåîäíîðîäíîé çàäà÷è

Ìàðêóøåâè÷à ÿâëÿþòñÿ ãåëüäåðîâñêèìè íà L0 ôóíêöèÿìè, a(t) ̸= 0, 1 + b1(t) ̸= 0, t ∈
L0, ôóíêöèÿ b1(t) + 1 ÿâëÿåòñÿ êðàåâûì çíà÷åíèåì ôóíêöèè, àâòîìîðôíîé îòíîñèòåëüíî

ôóêñîâîé ãðóïïû âòîðîãî ðîäà Γ â îáëàñòè D−, è îòëè÷íîé îò íóëÿ â ýòîé îáëàñòè, çà

èñêëþ÷åíèåì áûòü ìîæåò áåñêîíå÷íî óäàëåííîé òî÷êè è òî÷åê, êîíãðóýíòíûõ åé.
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Òîãäà íåîäíîðîäíàÿ çàäà÷à â êëàññå àâòîìîðôíûõ ôóíêöèé îòíîñèòåëüíî ãðóïïû Γ:

1) ïðè κ > ρ, κ1 > 0, åñëè âûïîëíÿþòñÿ 2ρ + κ1 − r êîìïëåêñíûõ óñëîâèé (34), èìå-

åò îáùåå ðåøåíèå, îïðåäåëÿåìîå ôîðìóëîé (33), êîòîðîå ñîäåðæèò 2κ + 2κ1 − 2r
ïðîèçâîëüíûõ âåùåñòâåííûõ ïîñòîÿííûõ, ãäå r � ðàíã ìàòðèöû êîýôôèöèåíòîâ îáú-

åäèíåííîé íåîäíîðîäíîé ñèñòåìû ëèíåéíûõ óðàâíåíèé (24), (26), (31) (ïðè r = κ+κ1

èìååò åäèíñòâåííîå ðåøåíèå);

2) ïðè κ ≤ ρ, κ1 > 0, åñëè âûïîëíÿþòñÿ 3ρ + κ1 − κ − r1 êîìïëåêñíûõ óñëîâèé (35),

èìååò îáùåå ðåøåíèå, îïðåäåëÿåìîå ôîðìóëîé (33), êîòîðîå ñîäåðæèò 2ρ+2κ1−2r1
ïðîèçâîëüíûõ âåùåñòâåííûõ ïîñòîÿííûõ , ãäå r1 � ðàíã ìàòðèöû êîýôôèöèåíòîâ

îáúåäèíåííîé íåîäíîðîäíîé ñèñòåìû ëèíåéíûõ óðàâíåíèé (24), (26), (31), (32) (ïðè

r1 = ρ+ κ1 èìååò åäèíñòâåííîå ðåøåíèå);

3) ïðè κ > ρ, κ1 ≤ 0, åñëè âûïîëíÿþòñÿ 2ρ − κ1 + 1 − r2 êîìïëåêñíûõ óñëîâèé (36)

èìååò îáùåå ðåøåíèå, îïðåäåëÿåìîå ôîðìóëîé (33), êîòîðîå ñîäåðæèò 2κ − 2κ1 −
2r2 ïðîèçâîëüíûõ âåùåñòâåííûõ ïîñòîÿííûõ, ãäå r2 � ðàíã ìàòðèöû êîýôôèöèåíòîâ

îáúåäèíåííîé íåîäíîðîäíîé ñèñòåìû ëèíåéíûõ óðàâíåíèé (27), (26), (23) (ïðè r2 =
κ − κ1 èìååò åäèíñòâåííîå ðåøåíèå);

4) ïðè κ ≤ ρ, κ1 ≤ 0, åñëè âûïîëíÿþòñÿ 3ρ−κ1−κ+1− r3 êîìïëåêñíûõ óñëîâèé (37),

èìååò îáùåå ðåøåíèå, îïðåäåëÿåìîå ôîðìóëîé (33), êîòîðîå ñîäåðæèò 2ρ − 2κ1 −
2r3 ïðîèçâîëüíûõ âåùåñòâåííûõ ïîñòîÿííûõ, ãäå r3 � ðàíã ìàòðèöû êîýôôèöèåíòîâ

îáúåäèíåííîé íåîäíîðîäíîé ñèñòåìû ëèíåéíûõ óðàâíåíèé (27), (26), (23), (32) (ïðè

r3 = ρ− κ1 èìååò åäèíñòâåííîå ðåøåíèå).
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in the Class of Automorphic Functions

A.A. Patrushev, South Ural State University, Chelyabinsk, Russian Federation,
patraleksej@yandex.ru

An algorithm for the explicit solution of the Markushevich boundary value problem

in the class of automorphic functions with respect of Fuchsian group Γ of the second kind

is suggested. The boundary condition of the problem is given on the main circle. The

coe�cients of the tasks are Holder functions. The alqorithm is based on a reduction of the

problem to the Hilbert boundary problem. The solution is found in a closed form under

additional restriction on the coe�cient b(t) of the problem: if χ+(t), χ−(t) are factorization
multipliers of coe�cient a(t), the product of the function b(t) on the quotient of χ+(t) and
χ+(t) is analytic in the domain D− and automorphic with respect to Γ in this the domain.
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