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À.È. Ñèäèêîâà

Ñòàòüÿ ïîñâÿùåíà ïðîáëåìå ðàçðàáîòêè ìåòîäà ïðîåêöèîííîé ðåãóëÿðèçàöèè, èñ-

ñëåäîâàíèþ âîïðîñîâ ïîâûøåíèÿ åãî ýôôåêòèâíîñòè ñ ïîìîùüþ ïîëó÷åíèÿ òî÷íûõ ïî

ïîðÿäêó îöåíîê ïîãðåøíîñòè ýòîãî ìåòîäà è ïðèëîæåíèþ åãî äëÿ ðåøåíèÿ îáðàòíûõ

ãðàíè÷íûõ çàäà÷ òåïëîîáìåíà. Â íàñòîÿùåé ðàáîòå ðåøàåòñÿ îäíîìåðíàÿ çàäà÷à î âîñ-

ñòàíîâëåíèè óñëîâèé òåïëîîáìåíà íà îäíîì èç êîíöîâ îäíîðîäíîãî ñòåðæíÿ êîíå÷íîé

äëèíû ïî ðåçóëüòàòàì èçìåðåíèé òåìïåðàòóðû ñ êîíå÷íîé îøèáêîé â òî÷êå, íàõîäÿ-

ùåéñÿ íà íåêîòîðîì ðàññòîÿíèè îò ýòîãî êîíöà. Ðàññìàòðèâàåìàÿ îáðàòíàÿ çàäà÷à

ÿâëÿåòñÿ íåêîððåêòíîé. Â ðàáîòå äàåòñÿ àíàëèòè÷åñêîå ðåøåíèå ýòîé çàäà÷è â òåðìè-

íàõ ïðåîáðàçîâàíèÿ Ôóðüå, âûïèñàí ðåãóëÿðèçóþùèé îïåðàòîð, óêàçàí ñïîñîá âûáîðà

ïàðàìåòðà ðåãóëÿðèçàöèè è äîêàçàíà îïòèìàëüíîñòü ïî ïîðÿäêó, èñïîëüçóåìîãî ðåãó-

ëÿðèçóþùåãî àëãîðèòìà â ïðîñòðàíñòâå L2. Óñòàíîâëåíî, ÷òî òî÷íîñòü ïðèáëèæåíèé

èìååò ïîðÿäîê ln−1 δ.
Â íàñòîÿùåå âðåìÿ, ïðè èñïîëüçîâàíèè âû÷èñëèòåëüíûõ ìåòîäîâ âñå áîëüøå âíè-

ìàíèÿ óäåëÿåòñÿ îöåíêàì ïîãðåøíîñòè ïðèìåíÿåìûõ àëãîðèòìîâ, èõ òî÷íîñòè è îï-

òèìàëüíîñòè. Îñîáóþ ðîëü ýòè âîïðîñû èãðàþò ïðè ÷èñëåííîì ðàñ÷åòå íåêîððåêòíûõ

çàäà÷ ñ èñïîëüçîâàíèåì ðàçëè÷íûõ ðåãóëÿðèçàòîðîâ. Â ðàáîòå ðàçðàáîòàíà íîâàÿ òåõ-

íîëîãèÿ ïîëó÷åíèÿ îöåíêè ïîãðåøíîñòè ïðè ðåøåíèè îáðàòíûõ ãðàíè÷íûõ çàäà÷ òåï-

ëîîáìåíà. Ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû êàê ïðè ðåàëüíûõ ÷èñëåííûõ ðàñ÷å-

òàõ òåïëîâûõ õàðàêòåðèñòèê îáðàòíûõ çàäà÷ òåïëîîáìåíà,òàê è ïðè ðàçðàáîòêå íîâûõ

ðåãóëÿðèçóþùèõ àëãîðèòìîâ ïîäîáíûõ çàäà÷.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à, ðåãóëÿðèçàöèÿ, îöåíêà ïîãðåøíîñòè, íåêîð-

ðåêòíàÿ çàäà÷à, ïðåîáðàçîâàíèå Ôóðüå.

Ââåäåíèå

Ïðè ðåøåíèè îáðàòíûõ è íåêîððåêòíî ïîñòàâëåííûõ çàäà÷ âàæíîå ìåñòî çàíèìàåò ìà-
òåìàòè÷åñêîå ìîäåëèðîâàíèå, áîëåå àäåêâàòíî îòðàæàþùåå ñóòü èçó÷àåìîãî ïðîöåññà èëè
ÿâëåíèÿ. Ýòî ïðèâîäèò ê íåîáõîäèìîñòè èñïîëüçîâàíèÿ áîëåå ñëîæíûõ ìîäåëåé, ó÷èòû-
âàþùèõ íåîäíîðîäíîñòü èçó÷àåìîãî îáúåêòà, åãî âçàèìîäåéñòâèå ñ îêðóæàþùåé ñðåäîé,
íåëèíåéíîñòü òåïëîâîãî ïðîöåññà, à òàêæå ìíîãèå äðóãèå ìîìåíòû. Äëÿ ÷èñëåííîãî ðåøå-
íèÿ íåêîððåêòíî ïîñòàâëåííûõ îáðàòíûõ çàäà÷ òðåáóåòñÿ ðàçðàáîòêà ñïåöèàëüíûõ ìåòîäîâ,
äåìîíñòðèðóþùèõ âûñîêóþ òî÷íîñòü. Îñîáîå ìåñòî, â ñâÿçè ñ ýòèì, çàíèìàåò òåîðèÿ îöå-
íèâàíèÿ ìåòîäîâ ðåøåíèÿ íåêîððåêòíî ïîñòàâëåííûõ çàäà÷, à òàêæå ïîëó÷åíèå òî÷íûõ è
òî÷íûõ ïî ïîðÿäêó îöåíîê ïîãðåøíîñòè ïðèáëèæåííûõ ðåøåíèé [1].

1. Ïîñòàíîâêà îáðàòíîé çàäà÷è

Äëÿ èññëåäîâàíèÿ îáðàòíîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ðàññìîòðèì ñîîò-
âåòñòâóþùóþ åé ïðÿìóþ çàäà÷ó. Ïóñòü òåïëîâîé ïðîöåññ îïèñûâàåòñÿ óðàâíåíèåì

∂u(x, t)

∂t
=
∂2u(x, t)

∂x2
, 0 < x < 1, t > 0, (1)
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ðåøåíèå u(x, t) ∈ C([0, 1]× [0,∞))
∩
C2,1((0, 1)× (0,∞)),

u(x, 0) = 0; 0 ≤ x ≤ 1, (2)

u(0, t) = h(t); t ≥ 0 (3)

è

∂u(1, t)

∂x
+ κu(1, t) = 0; κ > 0, t ≥ 0, (4)

ãäå

h(t) ∈ C2[0,∞), h(0) = h′(0) = 0, (5)

è ñóùåñòâóåò ÷èñëî t0 > 0 òàêîå, ÷òî äëÿ ëþáîãî t ≥ t0

h(t) = 0. (6)

Ôàêò ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (1)−(4) äëÿ ôóíêöèè u(x, t) äîêàçàí
â ðàáîòå [2].

Òåïåðü ïåðåéäåì ê ïîñòàíîâêå îáðàòíîé çàäà÷è. Ðàññìîòðèì çàäà÷ó (1)− (3), â êîòîðîé
ôóíêöèÿ h(t) íàì íå èçâåñòíà è ïîäëåæèò îïðåäåëåíèþ, à âìåñòî íåå â òî÷êå x1 ∈ (0, 1)
èçìåðÿåòñÿ òåìïåðàòóðà f(t) ñòåðæíÿ, ñîîòâåòñòâóþùàÿ äàííîìó ïðîöåññó

u(x1, t) = f(t); t ≥ 0. (7)

Ïóñòü ìíîæåñòâî Mr îïðåäåëåíî ôîðìóëîé

Mr =

{
h(t): h(t) ∈ L2[0,∞),

∫ ∞

0
|h(t)|2dt+

∫ ∞

0
|h′(t)|2dt ≤ r2

}
, (8)

ãäå h′(t)− ïðîèçâîäíàÿ îò ôóíêöèè h(t) ∈W 1
2 [0,∞)

∩
C2[0,∞), à r èçâåñòíîå ïîëîæèòåëüíîå

÷èñëî. Ïðåäïîëîæèì, ÷òî ïðè f(t) = f0(t), ñóùåñòâóåò ôóíêöèÿ h0(t), óäîâëåòâîðÿþùàÿ
óñëîâèÿì, ñôîðìóëèðîâàííûì âûøå, è òàêàÿ, ÷òî ïðè h(t) = h0(t) ñóùåñòâóåò ðåøåíèå
u(x, t) çàäà÷è (1)− (4), óäîâëåòâîðÿþùåå óñëîâèÿì (7), íî ôóíêöèÿ f0(t) íàì íå èçâåñòíà, à
âìåñòî íåå äàíû íåêîòîðàÿ ïðèáëèæåííàÿ ôóíêöèÿ fδ(t) ∈ L2[0,∞)

∩
L1[0,∞) è ÷èñëî δ > 0

òàêèå, ÷òî

∥fδ − f0∥L2 ≤ δ. (9)

Òðåáóåòñÿ, èñïîëüçóÿ fδ, δ è Mr, îïðåäåëèòü ïðèáëèæåííîå ðåøåíèå hδ(t) çàäà÷è (1)�
(3), (7) è îöåíèòü óêëîíåíèå ∥hδ − h0∥L2 ïðèáëèæåííîãî ðåøåíèÿ hδ(t) îò òî÷íîãî h0(t).

2. Ñâåäåíèå çàäà÷è (1)�(3), (7) ê çàäà÷å âû÷èñëåíèÿ çíà÷åíèé
íåîãðàíè÷åííîãî îïåðàòîðà

Ïóñòü H = L2[0,∞) + iL2[0,∞) íàä ïîëåì êîìïëåêñíûõ ÷èñåë, à F− îïåðàòîð , îòîáðà-
æàþùèé L2[0,∞) â H è îïðåäåëÿåìûé ôîðìóëîé

F [h(t)] =
1√
π

∫ ∞

0
h(t)e−iτtdt; τ ≥ 0. (10)
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Èç òåîðåìû Ïëàíøåðåëÿ [3] ñëåäóåò, ÷òî îïåðàòîð F , îïðåäåëÿåìûé ôîðìóëîé (10),
èçîìåòðè÷åí.

Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ôóðüå F ê ïðàâîé è ëåâîé ÷àñòè óðàâíåíèÿ (1) è óñëîâèÿì
(7), à òàêæå èñïîëüçóÿ (2), ïîëó÷èì

∂2û(x, τ)

∂x2
= iτ û(x, τ); x ∈ (0, 1), τ ≥ 0, (11)

ãäå û(x, τ) = F [u(x, t)].
Èç (4) è (7) ñëåäóåò

∂û(1, τ)

∂x
+ κû(1, τ) = 0, τ ≥ 0 (12)

è

û(x1, τ) = f̂(τ), τ ≥ 0, (13)

ãäå f̂(τ) = F [f(t)].
Èç ëåììû , äîêàçàííîé â [2], ñëåäóåò, ÷òî ðåøåíèå û(x, τ) çàäà÷è (11) � (13) íåïðåðûâíî

â ïîëîñå [0, 1]× [0,∞). Ðåøåíèå óðàâíåíèÿ (11) èìååò âèä

û(x, τ) = A(τ)eµ0x
√
τ +B(τ)e−µ0x

√
τ , (14)

ãäå µ0 =
1√
2
(1 + i), à A(τ) è B(τ) ïðîèçâîëüíûå ôóíêöèè.

Èç (12) � (14) ñëåäóåò, ÷òî

û(0, τ) =
chµ0

√
τ + (µ0

√
τ)−1κ shµ0

√
τ

chµ0(1− x1)
√
τ + (µ0

√
τ)−1κ shµ0(1− x1)

√
τ
f̂(τ), (15)

τ ≥ 0.
Îáîçíà÷èì çíàìåíàòåëü ïðàâîé ÷àñòè ôîðìóëû (15) ÷åðåç ψ(τ)

ψ(τ) = chµ0(1− x1)
√
τ + (µ0

√
τ)−1κ shµ0(1− x1)

√
τ .

Ëåììà 1. Ïóñòü κ ≤ 1

2
. Òîãäà ñóùåñòâóåò ÷èñëî c1 > 0 òàêîå, ÷òî äëÿ ëþáîãî τ ≥ 0

|ψ(τ)| ≥ c1.

Äîêàçàòåëüñòâî. Òàê êàê

Re[ψ(τ)] =

{
cos (1− x1)

√
τ

2

[√
2κ2

τ
sh(1− x1)

√
τ

2
+ ch(1− x1)

√
τ

2

]
+

+

√
2κ2

τ
ch(1− x1)

√
τ

2
sin(1− x1)

√
τ

2

}
, (16)

Im[ψ(τ)] =

{
sin (1− x1)

√
τ

2

[√
2κ2

τ
ch(1− x1)

√
τ

2
+ sh(1− x1)

√
τ

2

]
−
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−
√

2κ2

τ
sh(1− x1)

√
τ

2
cos(1− x1)

√
τ

2

}
, (17)

òî èç (16) ñëåäóåò, ÷òî ïðè óñëîâèè 0 ≤ (1− x1)

√
τ

2
≤ π

3
, cos(1− x1)

√
τ

2
≥ 1

2
è

|ψ(τ)| ≥ cos(1− x1)

√
τ

2
ch(1− x1)

√
τ

2
≥ 1

2
. (18)

Åñëè
π

3
≤ (1− x1)

√
τ

2
≤ π

2
, òî sin(1− x1)

√
τ

2
≥ 1

2
è èç (16) ñëåäóåò, ÷òî

|ψ(τ)| ≥
√

2κ2

τ
sin(1− x1)

√
τ

2
ch(1− x1)

√
τ

2
≥ (1− x1)κ

π
ch
π

3
. (19)

Åñëè
π

2
≤ (1− x1)

√
τ

2
≤ 3π

4
, òî sin(1− x1)

√
τ

2
≥

√
2

2
è èç (16) ñëåäóåò, ÷òî

|ψ(τ)| ≥ (1− x1) 2
√
2

3π
κ ch

π

2
. (20)

Åñëè
3π

4
≤ (1− x1)

√
τ

2
≤ π, òî − cos(1− x1)

√
τ

2
≥

√
2

2
è èç (17) ñëåäóåò, ÷òî

|ψ(τ)| ≥ (1− x1)
√
2

2π
κ sh

3π

4
. (21)

Òàêèì îáðàçîì, èç (18) � (21) ñëåäóåò ñóùåñòâîâàíèå ÷èñëà c2 > 0 òàêîãî, ÷òî äëÿ ëþáîãî

τ ∈
[
0,

2π2

(1− x1)2

]
|ψ(τ)| ≥ c2.

Òàê êàê κ ≤ 1

2
, à

|ψ(τ)| ≥ | chµ0(1− x1)
√
τ | − κ√

τ
| shµ0(1− x1)

√
τ |,

òî íåòðóäíî ïðîâåðèòü ñóùåñòâîâàíèå ÷èñëà c3 > 0 òàêîãî, ÷òî äëÿ ëþáîãî τ ≥ 2π2

(1− x1)2

|ψ(τ)| ≥ c3. (22)

Èç (18) è (22) ñëåäóåò óòâåðæäåíèå ëåììû.

Òàê êàê ôóíêöèè chµ0
√
τ+(µ0

√
τ)−1κ shµ0

√
τ è chµ0(1−x1)

√
τ+(µ0

√
τ)−1κ shµ0(1−

x1)
√
τ íåïðåðûâíû íà [0,∞), òî èç ëåììû 1 ñëåäóåò íåïðåðûâíîñòü ôóíêöèè

chµ0
√
τ + (µ0

√
τ)−1κ shµ0

√
τ

chµ0(1− x1)
√
τ + (µ0

√
τ)−1κ shµ0(1− x1)

√
τ

íà ýòîé ïîëóïðÿìîé.
Òàêèì îáðàçîì, äëÿ ëþáîãî τ > 0 íàéäåòñÿ ÷èñëî cτ > 0 òàêîå, ÷òî äëÿ ëþáîãî τ ∈ [0, τ ]∣∣∣∣ chµ0

√
τ + (µ0

√
τ)−1κ shµ0

√
τ

chµ0(1− x1)
√
τ + (µ0

√
τ)−1κ shµ0(1− x1)

√
τ

∣∣∣∣ ≤ cτ . (23)
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Îáîçíà÷èì û(0, τ) ÷åðåç ĥ(τ) è ïðåîáðàçóåì ôîðìóëó (15)

ĥ(τ) =

√
τ√

τ+iκ2
chµ0

√
τ + κ

µ0

√
τ+iκ2

shµ0
√
τ

√
τ√

τ+iκ2
chµ0(1− x1)

√
τ + κ

µ0

√
τ+iκ2

shµ0(1− x1)
√
τ
f̂(τ), τ ≥ 0. (24)

Ïóñòü β(τ) îïðåäåëåíà ôîðìóëîé

shβ(τ) =
κ

µ0
√
τ + iκ2

. (25)

Èç ñâîéñòâ ôóíêöèè Arsh, äîêàçàííûõ â [4] íà ñòð. 84�86, ñëåäóåò ðàçðåøèìîñòü (25),
è ÷òî ôóíêöèÿ β(τ) îòîáðàæàåò êîìïëåêñíóþ ïëîñêîñòü C, èç êîòîðîé âûáðîøåíû ëó÷è

1 ≤ y <∞ è −∞ < y ≤ −1 â ïîëîñó −π
2
< v <

π

2
.

Òàêèì îáðàçîì, èç (25) ñëåäóåò ñóùåñòâîâàíèå ôóíêöèè β(τ), óäîâëåòâîðÿþùåé ñîîòíî-
øåíèþ (25).

Êðîìå òîãî, (25) ñëåäóåò, ÷òî

β(τ) → 0 ïðè τ → ∞, (26)

à èç (24), ÷òî

ĥ(τ) = ch[µ0
√
τ + β(τ)] · ch−1[µ0(1− x1)

√
τ + β(τ)]f̂(τ). (27)

Äàëåå, èñïîëüçóÿ ôîðìóëó (27), îïðåäåëèì îïåðàòîð T , ïîëîæèâ

T f̂(τ) = ch[µ0
√
τ + β(τ)] · ch−1[µ0(1− x1)

√
τ + β(τ)]f̂(τ). (28)

D(T ) = {f̂(τ) : f̂(τ) ∈ H è T f̂(τ) ∈ H}. (29)

Èç (28) è (29) ñëåäóåò, ÷òî îïåðàòîð T ëèíååí, íåîãðàíè÷åí è çàìêíóò.

T f̂(τ) = ĥ(τ). (30)

Ïóñòü ĥ0(τ) = T f̂0(τ), f̂0(τ) = F [f0(t)], à f̂δ(τ) = F [fδ(t)].
Èç ôîðìóëû (9) ñëåäóåò, ÷òî

∥f̂δ − f̂0∥H ≤ δ. (31)

Îáîçíà÷èì ÷åðåç M̂r ìíîæåñòâî èç H òàêîå, ÷òî M̂r = F [Mr], è

M̂r =

{
ĥ(τ) : ĥ(τ) ∈ H,

∫ ∞

0
(1 + τ2) |ĥ(τ)|2dτ ≤ r2

}
. (32)

Èç òîãî, ÷òî h0(t) ∈Mr áóäåò ñëåäîâàòü, ÷òî

ĥ0(τ) ∈ M̂r. (33)
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3. Ðåøåíèå çàäà÷è (30) �(33)

Ëåììà 2. Äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ÷èñëî τε > 0 òàêîå, ÷òî äëÿ ëþáîãî τ ≥ τε(
1− ε

4 + ε

)
ex1

√
τ
2 ≤ | ch[µ0

√
τ + β(τ)]|

| ch[µ0(1− x1)
√
τ + β(τ)]|

≤
(
1 +

ε

4 + ε

)
ex1

√
τ
2 . (34)

Äîêàçàòåëüñòâî. Òàê êàê β(τ) = β1(τ) + iβ2(τ), òî

| ch[µ0
√
τ + β(τ)]| =

√
ch2

[√
τ

2
+ β1(τ)

]
− sin2

[√
τ

2
+ β2(τ)

]
, (35)

| ch[µ0(1− x1)
√
τ + β(τ)]| =

√
sh2

[
(1− x1)

√
τ

2
+ β1(τ)

]
+ cos2

[
(1− x1)

√
τ

2
+ β2(τ)

]
. (36)

Èç (35) è (36) ñëåäóåò, ÷òî

| ch[µ0
√
τ + β(τ)]|

| ch[µ0(1− x1)
√
τ + β(τ)]|

≤
ch

[√
τ
2 + β1(τ)

]
sh

[
(1− x1)

√
τ
2 + β1(τ)

] , (37)

à

ch

[√
τ
2 + β1(τ)

]
sh

[
(1− x1)

√
τ
2 + β1(τ)

] =

e
√

τ
2
+β1(τ)

[
1 + e−

√
2τ−2β1(τ)

]
e(1−x1)

√
τ
2
+β1(τ)

[
1− e−(1−x1)

√
2τ−2β1(τ)

] . (38)

Òàê êàê èç (26) ñëåäóåò, ÷òî β(τ) → 0 ïðè τ → ∞, òî èç (37) è (38) ñëåäóåò, ÷òî äëÿ ëþáîãî
µ > 0 íàéäåòñÿ τ1 > 0 òàêîå, ÷òî äëÿ ëþáîãî τ ≥ τ1

sup{e−
√
2τ−2β1(τ), e−(1−x1)

√
2τ−2β1(τ)} < µ. (39)

Èç (39) ñëåäóåò, ÷òî τ1 =
1

2
ln2

1

µ
.

Òàêèì îáðàçîì, èç (37)�(39) ñëåäóåò, ÷òî äëÿ ëþáîãî
τ ≥ τ1

| ch[µ0
√
τ + β(τ)]|

| ch[µ0(1− x1)
√
τ + β(τ)]|

≤ 1 + µ

1− µ
ex1

√
τ
2 . (40)

Àíàëîãè÷íî, (37) ìîæíî ïîêàçàòü, ÷òî

| ch[µ0
√
τ + β(τ)]|

| ch[µ0(1− x1)
√
τ + β(τ)]|

≥
sh

[√
τ
2 + β1(τ)

]
ch

[
(1− x1)

√
τ
2 + β1(τ)

] , (41)

à

sh

[√
τ
2 + β1(τ)

]
ch

[
(1− x1)

√
τ
2 + β1(τ)

] =
e
√

τ
2
+β1(τ)[1− e−

√
2τ−2β1(τ)]

e(1−x1)
√

τ
2
+β1(τ)[1 + e−(1−x1)

√
2τ−2β1(τ)]

. (42)
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Èç (39), (41) è (42) ñëåäóåò, ÷òî ïðè τ ≥ τ1

| ch[µ0
√
τ + β(τ)]|

| ch[µ0(1− x1)
√
τ + β(τ)]|

≥ 1− µ

1 + µ
ex1

√
τ
2 . (43)

Íåòðóäíî ïðîâåðèòü, ÷òî åñëè ìû ïîëîæèì µ =
ε

8 + 3ε
, òî èç (40) è (43) áóäåò ñëåäîâàòü

óòâåðæäåíèå ëåììû.

Ðàññìîòðèì äâå êîìïëåêñíîçíà÷íûå ôóíêöèè ψ1(τ) è ψ2(τ) ∈ C[a,∞) è |ψi(τ)| → ∞
ïðè τ → ∞, i = 1, 2 è ââåäåì îïåðàòîðû T1 è T2, äåéñòâóþùèå èç êîìïëåêñíîãî ïðîñòðàíñòâà
L2[a,∞) â ñåáÿ, è îïðåäåëÿåìûå ôîðìóëàìè

Tif(τ) = ψi(τ)f(τ); i = 1, 2. (44)

Â äàëüíåéøåì îïåðàòîðû Ti áóäåì ïðåäïîëàãàòü èíúåêòèâíûìè, à ÷åðåç ωi(δ, r) îáîçíà-
÷èì ñîîòâåòñòâóþùèå ìîäóëè íåïðåðûâíîñòè îïåðàòîðîâ Ti íà êëàññå êîððåêòíîñòè Mr.

ωi = sup{∥Tif∥ : f ∈ T−1
i (Mr), ∥f∥ ≤ δ}. (45)

Ëåììà 3. Ïóñòü Ti îïåðàòîðû, îïðåäåëåííûå ôîðìóëîé (44) è äëÿ ëþáîãî

τ ∈ [a,∞) |ψ1(τ)| ≤ |ψ2(τ)|. Òîãäà ω1(δ, r) ≤ ω2(δ, r).

Äîêàçàòåëüñòâî ëåììû ñðàçó ñëåäóåò èç îïðåäåëåíèÿ ìîäóëåé íåïðåðûâíîñòè ωi(δ, r)
ñì. (45).

Òåïåðü äëÿ èññëåäîâàíèÿ è ðåøåíèÿ çàäà÷è (30)�(33) ðàçîáüåì åå íà äâå. Ïåðâàÿ èç ýòèõ
çàäà÷ ÿâëÿåòñÿ êîððåêòíîé, à îïåðàòîð âòîðîé óäîâëåòâîðÿåò óñëîâèÿì (34).

Òàêèì îáðàçîì, ïåðâàÿ èç çàäà÷ èìååò âèä

T 1f̂1(τ) =
ch[µ0

√
τ + β(τ)]

ch[µ0(1− x1)
√
τ + β(τ)]

f̂1(τ) = ĥ1(τ); 0 ≤ τ ≤ τε, (46)

ãäå τε îïèñàíî â ëåììå (2), f̂
1(τ) = f̂(τ) ïðè 0 ≤ τ ≤ τε è ĥ1(τ) = ĥ(τ) ïðè 0 ≤ τ ≤ τε.

Èç ëåììû (1) è ñîîòíîøåíèé (24)�(26) ñëåäóåò, ÷òî ïðè κ ≤ 1

2
ôóíêöèÿ

ch[µ0
√
τ + β(τ)]

ch[µ0(1− x1)
√
τ + β(τ)]

íåïðåðûâíà íà îòðåçêå [0, τε], à èç ôîðìóëû (46), ÷òî îïåðàòîð T 1

îãðàíè÷åí â ïðîñòðàíñòâå H1 = L2[0, τε] + iL2[0, τε], è ñóùåñòâóåò ÷èñëî cε > 0 òàêîå, ÷òî

∥T 1∥ ≤ cε. (47)

Âòîðàÿ çàäà÷à ÿâëÿåòñÿ çàäà÷åé âû÷èñëåíèÿ çíà÷åíèé íåîãðàíè÷åííîãî îïåðàòîðà T 2,
îïðåäåëÿåìîãî ôîðìóëîé

T 2f̂2(τ) =
ch[µ0

√
τ + β(τ)]

ch[µ0(1− x1)
√
τ + β(τ)]

f̂2(τ) = ĥ2(τ), (48)

ãäå τ ≥ τε, f̂2(τ) = f̂(τ) ïðè τ ≥ τε, à ĥ2(τ) = ĥ(τ) ïðè τ ≥ τε, è äåéñòâóþùåãî â
ïðîñòðàíñòâå H2 = L2[τε,∞) + iL2[τε,∞).

Äëÿ ðåøåíèÿ çàäà÷è (48) èñïîëüçóåì ñåìåéñòâî îïåðàòîðîâ {T 2
α : α > τε}, îïðåäåëÿåìîå

ôîðìóëîé

T 2
α f̂

2(τ) =

{
T 2f̂2(τ); τε ≤ τ ≤ α,

0 ; τ > α.
(49)

80 Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

Ïðèáëèæåííîå çíà÷åíèå ĥ2,αδ (τ) çàäà÷è (48) îïðåäåëèì ôîðìóëîé

ĥ2,αδ (τ) = T 2
α f̂

2
δ (τ); τ ≥ τε. (50)

Äëÿ âûáîðà ïàðàìåòðà ðåãóëÿðèçàöèè α = α(δ, r) â ôîðìóëå (50) èñïîëüçóåì óñëîâèå

ĥ20(τ) ∈ M̂2
r , (51)

ãäå

M̂2
r =

{
ĥ2(τ) :

∫ ∞

τε

(1 + τ2)|ĥ2(τ)|2dτ ≤ r2
}
. (52)

Èç (48)�(51) ñëåäóåò, ÷òî

sup{∥T 2
α f̂

2
δ (τ)− T 2f̂20 (τ)∥2 : f̂20 (τ) ∈ [T 2]−1(M̂2

r ), ∥f̂2δ − f̂20 ∥ ≤ δ} = ∆2
1(α) + ∥T 2

α∥2δ2, (53)

ãäå [T 2]−1 îïåðàòîð, îáðàòíûé T 2 , à

∆1(α) = sup{∥T 2
α f̂

2
0 (τ)− T 2f̂20 (τ)∥ : f̂20 (τ) ∈ [T 2]−1(M̂2

r )}. (54)

Òåïåðü ïåðåéäåì ê îöåíêå ∥T 2
α∥.

Ëåììà 4. Ïðè ñôîðìóëèðîâàííûõ âûøå óñëîâèÿõ ñïðàâåäëèâû ñîîòíîøåíèÿ(
1− ε

4 + ε

)
ex1

√
α/2 ≤ ∥T 2

α∥ ≤
(
1 +

ε

4 + ε

)
ex1

√
α/2, α ≥ τε.

Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ íîðìû îïåðàòîðà

∥T 2
α∥ = sup

τε≤τ≤α

| ch[µ0
√
τ + β(τ)]|

| ch[µ0(1− x1)
√
τ + β(τ)]|

. (55)

Èç (55) è ëåììû (2) ñëåäóåò óòâåðæäåíèå ëåììû.

Ïóñòü

ω2(α) = sup

{∫ ∞

α
|ĥ20(τ)|2τ : ĥ20(τ) ∈ M̂2

r

}
. (56)

Òîãäà èç (52), (54) è (56) ñëåäóåò, ÷òî

∆2
1(α) = ω2(α). (57)

Èç (52) ñëåäóåò, ÷òî ïðè óñëîâèè ĥ20(τ) ∈ M̂2
r∫ ∞

τε

(1 + τ2)|ĥ20(τ)|2dτ ≤ r2. (58)

Èç (56) è (58) ñëåäóåò, ÷òî

ω2(α) =
r2

1 + α2
. (59)
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Òàê êàê

∆δ[T
2
α] = sup{∥T 2

α f̂
2
δ (τ)− T 2f̂20 (τ)∥ : f̂20 (τ) ∈ [T 2]−1(M̂2

r ), ∥f̂2δ − f̂20 ∥ ≤ δ}, (60)

òî èç (60) ñëåäóåò, ÷òî

∆2
δ [T

2
α] =

r2

1 + α2
+ ∥T 2

α∥2δ2, (61)

à èç ëåììû 4 è (61) ñëåäóåò

r2

1 + α2
+ δ2

(
1− ε

4 + ε

)2

e2x1

√
α/2 ≤ ∆2

δ [T
2
α] ≤ r2

1 + α2
+ δ2

(
1 +

ε

4 + ε

)2

e2x1

√
α/2. (62)

Ïàðàìåòð ðåãóëÿðèçàöèè α = α(δ, r) â ôîðìóëå (50) âûáåðåì èç óñëîâèÿ

r√
1 + α2

= ex1

√
α/2δ. (63)

×åðåç α = α(δ, r) îáîçíà÷èì çíà÷åíèå ïàðàìåòðà ðåãóëÿðèçàöèè, âûáðàííîå èç óðàâíå-
íèÿ

r√
1 + α2

= ∥T 2
α∥δ. (64)

Äëÿ ïîëó÷åíèÿ îêîí÷àòåëüíîé îöåíêè ïîãðåøíîñòè ïðèáëèæåííîãî çíà÷åíèÿ ââåäåì
åùå äâà çíà÷åíèÿ ïàðàìåòðà ðåãóëÿðèçàöèè α1 = α1(δ, r) è α2 = α2(δ, r), âûáðàííûå,
ñîîòâåòñòâåííî, èç óðàâíåíèé

r√
1 + α2

=

(
1− ε

4 + ε

)
ex1

√
α/2δ (65)

è

r√
1 + α2

=

(
1 +

ε

4 + ε

)
ex1

√
α/2δ. (66)

Èç ëåììû 4 è ñîîòíîøåíèé (60)�(66) ñëåäóåò ñóùåñòâîâàíèå δε > 0 òàêîãî, ÷òî α2(δε, r) ≥ αε,
à ñëåäîâàòåëüíî, äëÿ ëþáîãî δ < δε

α2(δ, r) ≤ α(δ, r) ≤ α1(δ, r) (67)

è

α2(δ, r) ≤ α(δ, r) ≤ α1(δ, r). (68)

Èç (61) è (64) ñëåäóåò, ÷òî

∆δ[T
2
α(δ,r)] =

√
2∥T 2

α(δ,r)∥δ, (69)

àíàëîãè÷íî, èç ëåììû 4 è ñîîòíîøåíèé (63)� (66) ñëåäóåò, ÷òî äëÿ ëþáîãî δ < δε

√
2 δ

(
1− ε

4 + ε

)
ex1

√
α1(δ,r)

2 ≤ ∆δ[T
2
α(δ,r)] ≤

√
2 δ

(
1 +

ε

4 + ε

)
ex1

√
α2(δ,r)

2 (70)

è

√
2 δ

(
1− ε

4 + ε

)
ex1

√
α1(δ,r)

2 ≤ ∆δ[T
2
α(δ,r)] ≤

√
2 δ

(
1 +

ε

4 + ε

)
ex1

√
α2(δ,r)

2 . (71)

Òåîðåìà 1. Äëÿ ëþáîãî δ ∈ (0, δε) ñïðàâåäëèâû ñîîòíîøåíèÿ(
1− ε

2

)
∆δ[T

2
α1(δ,r)

] ≤ ∆δ[T
2
α(δ,r)] ≤

(
1 +

ε

2

)
∆δ[T

2
α1(δ,r)

].
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Äîêàçàòåëüñòâî. Òàê êàê

∆δ[T
2
α(δ,r)] ≤ ∆δ[T

2
α1(δ,r)

] + |∆δ[T
2
α(δ,r)]−∆δ[T

2
α1(δ,r)

]| (72)

è

∆δ[T
2
α(δ,r)] ≥ ∆δ[T

2
α1(δ,r)

]− |∆δ[T
2
α(δ,r)]−∆δ[T

2
α1(δ,r)

]|. (73)

Èç (72) è (73) ñëåäóåò, ÷òî äëÿ äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî îöåíèòü âåëè÷èíó
|∆δ[T

2
α(δ,r)]−∆δ[T

2
α1(δ,r)

]|.
Èç (65), (66) è (67) ñëåäóåò, ÷òî

|∆δ[T
2
α(δ,r)]−∆δ[T

2
α1(δ,r)

]| ≤
√
2

(
1 +

ε

4 + ε

)
ex1

√
α(δ,r)

2 δ −
√
2

(
1− ε

4 + ε

)
ex1

√
α1(δ,r)

2 δ, (74)

à èç (67) è (74) ñëåäóåò

|∆δ[T
2
α(δ,r)]−∆δ[T

2
α1(δ,r)

]| ≤
√
2

(
1 +

ε

4 + ε

)
ex1

√
α1(δ,r)

2 δ −
√
2

(
1− ε

4 + ε

)
ex1

√
α1(δ,r)

2 δ. (75)

Èç (75) ñëåäóåò, ÷òî

|∆δ[T
2
α(δ,r)]−∆δ[T

2
α1(δ,r)

]| ≤
√
2
ε

2
ex1

√
α1(δ,r)

2 δ. (76)

Èç (72), (73) è (76) ñëåäóåò óòâåðæäåíèå òåîðåìû.

Òåîðåìà 2. Äëÿ ìåòîäà {T 2
α(δ,r) : 0 < δ ≤ δε}, îïðåäåëÿåìîãî ôîðìóëàìè (49) è (63),

ñïðàâåäëèâà òî÷íàÿ ïî ïîðÿäêó îöåíêà ïîãðåøíîñòè

√
2

(
1− ε

2

)
ex1

√
α1(δ,r)

2 δ ≤ ∆δ[T
2
α(δ,r)] ≤

√
2

(
1 +

ε

2

)
ex1

√
α1(δ,r)

2 δ.

Äîêàçàòåëüñòâî. Èç òåîðåìû 1 è ñîîòíîøåíèé (61) è (67) ñëåäóåò, ÷òî äëÿ ëþáîãî δ ∈ (0, δε]

∆2
δ [T

2
α(δ,r)] ≤

r2

1 + α2(δ, r)
+

(
1 +

ε

2

)
e2x1

√
α1(δ,r)

2 δ2 (77)

è

∆2
δ [T

2
α(δ,r)] ≥

r2

1 + α2
1(δ, r)

+

(
1− ε

2

)
e2x1

√
α1(δ,r)

2 δ2. (78)

Èç (63), (66), (77) è (78) ñëåäóåò, ÷òî

∆2
δ [T

2
α(δ,r)] ≤

(
1 +

ε

2

)2

e2x1

√
α(δ,r)

2 δ2 +

(
1 +

ε

2

)2

e2x1

√
α1(δ,r)

2 δ2 (79)

è

∆2
δ [T

2
α(δ,r)] ≥

(
1− ε

2

)2

e2x1

√
α1(δ,r)

2 δ2 +

(
1− ε

2

)2

e2x1

√
α1(δ,r)

2 δ2. (80)

Èç (67) ñëåäóåò, ÷òî

e2x1

√
α(δ,r)

2 < e2x1

√
α1(δ,r)

2 , (81)

à èç (79) è (81), ÷òî

∆2
δ [T

2
α(δ,r)] ≤

(
1 +

ε

2

)2

e2x1

√
α1(δ,r)

2 δ2 +

(
1 +

ε

2

)2

e2x1

√
α1(δ,r)

2 δ2. (82)

Èç (80) è (82) ñëåäóåò óòâåðæäåíèå òåîðåìû.
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Òåîðåìà 3. Ìåòîä {T 2
α(δ,r) : 0 < δ ≤ δε} ðåøåíèÿ çàäà÷è (48), îïðåäåëÿåìûé ôîðìóëàìè

(49) è (63), îïòèìàëåí ïî ïîðÿäêó íà êëàññå M̂2
r , è äëÿ íåãî ñïðàâåäëèâà îöåíêà ïîãðåøíîñòè

∆δ[T
2
α(δ,r)] ≤

√
2 (1 + ε) ∆opt

δ .

Äîêàçàòåëüñòâî. Èç ëåìì 2 è 3 ñëåäóåò, ÷òî

ω1(δ, r) ≤ ω2(δ, r), (83)

ãäå ω2(δ, r) = sup{∥T 2f̂2(τ)∥ : f̂2(τ) ∈ [T 2]−1(M̂2
r ), ∥f̂2(τ)∥ ≤ δ},

à

ω1(δ, r) = sup

{∥∥∥∥(1− ε
4+ε

)
ex1

√
τ
2 f̂2(τ)

∥∥∥∥ :

f̂2(τ) ∈
(
1− ε

4+ε

)−1

e−x1

√
τ
2 (M̂2

r ), ∥f̂2(τ)∥ ≤ δ

}
.

(84)

Èç (32) è (84) ñëåäóåò, ÷òî

ω2(δ, r) =
r√

1 + α2
1(δ, r)

, (85)

ãäå α1(δ, r) îïðåäåëåíà óðàâíåíèåì (65).
Èç (65) è (85) ñëåäóåò, ÷òî

ω1(δ, r) =

(
1− ε

4 + ε

)
ex1

√
α1(δ,r)

2 δ. (86)

Òàê êàê

∆opt
δ ≥ ω1(δ, r), (87)

òî èç (83), (86) è (87) èìååì

∆opt
δ ≥

(
1− ε

4 + ε

)
ex1

√
α1(δ,r)

2 δ. (88)

Èç òåîðåìû 2 è ñîîòíîøåíèÿ (88) ñëåäóåò óòâåðæäåíèå òåîðåìû.

Òàê êàê èç ñîîòíîøåíèÿ (65) ñëåäóåò, ÷òî

ex1

√
α1(δ,r)

2 δ =

(
1 +

ε

4

)
r√

1 + α2
1(δ, r)

, (89)

òî èç òåîðåìû 2 ñëåäóåò, ÷òî ïðè δ ≤ δε

∆δ[T
2
α(δ,r)] ≤

√
2

(
1 +

ε

2

)2 r√
1 + α2

1(δ, r)
. (90)

Äëÿ ïîëó÷åíèÿ àñèìïòîòèêè îöåíêè (90) ðàññìîòðèì äâà óðàâíåíèÿ

ex1

√
α
2 =

r

δ
(91)
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è

e2x1

√
α
2 =

r

δ
. (92)

Ðåøåíèÿ óðàâíåíèé (91) è (92) îáîçíà÷èì ÷åðåç α̂1(δ, r) è α̂2(δ, r).
Òîãäà èç (65), (91) è (92) ñëåäóåò, ÷òî ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ δ ñïðàâåäëèâû

ñîîòíîøåíèÿ

α̂2(δ, r) ≤ α1(δ, r) ≤ α̂1(δ, r). (93)

Èç (91) è (92) ñëåäóåò, ÷òî α̂1(δ, r) =
2

x21
ln2

r

δ
è α̂2(δ, r) =

1

2x21
ln2

r

δ
, à èç (93), ÷òî

α1(δ, r) ∼ ln2 δ ïðè δ → 0. (94)

Èç ñîîòíîøåíèÿ (94) ñëåäóåò

Òåîðåìà 4. Äëÿ ëþáîãî r > 0 ñóùåñòâóþò ÷èñëà

c1(r), c2(r) > 0 è δ1 ∈ (0, δε) òàêèå, ÷òî äëÿ ëþáîãî δ ∈ (0, δ1) ñïðàâåäëèâû îöåíêè

c1(r) ln
2 δ ≤

√
1 + α2

1(δ, r) ≤ c2(r) ln
2 δ.

Äàëåå ðåøåíèå çàäà÷è (46) îáîçíà÷èì ÷åðåç

h1δ(τ) = T 1f̂1δ (τ). (95)

Èç (47) è (95) ñëåäóåò, ÷òî

∥ĥ1δ(τ)− ĥ10(τ)∥ ≤ cεδ, (96)

ãäå ĥ10(τ) = T 1f̂10 (τ).
Ðåøåíèå çàäà÷è (30)�(33) îïðåäåëèì ôîðìóëîé

ĥδ(τ) = ĥ1δ(τ) + ĥ
2,α(δ,r)
δ (τ). (97)

Òîãäà èç ñîîòíîøåíèé (90), (96) è (97) ñëåäóåò, ÷òî

∥ĥδ(τ)− ĥ0(τ)∥ ≤
√
2

(
1 +

ε

2

)2 r√
1 + α2

1(δ, r)
+ cεδ. (98)

Çàìåòèì, ÷òî ôóíêöèþ ĥδ(τ), îïðåäåëÿåìóþ ôîðìóëîé (97), ìîæíî îïðåäåëèòü èíà÷å,
ââåäÿ ðåãóëÿðèçóþùåå ñåìåéñòâî îïåðàòîðîâ {Tα : α > 0}, îïðåäåëÿåìîå ôîðìóëîé

Tαf̂(τ) =

{
T f̂(τ) ; 0 ≤ τ ≤ α,

0 ; τ > α.
(99)

Òîãäà

ĥδ(τ) = Tαf̂δ(τ). (100)

Åñëè çíà÷åíèå ïàðàìåòðà ðåãóëÿðèçàöèè α(δ, r) â ôîðìóëå (100) âûáðàòü èç óñëîâèÿ

r√
1 + α2

= ex1

√
α
2 δ, (101)
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òî äëÿ ðåøåíèÿ ĥ
α(δ,r)
δ (τ) çàäà÷è (30)�(33) áóäåò ñïðàâåäëèâà îöåíêà

∥ĥδ(τ)− ĥ0(τ)∥ ≤
√
2

(
1 +

ε

2

)2 r√
1 + α2

1(δ, r)
+ cεδ. (102)

Èç òåîðåìû 4 ñëåäóåò ñóùåñòâîâàíèå ÷èñëà δ0 < δε òàêîãî, ÷òî äëÿ ëþáîãî δ < δ0

cεδ <
√
2 · ε

2

2
· r√

1 + α2
1(δ, r)

. (103)

Òîãäà èç ñîîòíîøåíèé (102) è (103) áóäåò ñëåäîâàòü òåîðåìà

Òåîðåìà 5. Ìåòîä {Tα(δ,r) : 0 < δ < δ0} ðåøåíèÿ çàäà÷è (30)�(33) îïòèìàëåí ïî ïîðÿäêó

íà êëàññå M̂r, è äëÿ íåãî ñïðàâåäëèâà îöåíêà

∆δ[Tα(δ,r)] ≤
√
2(1 + ε+ ε2)

r√
1 + α2

1(δ, r)
,

êîòîðàÿ ÿâëÿåòñÿ òî÷íîé ïî ïîðÿäêó.

Òåïåðü ðàññìîòðèì ïîäïðîñòðàíñòâî H0, îïðåäåëÿåìîå ôîðìóëîé H0 = F [L2[0,∞)] è
÷åðåç hδ(τ) îáîçíà÷èì ýëåìåíò, îïðåäåëÿåìûé ôîðìóëîé hδ(τ) = pr[ĥδ(τ);H0].

Òàê êàê ĥ0(τ) ∈ H0, òî èç (102) ñëåäóåò, ÷òî

∥hδ(τ)− ĥ0(τ)∥ ≤
√
2

(
1 +

ε

2

)2 r√
1 + α2

1(δ, r)
+ cεδ. (104)

Îêîí÷àòåëüíî ðåøåíèå hδ(t) îáðàòíîé çàäà÷è (1)�(3), (7) îïðåäåëèì ôîðìóëîé

hδ(t) =

{
F−1[hδ(τ)] ; t ∈ [0, t0],

0 ; 0 < t , t > t0,
(105)

ãäå F−1 îïåðàòîð, îáðàòíûé F .
Èç (104), (105) äëÿ hδ(t) ñïðàâåäëèâà îöåíêà

∥hδ(t)− h0(t)∥ ≤
√
2

(
1 +

ε

2

)2 r√
1 + α2

1(δ, r)
+ cεδ. (106)
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On Estimated Accuracy of the Approximate Solution of Inverse
Boundary Problem for Parabolic Equation

A.I. Sidikova, South Ural State University, Chelyabinsk, Russian Federation, 7413604@mail.ru

This paper is devoted to the development of projection regularization method, analysis

of the e�ciency with the help of accurate error estimates of this method obtained in

order and its application for the solution of the inverse boundary value problems of heat

transfer. In the article there is one-dimensional problem on the restoration of heat exchange

conditions at one end of the homogeneous rod of a �nite length by the results of temperature

measurements with �nite error at the point, which is located at some distance from the end.

The inverse problem is ill-posed. The paper provides an analytical solution of this ill-posed

problem in terms of the Fourier transform, regularizing operator is discharged, the method

for the selection of the regularization parameter is given and its optimality in order is

proved. It is established, that the accuracy of the approximations is of order ln−1 δ.
Now while using computational methods great attention is paid to the error estimate of

the algorithms used, its accuracy and optimality. These questions are of a great importance

at numerical calculation of ill-posed problems with the application of various regularizers.

A new technology of error estimates to solve the inverse boundary value problems of heat

transfer is developed in the paper. The results can be used for numerical calculation of

the thermal characteristics of the inverse problems of heat exchange as well as for the

development of new regularizing algorithms of similar problems.

Keywords: inverse problem, regularization, error estimate, ill-posed problem, Fourier

transformation.

References

1. Tanana V.P. Metody reshenia operatornykh uravneniy [Methods for Solving of Operator
Equations]. Moscow, Nauka, 1981. 228 p.

2. Tanana V.P., Sidikova A.I. On the Guaranteed Accuracy Estimate of an Approximate
Solution of One Inverse Problem of Thermal Diagnostics [O garantirovannoy otsenke tochnosti
priblizhennogo resheniya odnoy obratnoy zadachi teplovoy diagnostiki]. Trudy Instituta

Matematiki i Mekhaniki UrO RAN, 2010, vol. 16, no. 2, pp. 1�15.

3. Kolmogorov A.N., Fomin S.V. Elementy teorii functsiy i functsional'nogo analiza [The
Elements of Functions and Functional Analises]. Moscow, Nauka, 1972. 623 p.

4. Privalov I.I. Vvedenie v teoriu functsiy kompleksnogo peremennogo [Introduction in Theory
of Function Complex Variable]. Moscow, Nauka, 1984. 432 p.

Ïîñòóïèëà â ðåäàêöèþ 1 íîÿáðÿ 2011 ã.

2013, òîì 6, � 2 87




