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Ä.À. Ñèëàåâ

Â ðàáîòå ïðåäëàãàåòñÿ ìåòîä ïîñòðîåíèÿ êâàäðàòóðíîé ôîðìóëû âûñîêîãî ïîðÿä-
êà àïïðîêñèìàöèè äëÿ øèðîêîãî êëàññà îáëàñòåé, îñíîâàííûé íà ïðèáëèæåíèè ãëàä-
êîé ôóíêöèè íà ïëîñêîñòè ïîëóëîêàëüíûì ñãëàæèâàþùèì ñïëàéíîì èëè S-ñïëàéíîì.
Ïîëóëîêàëüíûå ñãëàæèâàþùèå ñïëàéíû áûëè ââåäåíû Ä.À. Ñèëàåâûì. Ðàíåå ðàñ-
ñìàòðèâàëèñü è ïðèìåíÿëèñü ñïëàéíû 3-é è 5-é ñòåïåíè. Íàñòîÿùàÿ ðàáîòà ïîñâÿ-
ùåíà èñïîëüçîâàíèþ S-ñïëàéíîâ áîëåå âûñîêèõ ñòåïåíåé. Ïîÿâëåíèå óñòîé÷èâûõ S-
ñïëàéíîâ êëàññà C0 (òîëüêî íåïðåðûâíûõ), ñîñòîÿùèõ èç ïîëèíîìîâ âûñîêîé ñòåïåíè
n (n = 9, 10) ïîçâîëèëî ïîëó÷èòü êâàäðàòóðíûå ôîðìóëû 10-ãî è 11-ãî ïîðÿäêîâ àï-
ïðîêñèìàöèè. Ïðåäïîëàãàåòñÿ, ÷òî èíòåãðèðóåìàÿ ôóíêöèÿ ïðèíàäëåæèò êëàññó Cp

(p = 10, 11) â íåñêîëüêî áîëüøåé îáëàñòè, ÷åì èñõîäíàÿ îáëàñòü, ïî êîòîðîé âåäåòñÿ
èíòåãðèðîâàíèå. Ïðåäïîëàãàåòñÿ òàêæå, ÷òî ãðàíèöà îáëàñòè çàäàíà ïàðàìåòðè÷åñêè,
÷òî ïîçâîëÿåò ñ âûñîêîé ñòåïåíüþ òî÷íîñòè ó÷åñòü ãðàíèöó îáëàñòè. Ïîäîáíûé ïîäõîä
âîçìîæåí è äëÿ ïîñòðîåíèÿ êóáàòóðíûõ ôîðìóë.

Êëþ÷åâûå ñëîâà: àïïðîêñèìàöèÿ; ñïëàéíû; èíòåãðàëû; êâàäðàòóðíûå ôîðìóëû;

÷èñëåííûå ìåòîäû.

Ââåäåíèå

Òåîðèÿ êâàäðàòóðíûõ ôîðìóë íàïðàâëåíà íà ïîëó÷åíèå ïðèáëèæåííûõ ôîðìóë äëÿ
âû÷èñëåíèÿ èíòåãðàëà, ìàêñèìàëüíî òî÷íûõ ïðè íàèìåíüøåì ÷èñëå óçëîâ [1�4]. Ñîñòàâíûå
êâàäðàòóðíûå ôîðìóëû (ôîðìóëà òðàïåöèé, Ñèìïñîíà è ò.ï.) ìîæíî èíòåðïðåòèðîâàòü êàê
ôîðìóëû, ïîëó÷åííûå ñ ïîìîùüþ ïðèáëèæåíèÿ èíòåãðèðóåìîé ôóíêöèè èíòåðïîëÿöèîí-
íûì ñïëàéíîì òèïà Ëàãðàíæà (ëîêàëüíûìè ñïëàéíàìè). Èñïîëüçîâàíèå ãëîáàëüíûõ ñïëàé-
íîâ òàêæå ïðèâîäèò ê êâàäðàòóðíûì ôîðìóëàì [5, 6]. Ôóíêöèè ìíîãèõ ïåðåìåííûõ ìîãóò
áûòü ïðèáëèæåíû ñóììîé ïðîèçâåäåíèé ôóíêöèé îäíîé ïåðåìåííîé [7], ÷òî ïðèâîäèò ê
ïîñòðîåíèþ êâàäðàòóðíûõ è êóáàòóðíûõ ôîðìóë. Îäíàêî, ñóùåñòâåííûì íåäîñòàòêîì èñ-
ïîëüçîâàíèÿ ãëîáàëüíûõ ñïëàéíîâ ÿâëÿåòñÿ îòñóòñòâèå óäîáíûõ àëãîðèòìîâ èõ ïîñòðîåíèÿ
äëÿ ñëó÷àÿ âûñîêèõ ñòåïåíåé (âûøå 3, 5). Îñòàåòñÿ áîëüøîé òðóäíîñòüþ àïïðîêñèìàöèÿ
èíòåãðèðóåìîé ôóíêöèè â îêðåñòíîñòè ãðàíèöû îáëàñòè [8, 9].

Íà ïëîñêîñòè ðàññìàòðèâàåòñÿ îãðàíè÷åííàÿ îáëàñòü Ω ñ ãðàíèöåé γ = ∂Ω. Ïðåäïîëà-
ãàåòñÿ, ÷òî ãðàíèöà çàäàíà ïàðàìåòðè÷åñêè

γ : {x̃(t), ỹ(t), |t ∈ [α, β]},

ãäå x̃, ỹ ∈ C1+ε � çàäàííûå ïåðèîäè÷åñêèå ôóíêöèè, ò.å. x̃(α) = x̃(β), ỹ(α) = ỹ(β) , ïåð-
âûå ïðîèçâîäíûå ôóíêöèé ïî x̃, ỹ óäîâëåòâîðÿþò óñëîâèþ Ãåëüäåðà ñ ïîðÿäêîì ε ≥ 0. Â
íåñêîëüêî áîëüøåé îáëàñòè Ωδ ðàññìàòðèâàåòñÿ ãëàäêàÿ ôóíêöèÿ f ∈ Cn+1, ò.å. îíà èìååò
íåïðåðûâíûå îãðàíè÷åííûå n+1 ÷àñòíûå ïðîèçâîäíûå. Êâàäðàòóðíàÿ ôîðìóëà èìååò âèä:∫∫

Ω

f(x, y)dxdy

 =

(
N∑
k=1

ckf(Pk)

)
+O(hn+1), (1)
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ãäå ck � âåñà, Pk � óçëû êâàäðàòóðíîé ôîðìóëû, h � øàã ðàçáèåíèÿ. Çäåñü k � íîìåð ïî-
ëèíîìà, ñîñòàâëÿþùåãî ñïëàéí, îòâå÷àþùåãî òî÷êå Pk, à ck � èíòåãðàë ïî îáëàñòè Ω îò
óêàçàííîãî ïîëèíîìà [10, 11]. Äîïîëíèòåëüíî áóäåì ïðåäïîëàãàòü, ÷òî èñõîäíàÿ ôóíêöèÿ
òàêîâà, ÷òî îíà îïðåäåëåíà â íåñêîëüêî áîëüøåé îáëàñòè Ωδ, ñîäåðæàùóþ îáëàñòü Ω ñ ñîõðà-
íåíèåì êëàññà è íîðìû. Äëÿ ïðîñòîòû ìîæíî ñ÷èòàòü, ÷òî òàêîâîé îáëàñòüþ ÿâëÿåòñÿ êðóã.
Ïðîáëåìà, ñ êîòîðîé ìû çäåñü ñòàëêèâàåìñÿ, ñîñòîèò èç äâóõ ìîìåíòîâ. Âî-ïåðâûõ, êàê óíè-
ôèöèðîâàòü âû÷èñëåíèå áîëüøîãî ÷èñëà òàêèõ èíòåãðàëîâ ïî çàäàííîé îáëàñòè. Âî-âòîðûõ,
êàê ñ áîëüøîé ñòåïåíüþ òî÷íîñòè ó÷åñòü âèä ãðàíèöû îáëàñòè Ω. Ýòè ïðîáëåìû ðåøàåì,
ñâîäÿ ñ ïîìîùüþ ôîðìóëû Ãðèíà èíòåãðàë ïî îáëàñòè Ω ê ñîîòâåòñòâóþùåìó èíòåãðàëó ïî
ãðàíèöå îáëàñòè γ = ∂Ω.

1. Îäíîìåðíûé S-ñïëàéí êëàññà Cp

Ðàññìîòðèì íà îòðåçêå [a, b] ðàâíîìåðíóþ ñåòêó {xk}k=K
k=0 , xk = a+ kh, h = (b− a)/K �

øàã ñåòêè. Ðàçîáü�åì îòðåçîê [a, b] íà ãðóïïû, äëÿ ýòîãî ââåä�åì íà [a, b] åù�e îäíó ðàâíîìåð-
íóþ ñåòêó {ξml }l=L

l=0 , ξ
m
l = a+ lH, H = mh,m ∈ N . Çäåñü m ôèêñèðîâàíî, èíäåêñ m â îáîçíà-

÷åíèè ξml â äàëüíåéøåì áóäåì îïóñêàòü. Òàêèì îáðàçîì, ïåðåõîäÿ èç îäíîé ãðóïïû â äðóãóþ,
ìû îñóùåñòâëÿåì ñäâèã ñèñòåìû êîîðäèíàò è ðàññìàòðèâàåì êàæäûé l-é ïîëèíîì íà îòðåç-
êå [0, H] . Ïóñòü çíà÷åíèÿ ïðèáëèæàåìîé ôóíêöèè íà ýòîé ñåòêå y = (y0, y1, . . . , yK) ∈ RK+1.
Îáîçíà÷èì ÷åðåç

Pn
S =

u : u(x) = a0 + a1x . . .+ apx
p +

n∑
i=p+1

aix
i


ìíîæåñòâî ïîëèíîìîâ ñòåïåíè n c ôèêñèðîâàííûìè êîýôôèöèåíòàìè a0, a1, . . . , ap. Ðàññìîò-
ðèì ôóíêöèîíàë

Φl(u) =

M∑
k=0

(u(ξl + kh)− yml+k)
2 .

Â êëàññå Pn
S èùåòñÿ òàêîé ïîëèíîì gl, êîòîðûé ìèíèìèçèðóåò ôóíêöèîíàë

Φl(u) =
M∑
k=0

(u(ξl + kh)− yml+k)
2 −→ min(ap+1, . . . , an)

è óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

al0 = gl−1(H), al1 = g′l−1(H), . . . , alp =
1

p!
g
(p)
l−1(H) ïðè l = 1, . . . , L− 1. (2)

Â ñëó÷àå ïåðèîäè÷åñêîãî S−ñïëàéíà çäåñü ïðè l = 0 âûïîëíåíî gl−1(H) = gL−1(H). Òàê
êàê

al0 = gl(0), a
l
1 = g′l(0), . . . , a

l
m =

1

m!
g
(m)
l (0), ïðè m = 0, 1, . . . , p,

òî óñëîâèÿ (2) åñòü óñëîâèÿ ãëàäêîé ñêëåéêè äâóõ ïîñëåäîâàòåëüíûõ ïîëèíîìîâ. Â
íåïåðèîäè÷åñêîì ñëó÷àå êîýôôèöèåíòû a00, a

0
1, . . . , a

0
p çàäàþòñÿ íà÷àëüíûìè óñëîâèÿìè

y0, y
′
0, . . . ,

y
(p)
0
p!

1. Ìîæíî ïðåäïîëàãàòü, ÷òî çíà÷åíèÿ çàäàííîé ôóíêöèè yk èçâåñòíû ñ íåêî-
òîðîé òî÷íîñòüþ, íàïðèìåð, îíè åñòü ðåçóëüòàòû êàêèõ-ëèáî èçìåðåíèé. Áóäåì ïðåäïîëà-
ãàòü òîãäà, ÷òî ñ óìåíüøåíèåì øàãà h áóäåò óâåëè÷èâàòüñÿ òî÷íîñòü èçìåðåíèÿ, à èìåííî,

1Â ñëó÷àå åñëè ôóíêöèÿ çàäàíà òàáëèöåé, òî y0, y
′
0, . . . , y

(p)
0 , ìîæíî âû÷èñëèòü ñ ïîìîùüþ ôîðìóë

÷èñëåííîãî äèôôåðåíöèðîâàíèÿ âûñîêîãî ïîðÿäêà àïïðîêñèìàöèè (ñì. [12]).
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áóäåì ïðåäïîëàãàòü, ÷òî åñëè ôóíêöèÿ f ∈ Cn+1[a, b] çàäàíà â óçëàõ ðàâíîìåðíîé ñåòêè
xk = a+kh, k = 0, 1, . . . ,K ñâîèìè çíà÷åíèÿìè yk, òî |yk− f(xk)| ≤ Ch(n+1). Çäåñü L � ÷èñëî
ãðóïï, íà êîòîðûå ðàçáèòà èñõîäíàÿ òàáëèöà çíà÷åíèé ïðèáëèæàåìîé ôóíêöèè, èëè ÷èñëî
ïîëèíîìîâ, ñîñòàâëÿþùèõ ñïëàéí. Êðîìå òîãî, çäåñü M +1 � êîëè÷åñòâî òî÷åê îñðåäíåíèÿ,
m + 1 � êîëè÷åñòâî òî÷åê, âõîäÿùèõ â îáëàñòü îïðåäåëåíèÿ l-ãî ïîëèíîìà gl, ξl � òî÷êà
ïðèâÿçêè ïîëèíîìà gl, M − m + 1 � ÷èñëî òàêèõ òî÷åê, çíà÷åíèÿ êîòîðûõ ó÷àñòâóþò ïðè
îïðåäåëåíèè äâóõ ñîñåäíèõ ïîëèíîìîâ, ñîñòàâëÿþùèõ S-ñïëàéí, M ≥ m+ 1 ([12]).

Îïðåäåëåíèå 1. S-ñïëàéíîì íàçîâåì ôóíêöèþ Sm,M (x), êîòîðàÿ ñîâïàäàåò ñ ïîëèíîìîì

gl(x) íà êàæäîì îòðåçêå ξl ≤ x < ξl+1.

Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, êîòîðîé äîëæíû óäîâëåòâîðÿòü êîýôôè-
öèåíòû ïîëèíîìîâ S-ñïëàéíà, ñîñòîèò èç óðàâíåíèé äâóõ âèäîâ: à) óðàâíåíèé ñêëåéêè äëÿ
êàæäîé ïàðû ïîñëåäîâàòåëüíûõ ïîëèíîìîâ (2); á) óðàâíåíèé äëÿ îïðåäåëåíèÿ êîýôôèöè-
åíòîâ ïðè ñòàðøèõ ñòåïåíÿõ ïîëèíîìîâ ïî êîýôôèöèåíòàì ïðè ìëàäøèõ ñòåïåíÿõ. Cäåëàåì
çàìåíó ïåðåìåííûõ ãi = aih

i, i = 0, 1, . . . , n.
Îáîçíà÷èì ÷åðåç

Sj =
M∑
k=0

kj , P l
j =

M∑
k=0

yml+kk
p+j , j = 1, . . . , n− p , Cp

n =
n!

p!(n− p)!
. (3)

Çäåñü l = 0, . . . , L − 1 � íîìåð ïîëèíîìà, ïðè÷åì åñëè l = 0, òî â ïåðèîäè÷åñêîì ñëó÷àå
âûðàæåíèå ãl−1

k îçíà÷àåò ãL−1
k . Â äàëüíåéøåì, åñëè ýòî íå âûçîâåò ïóòàíèöû, ìû áóäåì

îïóñêàòü âîëíó íàä ïåðåìåííûìè alk. Çàïèøåì ñèñòåìó äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ
ïîëèíîìîâ â ìàòðè÷íîé ôîðìå. Äëÿ ýòîãî îáîçíà÷èì ÷åðåç

A0 =

∥∥∥∥∥∥∥
Sp+1 . . . S2p+1

. . .
. . . . . .

Sn . . . Sn+p

∥∥∥∥∥∥∥ , A1 =

∥∥∥∥∥∥∥
S2p+2 . . . Sn+p+1

. . .
. . . . . .

Sn+p+1 . . . S2n

∥∥∥∥∥∥∥ ,

B0 =

∥∥∥∥∥∥∥∥∥
1 m m2 . . . mp

0 1 2m. . . pmp−1

. . . . . .
. . . . . .

0 0 0 . . . 1

∥∥∥∥∥∥∥∥∥ , B1 =

∥∥∥∥∥∥∥∥∥
mp+1 mp+2 . . . mn

(p+ 1)mp (p+ 2)mp+1 . . . nmn−1

. . . . . .
. . . . . .

Cp
p+1m Cp

p+2m
2 . . . Cp

nmn−p

∥∥∥∥∥∥∥∥∥ .
Çäåñü ïðÿìîóãîëüíûå ìàòðèöû A0 è B1 èìåþò ðàçìåðíîñòè (n−p)× (p+1) è (p+1)× (n−p)
ñîîòâåòñòâåííî, ðàçìåðíîñòè êâàäðàòíûõ ìàòðèö A1 è B0 (n− p)× (n− p) è (p+1)× (p+1).
Ïóñòü, êðîìå òîãî,

P l =


P l
1

P l
2
...

P l
n−p

 è X l
0 =


al0
al1
...
alp

 , X l
1 =


alp+1

alp+2
...
aln

 , ãäå l = 0, 1, . . . , L− 1. (4)

Òîãäà óðàâíåíèÿ à) ñêëåéêè äëÿ êàæäîé ïàðû ïîñëåäîâàòåëüíûõ ïîëèíîìîâ (2) ïðèìóò âèä:

B0X
l
0 +B1X

l
1 = X l+1

0 , (5)

à óðàâíåíèÿ á) äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ïðè ñòàðøèõ ñòåïåíÿõ ïîëèíîìîâ ïî êîýô-
ôèöèåíòàì ïðè ìëàäøèõ ñòåïåíÿõ:

A0X
l
0 +A1X

l
1 = P l . (6)
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2. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü S-ñïëàéíà êëàññà Cp

Ïðåäïîëîæèì, ÷òî m è M òàêîâû, ÷òî ìàòðèöà A1 èìååò îáðàòíóþ. Òîãäà èç (6) ïîëó-
÷àåì, ÷òî

X l
1 = A−1

1 P l −AX l
0 , (7)

ãäå A = A−1
1 A0. Ïîäñòàâèì âûðàæåíèå äëÿ X1

l â (5). Òîãäà ïîëó÷èì ðåêóððåíòíîå ñîîòíî-
øåíèå, ñâÿçûâàþùåå p + 1 ìëàäøèõ êîýôôèöèåíòîâ l + 1 ïîëèíîìà ÷åðåç p + 1 ìëàäøèõ
êîýôôèöèåíòîâ l ïîëèíîìà:

X l+1
0 = UX l

0 +Ψl , (8)

ãäå Ψl = B1A
−1
1 P l, ìàòðèöà óñòîé÷èâîñòè U = B0 − B1A

−1
1 A0 èìååò ðàçìåðíîñòü (p + 1) ×

(p+ 1).
Ðàññìîòðèì ñíà÷àëà íåïåðèîäè÷åñêèé ñëó÷àé. Çàäàäèì íà÷àëüíûé âåêòîð

X0
0 =

(
y0, hy

′
0, . . . ,

1
p!h

py
(p)
0

)T
,

ãäå çíà÷åíèÿ ïðîèçâîäíûõ, âõîäÿùèõ â X0
0 , ìîãóò áûòü âû÷èñëåíû ïðèáëèæåííî ñ âûñîêîé

ñòåïåíüþ òî÷íîñòè ñ ïîìîùüþ ôîðìóë ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ. Ïîëüçóÿñü ôîð-
ìóëàìè (7),(8), ïîñëåäîâàòåëüíî íàõîäèì X0

1 , X
1
0 , . . . , X

L−1
1 . Òåì ñàìûì âñå êîýôôèöèåíòû

ïîëèíîìîâ, ñîñòàâëÿþùèõ ñïëàéí, îäíîçíà÷íî îïðåäåëåíû.

Òåîðåìà 1. Ïóñòü ÷èñëà m,M, p, n òàêîâû, ÷òî detA1 ̸= 0 . Òîãäà äëÿ ëþáîé ôóíêöèè

f(x), çàäàííîé íà îòðåçêå [a, b] ñâîèìè çíà÷åíèÿìè yk â òî÷êàõ xk = a+ kh, h = (b− a)/K
è íà÷àëüíîãî âåêòîðà X0

0 ñóùåñòâóåò åäèíñòâåííûé íåïåðèîäè÷åñêèé ñïëàéí Sn
m,M [y](x)

êëàññà Cp.

Â ïåðèîäè÷åñêîì ñëó÷àå ïðèìåíÿÿ ðåêóððåíòíóþ ôîðìóëó (8) L− 1 ðàç, ïîëó÷èì:

X0
0 = XL

0 = UXL−1
0 +ΨL−1 = U(UXL−2

0 +ΨL−2) + ΨL−1 = . . . = ULX0
0 +

L∑
s=1

UL−sΨs−1,

îòêóäà

X0
0 = (E − UL)−1

L∑
s=1

UL−sΨs−1.

Çàòåì ïîñëåäîâàòåëüíî íàõîäèì X0
1 , X

1
0 , . . . , X

L−1
1 . Òåì ñàìûì âñå êîýôôèöèåíòû ïîëèíî-

ìîâ, ñîñòàâëÿþùèõ ïåðèîäè÷åñêèé ñïëàéí, îäíîçíà÷íî îïðåäåëåíû.

Òåîðåìà 2. Ïóñòü ÷èñëà m,M, p, n òàêîâû, ÷òî detA1 ̸= 0 è ñîáñòâåííûå ÷èñëà ìàòðè-

öû U íå ðàâíû êîðíþ ñòåïåíè L èç åäèíèöû (çäåñü L � ÷èñëî ïîëèíîìîâ, ñîñòàâëÿþùèõ

ñïëàéí). Òîãäà äëÿ ëþáîé ôóíêöèè f(x), çàäàííîé íà îòðåçêå [a, b] ñâîèìè çíà÷åíèÿìè yk
â òî÷êàõ xk = a + kh, h = (b − a)/K ñóùåñòâóåò åäèíñòâåííûé ïåðèîäè÷åñêèé ñïëàéí

Sn
m,M [y](x) êëàññà Cp.

3. Óñòîé÷èâîñòü è ñõîäèìîñòü S-ñïëàéíà êëàññà Cp

Òåîðåìà 3. Ïóñòü ïåðèîäè÷åñêàÿ ôóíêöèÿ f(x) ∈ Cn+1[a, b], è ïóñòü âûïîëíåíî óñëîâèå

|f(xk)− yk| ≤ C0h
n+1+ε, ε ≥ 0 . (9)
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Ïóñòü, êðîìå òîãî, ÷èñëà m,M, p, n òàêîâû, ÷òî detA1 ̸= 0, è ñîáñòâåííûå çíà÷åíèÿ ìàò-

ðèöû U ïî ìîäóëþ ìåíüøå åäèíèöû, ò.å.

|λi| < 1, i = 1, . . . , p+ 1. (10)

Òîãäà ïåðèîäè÷åñêèé ñïëàéí Sn
m,M ∈ Cp[a, b] ñ óçëàìè íà ðàâíîìåðíîé ñåòêå èìååò äåôåêò

n− p, è äëÿ x ∈ [a, b] ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

|f (r)(x)− dr

dxr
Sn
m,M (x)| ≤ Crh

n+1−r, äëÿ r = 0, 1, . . . , n; (11)

x ̸= ξl ïðè r = p+ 1, . . . , n; â ýòîì ñëó÷àå φ(r)(ξl) ≡ φ(r)(ξl + 0) .

Àíàëîãè÷íûå óòâåðæäåíèÿ ñïðàâåäëèâû è äëÿ íåïåðèîäè÷åñêîãî ñëó÷àÿ (ñì. [12]).
Ñîáñòâåííûå ÷èñëà ìàòðèöû U îïðåäåëÿþòñÿ èç óðàâíåíèÿ

det(U − λE) = 0. (12)

Äëÿ ñëó÷àÿ ìàëûõ çíà÷åíèé M (ïðè 3 ≤ M ≤ 20) â ðåçóëüòàòå ðàñ÷åòà áûëè ïîëó÷åíû
çíà÷åíèÿ ñîáñòâåííûõ ÷èñåë ìàòðèöû U . Êàê ïîêàçàíî â ñëó÷àÿõ n = 3 è n = 5, äëÿ îáåñïå-
÷åíèÿ óñëîâèÿ óñòîé÷èâîñòè, ò.å. âûïîëíåíèÿ íåðàâåíñòâà (10), íåîáõîäèìî ïåðåêðûâàíèå.
Ýòî îçíà÷àåò, ÷òî èìåþòñÿ òàêèå ýëåìåíòû èñõîäíîé òàáëèöû çíà÷åíèé ôóíêöèè, êîòîðûå
ó÷àñòâóþò â îïðåäåëåíèè êîýôôèöèåíòîâ íå ìåíåå äâóõ ñîñåäíèõ ïîëèíîìîâ, ñîñòàâëÿþùèõ
ñïëàéí. Åñëè ïåðåêðûâàíèå äîñòàòî÷íî áîëüøîå, òî ýòî â ðÿäå ñëó÷àåâ ÿâëÿåòñÿ è äîñòà-
òî÷íûì óñëîâèåì [13]. Íà ïðàêòèêå íàèáîëåå óïîòðåáèòåëüíûìè ÿâëÿþòñÿ òå ñïëàéíû, äëÿ
ïîñòðîåíèÿ êîòîðûõ èñïîëüçóåòñÿ íåáîëüøîå ÷èñëî òî÷åê îñðåäíåíèÿ M . Íåêîòîðûå íàèáî-
ëåå èíòåðåñíûå ïîëó÷åííûå çíà÷åíèÿ m è M ìîæíî íàéòè â òàáëèöå ðàáîòû [12]. Ïîêàçàíî,
÷òî â ñëó÷àå p = 0 è n = M , 1 ≤ m ≤ M −1 ìàòðèöà U åñòü ÷èñëî, ðàâíîå 0. Â ýòèõ ñëó÷àÿõ
S−ñïëàéíû îáëàäàþò âûñîêèìè àïïðîêñèìàöèîííûìè ñâîéñòâàìè è óäîáíû, íàïðèìåð, äëÿ
ïîñòðîåíèÿ ôîðìóë ÷èñëåííîãî èíòåãðèðîâàíèÿ (êâàäðàòóðíûõ, êóáàòóðíûõ).

4. Ôóíäàìåíòàëüíûé S-ñïëàéí

Ôóíäàìåíòàëüíûé ïåðèîäè÷åñêèé S-ñïëàéí Bj(x) � ýòî S-ñïëàéí, ïîñòðîåííûé ïî äàí-
íûì y = (y0, y1, . . . , yK) ∈ RK+1 âèäà: {yi = δij |i, j = 0, 1, . . . ,K}, δij � ñèìâîë Êðîíåêåðà.
Ëåãêî âèäåòü, ÷òî ëèíåéíàÿ êîìáèíàöèÿ

S(x) =

K∑
j=0

yjBj(x)

ÿâëÿåòñÿ S-ñïëàéíîì, ïðèáëèæàþùèì äàííûå {yi|i = 0, 1, . . . ,K}. Íåïåðèîäè÷åñêèå ôóí-
äàìåíòàëüíûå ñïëàéíû äîïîëíÿþòñÿ ñïëàéíàìè ñ íà÷àëüíûìè óñëîâèÿìè y′0, y

′′
0 , . . . , y

(p)(0),
ïðèíèìàþùèìè çíà÷åíèÿ 0 èëè 1.

5. Äâóìåðíûé ïîëóëîêàëüíûé ñãëàæèâàþùèé ñïëàéí

êëàññà Cp

5.1. Ïîñòðîåíèå φ− r − S-ñïëàéíà íà êðóãå

Áóäåì ðàññìàòðèâàòü íà åäèíè÷íîì êðóãå ïîëÿðíûå ñåòêè:

{φi = ih1|i = 0, 1, . . . ,K1}, {Φk = kH1|k = 0, 1, . . . , L1},H1 = m1h1,K1 = m1L1,K1h1 = 2π,
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{rj = jh2|j = 0, 1, . . . ,K2}, {Rl = lH2|l = 0, 1, . . . , L2}, H2 = m2h2,K2 = m2L2,K2h2 = 1.

Áóäåì ñòðîèòü àïïðîêñèìàöèþ ôóíêöèè f(φ, r) íà êðóãå ïðè óñëîâèè, ÷òî ôóíêöèÿ f èìååò
n+1 ïðîèçâîäíûõ ïî ïåðåìåííûì r è φ, òî åñòü f ∈ C(n+1)[0, 1] × [0, 2π]. Ïóñòü {yij =
f(φi, rj), i = 0, 1, . . . ,K1, j = 0, 1, . . . ,K2} � çíà÷åíèÿ â óçëàõ ñåòêè, ïî êîòîðûì áóäåò
ïðîâîäèòüñÿ àïïðîêñèìàöèÿ. Ïðè êàæäîì j = 0, 1, . . . ,K2 ïîñòðîèì ïåðèîäè÷åñêèé S-
ñïëàéí Sj(φ) íà îòðåçêå [0, 2π] ïî çàäàííûì {yij |i = 0, 1, . . . ,K1}. Êàæäûé èç ýòèõ ñïëàéíîâ
àïïðîêñèìèðóåò ôóíêöèþ f(φ, rj) íà îêðóæíîñòè ñ ðàäèóñîì rj , ïðè÷�åì â ñèëó òåîðåìû 3
î ñõîäèìîñòè ∣∣∣∣S(µ)

j (φ)− ∂µ

dφµ
f(φ, rj)

∣∣∣∣ ≤ Chn+1−µ
1 , µ = 0, 1, . . . , n , φ ∈ [0, 2π].

Äàëåå ôèêñèðóåì ïðîèçâîëüíîå φ̃ ∈ [0, 2π]. Ðàññìîòðèì íàáîð {zj = Sj(φ̃)|j = 1, . . . ,K2, z0 =

y00}, y00 � çíà÷åíèå ôóíêöèè f â íà÷àëå êîîðäèíàò. Òàêæå îáîçíà÷èì ÷åðåç z′0, . . . , z
(p)
0

çíà÷åíèÿ, ïîëó÷àåìûå ïî íåêîòîðîìó àëãîðèòìó ïî íàáîðó {zj}, êîòîðûå ïðèáëèæàþò

f ′
r(φ̃, r)|r=0, . . . , f

(p)
r (φ̃, r)|r=0 ñ ïîðÿäêàìè n, . . . , (n+ 1− p) ñîîòâåòñòâåííî (íàïðèìåð, ñ ïî-

ìîùüþ ôîðìóë ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ âûñîêîãî ïîðÿäêà, ñì. [12]). Ïî íàáîðó {zj}
è z′0, . . . , z

(p)
0 ñòðîèì Sφ̃(r) � íåïåðèîäè÷åñêèé S-ñïëàéí íà îòðåçêå [0, 1]. Áóäåì ñ÷èòàòü, ÷òî

m2 < M2ζ∗ . Ýòî ãàðàíòèðóåò, ÷òî ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû U ïî ìîäóëþ ìåíüøå
åäèíèöû. Òîãäà, ïîñòðîåííûé äëÿ φ̃ ñïëàéí Sφ̃(r) áóäåò àïïðîêñèìèðîâàòü ôóíêöèþ f(φ̃, r)
ïðè r ∈ [0, 1].

Îïðåäåëåíèå 2. Íàçîâ�åì φ − r- ñïëàéíîì ôóíêöèþ S(φ, r), çíà÷åíèå êîòîðîé ïðè ëþ-

áûõ φ è r îïðåäåëÿåòñÿ ïî ñëåäóþùåìó àëãîðèòìó: ïî íàáîðó {zj = Sj(φ)| j = 1, . . . ,K2,

z0 = y00}, z′0, . . . , z
(p)
0 ñòðîèì Sφ(r), çàòåì ïîëàãàåì S(φ, r) = Sφ(r), äðóãèìè ñëîâàìè

S(φ, r) = {Sφ(r)|{zj = Sj(φ)| j = 1, . . . ,K2, z0 = y00}}.

Î÷åâèäíî, ÷òî ýòîò ñïëàéí ìîæíî äèôôåðåíöèðîâàòü ïî r n ðàç â ëþáîé òî÷êå, íå
ïðèíàäëåæàùåé ñåòêå, òî åñòü r ̸= Rj . Ïðè r = Rj îïðåäåëèì ïðîèçâîäíóþ ñëåäóþùèì
îáðàçîì:

∂ν

∂rν
S(φ, r) =

∂ν

∂rν
S(φ, r + 0), ν = 0, 1, . . . , p.

Îïðåäåëåíèå 3. Íàçîâ�åì ïðîèçâîäíîé ïîðÿäêà µ ïî φ îò φ − r-ñïëàéíà (µ = 1, . . . , n)
ôóíêöèþ ∂µ

∂φµS(φ, r) íà åäèíè÷íîì êðóãå, êîòîðàÿ ðàâíà φ − r-ñïëàéíó, ïîñòðîåííîìó ïî

íàáîðó

{zj =
dµ

dφµ
Sj(φ)| j = 1, . . . ,K2, z0 = y00}.

Êàê è â ñëó÷àå ñ ïðîèçâîäíîé ïî r, ïîä ïðîèçâîäíîé ïî φ â òî÷êàõ φ = Φk ïîíèìàåòñÿ
çíà÷åíèå â òî÷êå φ = Φk + 0. Íàêîíåö, ìîæíî ââåñòè ïîíÿòèå ñìåøàííîé ïðîèçâîäíîé.

Îïðåäåëåíèå 4. Ïîä ñìåøàííîé ïðîèçâîäíîé ∂µ+ν

∂rµ∂φν S(φ, r) ïîíèìàåòñÿ ïðîèçâîäíàÿ ïî-

ðÿäêà µ ïî r îò ïðîèçâîäíîé ïîðÿäêà ν ïî φ îò S(φ, r), ãäå ïðîèçâîäíûå òðàêòóþòñÿ

ñîãëàñíî îïðåäåëåíèÿì 2 è 3.

5.2. Ñõîäèìîñòü φ− r − S-ñïëàéíà

Îáîçíà÷èì h = max(h1, h2).

Òåîðåìà 4. Ïóñòü m1/M1 < ζ∗, m2/M2 < ζ∗ è f ∈ C(n+1)[0, 2π] × [0, 1]. Òîãäà äëÿ

φ− r-ñïëàéíà S(φ, r) ñïðàâåäëèâû îöåíêè:
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∣∣∣∣ ∂µ+ν

∂rµ∂φν
S(φ, r)− ∂µ+ν

∂rµ∂φν
f(φ, r)

∣∣∣∣ ≤ Cµνh
n+1−µ−ν , ãäå µ, ν ≥ 0, 0 ≤ µ+ ν ≤ n. (13)

Àíàëîãè÷íî ìîæíî ââåñòè ïîíÿòèå è r − φ-ñïëàéíà [14].

5.3. Ïîëó÷åíèå S-ñïëàéíà íà êðóãå êàê ÿâíîé ôóíêöèè äâóõ ïåðåìåííûõ

Áóäåì îáîçíà÷àòü ôóíäàìåíòàëüíûå ñïëàéíû ïî φ êàê Ci(φ), à ôóíäàìåíòàëüíûå ñïëàé-
íû ïî àðãóìåíòó r êàê Dj(r).

S(φ, r) = {Sφ(r)|{zj = Sj(φ)| j = 1, . . . ,K2, z0 = y00}} = Sφ(r).

Â ñâîþ î÷åðåäü,

Sφ(r) =

K2∑
j=0

zjDj(r) =

K2∑
j=0

Dj(r)

K1−1∑
i=0

yijCi(φ) =

K1−1∑
i=0

K2∑
j=0

yijCi(φ)Dj(r) (14)

(çäåñü îãðàíè÷èâàåìñÿ ñëó÷àåì p = 0; â îáùåì ñëó÷àå äîáàâëÿþòñÿ ñëàãàåìûå z′jDj0(r) +

. . .+ z
(p)
j Djp(r), ãäå ôóíäàìåíòàëüíûé ñïëàéí Djp îòâå÷àåò íóëåâîìó íàáîðó zj è z

(p)
j = 1).

Ïðåäïîñëåäíåå ðàâåíñòâî ñëåäóåò èç îïðåäåëåíèÿ íàáîðà {zj = Sj(φ)} è ðàçëîæåíèÿ ïî
ôóíäàìåíòàëüíûì ñïëàéíàì

Sj(φ) =

K1−1∑
i=0

yijCi(φ).

Òåïåðü ðàññìîòðèì óêðóïíåííóþ ñåòêó íà îêðóæíîñòè {Φk = kH1| k = 0, 1, . . . , L1}, ãäå
H1 = m1h1 è {Rl = lH2| l = 0, 1, . . . , L2}, ãäå H2 = m2h2. Ðàññìîòðèì âèä S-ñïëàéíà â
íåêîòîðîì ïðîèçâîëüíîì ñåêòîðå ýòîé ñåòêè: φ = kH1+ φ̃, r = lH2+ r̃, ãäå |φ̃| ≤ H1 è |r̃| ≤
H2. Â ýòîì ñåêòîðå ôóíäàìåíòàëüíûå S-ñïëàéíû ñîãëàñíî îïðåäåëåíèþ ïðåäñòàâëÿþòñÿ â
âèäå ïîëèíîìîâ n-é ñòåïåíè:

Ci(φ) =

n∑
p=0

cipkφ̃
p, Dj(r) =

n∑
q=0

djqlr̃
q.

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â ôîðìóëó (14) äëÿ ôóíêöèè S(φ, r) è ìåíÿÿ ïîðÿäîê ñóììèðî-
âàíèÿ, ïîëó÷èì:

S(φ, r) =

K1−1∑
i=0

K2∑
j=0

yij

n∑
p=0

cipkφ̃
p

n∑
q=0

djqlr̃
q =

n∑
p=0

n∑
q=0

φ̃pr̃q(

K1−1∑
i=0

K2∑
j=0

yijc
i
pkd

j
ql) =

n∑
p=0

n∑
q=0

aklpqφ̃
pr̃q.

Òàêèì îáðàçîì, ïîêàçàíî, ÷òî íà êàæäîì ïðîèçâîëüíîì ñåêòîðå ôóíêöèÿ S(φ, r) ïðåäñòàâ-
ëÿåò ïîëèíîì n-é ñòåïåíè âèäà

S(φ, r) =

n∑
p=0

n∑
q=0

aklpqφ̃
pr̃q, ãäå aklpq =

K1−1∑
i=0

K2∑
j=0

yijc
i
pkd

j
ql, (15)

èëè ñïëàéí-ôóíêöèþ äâóõ ïåðåìåííûõ [14]. Çàìåòèì, ÷òî â âûðàæåíèÿ äëÿ êîýôôèöèå-
òîâ aklpq âõîäÿò çíà÷åíèÿ âñåõ yij , ñîäåðæàùèõñÿ â êðóãå. Àíàëîãè÷íûå âûðàæåíèÿ ìîæíî
ïîëó÷èòü äëÿ âñåõ ìíîãîìåðíûõ îáëàñòåé, ïðåäñòàâëÿþùèõ ñîáîé òåíçîðíûå ïðîèçâåäåíèÿ
îäíîìåðíûõ, íàïðèìåð, äëÿ ïðÿìîóãîëüíèêà è òîðà.
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Ïðåäñòàâëåíèå ñïëàéíà íà êðóãå â âèäå ðàçëîæåíèÿ ïî îäíîìåðíûì ôóíäàìåíòàëü-
íûì ñïëàéíàì (14) ïîçâîëÿåò îïðåäåëèòü ïîíÿòèå ñìåøàííîé ïðîèçâîäíîé äëÿ äâóìåðíîãî
ñïëàéíà.

Îïðåäåëåíèå 5. Ïîä ñìåøàííîé ïðîèçâîäíîé äâóìåðíîãî ñïëàéíà ∂µ+ν

∂rµ∂φν S(φ, r), ãäå 0 ≤

µ+ ν ≤ n, ïîíèìàåòñÿ ñëåäóþùàÿ êîíå÷íàÿ ñóììà

K1−1∑
i=0

K2∑
j=0

yij
dµ

dφµ
Ci(φ)

dν

drν
Dj(r),

ñîñòîÿùàÿ èç ôîðìàëüíûõ ïðîèçâîäíûõ îò ñîîòâåòñòâóþùèõ ôóíäàìåíòàëüíûõ ñïëàé-

íîâ ïî φ è r.

Ýòó ôîðìóëó ìîæíî ðàññìàòðèâàòü êàê ôîðìóëó ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ, îñ-
íîâàííóþ íà ïðèáëèæåíèè äâóìåðíîé ôóíêöèè ïîëóëîêàëüíûì ñãëàæèâàþùèì ñïëàéíîì.

Âñ�å òî æå ñàìîå âåðíî è äëÿ r − φ-ñïëàéíà.

5.4. Ïîëó÷åíèå êâàäðàòóðíûõ ôîðìóë äëÿ îäíîìåðíûõ èíòåãðàëîâ

Ïîäñòàâèì âûðàæåíèå S-ñïëàéíà ÷åðåç ôóíäàìåíòàëüíûå ñïëàéíû â èíòåãðàë:∫ B

A
S(x)dx =

∫ B

A

K∑
i=0

yiCi(x)dx =

K∑
i=0

ciyi, (16)

ãäå

ci =

∫ B

A
Ci(x)dx =

L1−1∑
m=0

n∑
s=0

aims
Hs+1

s+ 1
,

� èñêîìûå êîýôôèöèåíòû êâàäðàòóðû. Çäåñü aims � s-é êîýôôèöèåíò m-ãî ïîëèíîìà â i-ì
ôóíäàìåíòàëüíîì ñïëàéíå (ò.å. ïîñòðîåííîì ïî íàáîðó äàííûõ {yk = δik| k = 0, 1, . . . ,K},
ãäå δik� ñèìâîë Êðîíåêåðà). Çàìåòèì, ÷òî â íåïåðèîäè÷åñêîì ñëó÷àå óêàçàííûå ôóíäàìåí-

òàëüíûå ñïëàéíû äîïîëíÿþòñÿ ñïëàéíàìè ñ íà÷àëüíûìè óñëîâèÿìè y′0, . . . , y
(p)
0 , ïðèíèìàþ-

ùèìè çíà÷åíèÿ 0 èëè 1. Ýòè ôîðìóëû èìåþò (n+ 1)-é ïîðÿäîê àïïðîêñèìàöèè.

5.5. Ïîëó÷åíèå êâàäðàòóðíûõ ôîðìóë äëÿ äâóìåðíûõ èíòåãðàëîâ

íà êðóãå K

Ïîäñòàâèì â èíòåãðàë ïî åäèíè÷íîìó êðóãó âûðàæåíèå φ− r-ñïëàéíà â âèäå (14):∫∫
K
S(φ, r)dΩ =

∫ 2π

0

∫ 1

0
S(φ, r)rdrdφ =

K1−1∑
i=0

K2∑
j=0

yij

∫ 2π

0
Ci(φ)dφ

∫ 1

0
Dj(r)rdr.

Îòñþäà ïîëó÷àåì: ∫∫
K
S(φ, r)dΩ =

K1−1∑
i=0

K2∑
j=0

cidjyij , (17)

ãäå

ci =

∫ 2π

0
Ci(φ)dφ =

L1−1∑
m=0

n∑
κ=0

aimκ
Hκ+1

1

κ+ 1
,
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dj =

∫ 1

0
Dj(r)rdr =

L2+1∑
s=0

∫ ξs+1

ξs

rDj(r)dr =

L2+1∑
s=0

∫ H2

0
(u+ ξs)

n∑
q=0

bjsq uqdu =

=

L2+1∑
s=0

∫ H2

0

n∑
q=0

bjsq (uq+1 + sH2u
q)du =

L2+1∑
s=0

n∑
q=0

bjsq Hq+2
2

(
1

q + 2
+

s

q + 1

)
.

Çäåñü aimκ è bjsq � κ-é è q-é êîýôôèöèåíòûm-ãî è s-ãî ïîëèíîìîâ â i-ì è j-ì ôóíäàìåíòàëüíîì
ïåðèîäè÷åñêîì ñïëàéíå íà îêðóæíîñòè [0, 2π] è íåïåðèäè÷åñêîì ñïëàéíå íà îòðåçêå [0, 1] ñî-
îòâåòñòâåííî. ÇäåñüH1 = 2π/L1, H2 = 1/L2. Ôóíäàìåíòàëüíûé ïåðèîäè÷åñêèé ñïëàéí Ci(φ)
ñòðîèòñÿ ïî íàáîðó äàííûõ {yk = δik| k = 0, 1, . . . ,K1}. Íåïåðèîäè÷åñêèé ôóíäàìåíòàëü-

íûé ñïëàéí Dj(r) ñòðîèòñÿ ïî íàáîðó äàííûõ {yk = δjk| k = 0, 1, . . . ,K2; y
′
0, . . . , y

(p)
0 }, ãäå

δik� ñèìâîë Êðîíåêåðà, y
′
0, . . . , y

(p)
0 ïðèíèìàþò çíà÷åíèÿ ëèáî 0, ëèáî 1.

5.6. Êâàäðàòóðíûå ôîðìóëû äëÿ äâóìåðíûõ îäíîñâÿçíûõ îáëàñòåé

Íà ïëîñêîñòè ðàññìàòðèâàåòñÿ îãðàíè÷åííàÿ îáëàñòü Ω ñ ãðàíèöåé γ = ∂Ω, ãäå γ �
çàìêíóòàÿ ñàìîíåïåðåñåêàþùàÿñÿ êóñî÷íî-ãëàäêàÿ êðèâàÿ. Ïðåäïîëàãàåòñÿ, ÷òî ãðàíèöà çà-
äàíà ïàðàìåòðè÷åñêè: {γ = {x̃(t), ỹ(t)}|t ∈ [α, β]}, ãäå x̃, ỹ ∈ C1+ε � çàäàííûå ïåðèîäè÷åñêèå
ôóíêöèè, ò.å. x̃(α) = x̃(β), ỹ(α) = ỹ(β), ïåðâûå ïðîèçâîäíûå ôóíêöèé x̃, ỹ óäîâëåòâîðÿþò
óñëîâèþ Ãåëüäåðà ñ ïîðÿäêîì ε ≥ 0 (áûòü ìîæåò çà èñêëþ÷åíèåì îòäåëüíûõ òî÷åê). Áóäåì
ïðåäïîëàãàòü òàêæå, ÷òî ôóíêöèÿ f îïðåäåëåíà è (n+ 1) ðàç íåïðåðûâíî äèôôåðåíöèðóåìà
â íåñêîëüêî áîëüøåé îáëàñòè Ωδ. Äëÿ ïðîñòîòû áóäåì ñ÷èòàòü, ÷òî îáëàñòü Ωδ åñòü êðóã K
ðàäèóñà R.

Ïîñòðîåíèå àïïðîêñèìèðóþùåé ñåòêè áóäåì ïðîèçâîäèòü ñëåäóþùèì îáðàçîì. Ïîìå-
ñòèì îáëàñòü Ω â êðóã K ðàäèóñà R è ââåä�åì ïîëÿðíóþ ñèñòåìó êîîðäèíàò, ñâÿçàííóþ ñ
öåíòðîì êðóãà. Áóäåì ðàññìàòðèâàòü â êðóãå ðàäèóñà R ïîëÿðíûå ñåòêè:

{φi = ih1|i = 0, 1, . . . ,K1}, {Φk = kH1, k = 0, 1, . . . , L1},

{rj = jh2|j = 0, 1, . . . ,K2}, {Rl = lH2, l = 0, 1, . . . , L2}, (18)

H1 = m1h1,K1 = m1L1,K1h1 = 2π,H2 = m2h2,K2 = m2L2,K2h2 = R.

Ïóñòü uij = f(φi, rj) � ñóæåíèå ôóíêöèè f íà ðàâíîìåðíóþ ñåòêó (18). Ïî òàáëèöå çíà÷åíèé
uij ñòðîèì ïîëóëîêàëüíûé ñãëàæèâàþùèé ñïëàéí S(φ, r), ñîñòîÿùèé èç ïîëèíîìîâ n−îé
ñòåïåíè, íàïðèìåð, r − φ-ñïëàéí, îïðåäåëåííûé íà âñåì êðóãå K. Èç îöåíêè (13) ñëåäóåò,
÷òî S àïïðîêñèìèðóåò ôóíêöèþ f ñ ïîðÿäêîì O(h(n+1)), ãäå h = max(h1, h2) â îáëàñòè Ωδ.
Ïîäñòàâèì â èíòåãðàë ïî îáëàñòè Ω âûðàæåíèå äëÿ r − φ-ñïëàéíà â âèäå:

∫∫
Ω
S(φ, r)dΩ =

∫∫
Ω
S(φ, r)rdrdφ =

K1−1∑
i=0

K2∑
j=0

cijyij , (19)

ãäå

cij =

∫∫
Ω
Ci(φ)Dj(r)rdrdφ. (20)

Çàìåòèì, ÷òî âûðàæåíèå â (20), ñòîÿùåå ïîä çíàêîì èíòåãðàëà, åñòü ïðîèçâåäåíèå ôóíêöèé,
êàæäàÿ èç êîòîðûõ çàâèñèò ëèøü îò îäíîé ïåðåìåííîé, ÷òî âåñüìà ñóùåñòâåííî. Ïðèìåíÿòü
ôîðìóëû òèïà (17) ñòàíîâèòñÿ íåóäîáíî, òàê êàê ãðàíèöà γ áóäåò ïðîõîäèòü âíóòðè ÷àñòè
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ñåêòîðîâ (ñì. ï. 5.3). Ïðîèçâåä�åì óíèâåðñàëèçàöèþ âû÷èñëåíèÿ èíòåãðàëîâ â (20). Äëÿ èõ
âû÷èñëåíèÿ ïðèìåíèì ôîðìóëó Ãðèíà�Ñòîêñà:∮

γ
(−→a ,−→τ )ds =

∫∫
Ω
(rot−→a ,

−→
k )dΩ,

ãäå −→a = {P,Q, 0}, P = P (x, y), Q = Q(x, y), −→τ � åäèíè÷íûé âåêòîð êàñàòåëüíîé ê

êðèâîé γ, îãðàíè÷èâàþùåé îáëàñòü Ω,
−→
k � åäèíè÷íûé âåêòîð, ïåðïåíäèêóëÿðíûé ïëîñêîñòè

îáëàñòè Ω. Ëèíåéíàÿ ôîðìà èìååò âèä:

(−→a ,−→τ )ds = Pdx+Qdy = Prdr + rQφdφ,

ãäå Pr = P cosφ + Q sinφ, Qφ = −P sinφ + Q cosφ. Âûðàæåíèå äëÿ ðîòîðà â ïîëÿðíîé
ñèñòåìå êîîðäèíàò:

rot−→a =

(
1

r

∂

∂r
(rQφ)−

1

r

∂Pr

∂φ

)
−→
k .

Ïîýòîìó

cij =

∫∫
Ω
Ci(φ)Dj(r)rdrdφ =

∫∫
Ω

(
1

r

∂

∂r
(rQφ)−

1

r

∂Pr

∂φ

)
rdrdφ =

∮
γ
Prdr + rQφdφ.

Îòñþäà ïîëó÷àåì, ÷òî (
1

r

∂

∂r
(rQφ)−

1

r

∂Pr

∂φ

)
= Ci(φ)Dj(r). (21)

Ýòîìó óðàâíåíèþ óäîâëåòâîðÿþò

Pr = 0, Qφ =
1

r
Ci(φ)

∫ r

0
Dj(t)tdt.

Èíûìè ñëîâàìè, â êà÷åñòâå ôóíêöèè rQφ(φ, r) âîçüì�åì ïåðâîîáðàçíóþ îò ôóíêöèè rDj(r)
(ïî r), óìíîæåííóþ íà Ci(φ). Çàìåòèì, ÷òî ýòà ïåðâîîáðàçíàÿ åñòü ñïëàéí, ñîñòîÿùèé èç
ïîëèíîìîâ n + 2 ñòåïåíè. Êîíñòàíòó èíòåãðèðîâàíèÿ â ïåðâîîáðàçíîé âûáåðåì òàê, ÷òîáû
âûïîëíÿëîñü Qφ(φ, 0) = 0. Îòñþäà ïîëó÷àåì

cij =

∮
γ
Ci(φ)

(∫ r

0
Dj(t)tdt

)
dφ. (22)

Îáðàòèì âíèìàíèå íà òî, ÷òî íåïåðèîäè÷åñêèé ôóíäàìåíòàëüíûé ñïëàéí Dj(r) = 0 ïðè
r < rj , åñëè òî÷êà ñ êîîðäèíàòàìè (φi, rj) íå ïðèíàäëåæèò íåêîòîðîé îáëàñòè Ωδ ⊃ Ω.
Ïîýòîìó Qφ(φ, r) = 0 ïðè r < rj . Èòàê, ïîêàçàíî, ÷òî âñå êîýôôèöèåíòû cij ðàâíû íóëþ
äëÿ òàêèõ ïàð (i, j), ïðè êîòîðûõ òî÷êè ñ êîîðäèíàòàìè (φi, rj) /∈ Ωδ, ãäå δ = δ(M,m, h).

5.7. ×àñòíûé ñëó÷àé ¾ïðîñòîé¿ îáëàñòè

Îáëàñòü íàçîâ�åì ¾ïðîñòîé¿, åñëè âíóòðè íå�å íàéä�åòñÿ òàêàÿ òî÷êà, ÷òî ëþáîé ëó÷, âû-
ïóùåííûé èç ýòîé òî÷êè, ïåðåñå÷�åò ãðàíèöó îáëàñòè òîëüêî â îäíîé òî÷êå. Ïîìåñòèì íà÷àëî
êîîðäèíàò â ýòó òî÷êó è ââåä�åì ïîëÿðíóþ ñèñòåìó êîîðäèíàò. Òîãäà ãðàíèöà γ îáëàñòè Ω
çàäàåòñÿ ôóíêöèåé r = r(φ), φ ∈ [0, 2π] .

Çàôèêñèðóåì íåêîòîðîå φ. Çàìåòèì, ÷òîDj(r) ≡ 0 ïðè r ≤ rj−M2h2, ãäåM2�êîëè÷åñòâî
òî÷åê îñðåäíåíèÿ, èñïîëüçóåìûõ ïðè ïîñòðîåíèèDj(r). Ïóñòü ξl1 ≤ rj−M2h2. ÒîãäàDj(r) ≡
0 ïðè r ≤ ξl1 . Ïóñòü r(φ) ∈ [ξl2 , ξl2+1) (çàìåòèì, ÷òî l2 = l2(φ) çàâèñèò îò óãëà φ è ãðàíèöû
îáëàñòè Ω).
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∫ r(φ)

0
tDj(t)dt =

l2−1∑
s=l1

∫ ξs+1

ξs

tDj(t)dt+

∫ r(φ)

ξl2

tDj(t)dt =

=

l2−1∑
s=l1

∫ H2

0
(u+ ξs)

5∑
q=0

bjsq uqdu+

∫ r(φ)−ξl2

0
(u+ ξl2)

5∑
q=0

bjl2q uqdu =

=

l2−1∑
s=l1

∫ H2

0

5∑
q=0

bjsq (uq+1 + sH2u
q)du+

∫ r(φ)−ξl2

0

5∑
q=0

bjl2q (uq+1 + l2H2u
q)du =

=

l2−1∑
s=l1

5∑
q=0

bjsq Hq+2
2

(
1

q + 2
+

s

q + 1

)
+

5∑
q=0

bjl2q

(
(r(φ)− l2H2)

q+2

q + 2
+ l2H2

(r(φ)− l2H2)
q+1

q + 1

)
.

Ïîýòîìó

cij =

∮
γ

l2(φ)−1∑
s=l1

5∑
q=0

bjsq Hq+2
2

(
1

q + 2
+

s

q + 1

)
Ci(φ)dφ+

+

∮
γ

5∑
q=0

bjl2(φ)q

(
(r(φ)− l2(φ)H2)

q+2

q + 2
+ l2(φ)H2

(r(φ)− l2(φ)H2)
q+1

q + 1

)
Ci(φ)dφ, (23)

ãäå

Ci(φ) =

L1−1∑
n=0

5∑
p=0

ainp φp.

Çäåñü ainp è bjsq � p-é è q-é êîýôôèöèåíòû n-ãî è s-ãî ïîëèíîìîâ â i-ì ôóíäàìåíòàëüíîì ïåðè-
îäè÷åñêîì ñïëàéíå íà îêðóæíîñòè [0, 2π] è â j-ì ôóíäàìåíòàëüíîì íåïåðèîäè÷åñêîì ñïëàéíå
íà îòðåçêå [0, R]. Øàã H1 = 2π/L1. Ôóíäàìåíòàëüíûé ïåðèîäè÷åñêèé ñïëàéí Ci(φ) ñòðîèòñÿ
ïî íàáîðó äàííûõ {yk = δik| k = 0, 1, . . . ,K1}. Øàã H2 = 1/L2, ôóíäàìåíòàëüíûé íåïåðèî-

äè÷åñêèé ñïëàéí Dj(r) ñòðîèòñÿ ïî íàáîðó äàííûõ {yk = δjk| k = 0, 1, . . . ,K2; y
′
0, . . . , y

(p)
0 },

ãäå y′0, . . . , y
(p)
0 ïðèíèìàþò çíà÷åíèÿ ëèáî 0, ëèáî 1.

5.8. Îöåíêà òî÷íîñòè êâàäðàòóðíîé ôîðìóëû

äëÿ äâóìåðíûõ îäíîñâÿçíûõ îáëàñòåé

Îáîçíà÷èì ÷åðåç h = max(h1, h2). Ïóñòü âûïîëíåíû óñëîâèÿ óñòîé÷èâîñòè ìàòðèöû U ,
íàïðèìåð, m1/M1 < ζ∗, m2/M2 < ζ∗ è ïóñòü f ∈ C(n+1)(Ωδ), ãäå Ωδ ⊃ Ω, ò.å. ìû ïðåäïî-
ëàãàåì, ÷òî ôóíêöèÿ f îïðåäåëåíà è (n+1) ðàç íåïðåðûâíî äèôôåðåíöèðóåìà â íåñêîëüêî
áîëüøåé îáëàñòè Ωδ ⊃ Ω. Ïîìåñòèì îáëàñòü Ωδ â êðóã K ðàäèóñà R. Ââåä�åì ïîëÿðíóþ ñè-
ñòåìó êîîðäèíàò, âçÿâ çà íà÷àëî êîîðäèíàò öåíòð êðóãà R. Ïðîäîëæèì ôóíêöèþ f â K \Ωδ

òîæäåñòâåííûì íóëåì. Îáîçíà÷èì ÷åðåç S(φ, r) r−φ-ñïëàéí, ïðèáëèæàþùèé òàêèì îáðà-
çîì ïðîäîëæåííóþ ôóíêöèþ f íà êðóãå K.

Òåîðåìà 5. Ïóñòü S(φ, r) � ýòî r − φ-ñïëàéí, ïðèáëèæàþùèé ôóíêöèþ f , ïóñòü

(M +m)h ≤ ρ(γδ, γ). Çäåñü ρ(γδ, γ) � ðàññòîÿíèå ìåæäó ãðàíèöàìè îáëàñòåé Ωδ è Ω ñîîò-

âåòñòâåííî. Òîãäà ñïðàâåäëèâà îöåíêà:∣∣∣∣∣∣
∫∫

Ω
f(x, y)dΩ−

K1−1∑
i=0

K2∑
j=0

cijyij

∣∣∣∣∣∣ ≤ Ch(n+1). (24)
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Çäåñü yij = f(φi, rj) � çíà÷åíèÿ ôóíêöèè f â óçëàõ ñåòêè, âåñîâûå êîýôôèöèåíòû cij

îïðåäåëåíû ôîðìóëàìè (22),(23), ñóììèðîâàíèå ïîèçâîäèòñÿ ëèøü ïî òåì èíäåêñàì i è j,
äëÿ êîòîðûõ (φi, rj) ∈ Ωδ.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî
K1−1∑
i=0

K2∑
j=0

cij = 1,

ò.ê. S(φ, r) ≡ 1, åñëè f ≡ 1. Èç (13) ñëåäóåò, ÷òî |S(φ, r)− f(φ, r)| ≤ C00h
(n+1). Ïîýòîìó∣∣∣∣∣∣

∫∫
Ω
f(x, y)dΩ−

K1−1∑
i=0

K2∑
j=0

cijyij

∣∣∣∣∣∣ ≤
∣∣∣∣∫∫

Ω
fdΩ−

∫∫
Ω
SdΩ

∣∣∣∣+
∣∣∣∣∣∣
∫∫

Ω
SdΩ−

K1−1∑
i=0

K2∑
j=0

cijyij

∣∣∣∣∣∣ ≤

≤ C00h
(n+1)mes(Ω) +

∣∣∣∣∣∣
∫∫

Ω

S −
K1−1∑
i=0

K2∑
j=0

yijCi(φ)Dj(r)

 dΩ

∣∣∣∣∣∣
Ïîñëåäíåå ñëàãàåìîå ðàâíî íóëþ, òàê êàê Ci(φ)Dj(r) = 0 â îáëàñòè Ω äëÿ òåõ ïàð èíäåêñîâ
i è j, äëÿ êîòîðûõ (φi, rj) /∈ Ωδ.

Çàìå÷àíèå 1. Åñëè çàäàííóþ ôóíêöèþ f ïðèáëèæàòü φ − r-ñïëàéíîì, òî îöåíêà (24)
òàêæå áóäåò ñïðàâåäëèâà, òàê êàê íà êðóãå K φ− r-ñïëàéí îòëè÷àåòñÿ îò r − φ-ñïëàéíà íà
âåëè÷èíó O(h(n+1)).

Çàìå÷àíèå 2. Îñîáåííî óäîáíûìè ïîëó÷àþòñÿ êâàäðàòóðíûå ôîðìóëû ïðè èñïîëüçîâàíèè
ïîëóëîêàëüíûõ ñãëàæèâàþùèõ ñïëàéíîâ êëàññà C0 ïðè m = 1.
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Quadrature Formulas with High Order Approximation

D.A. Silaev, Lomonosov Moscow State University, Moscow, Russian Federation,
dasilaev@mail.ru

In the article the method of creation the quadrature formulas with high order
approximation for a wide class of the areas is given. This method is based on approach
of smooth function on the plane by the semilocal smoothing spline or S-spline. Semilocal
smoothing splines are initiated by D.A. Silaev. Earlier the splines of the third and �fth
degree are considered and applied. This work is devoted to use of S-splines of higher degrees.
Steady S-splines of a class of C0 (only continuous), consisting of polynoms of high degree of
n (n = 9,10) makes it possible to receive quadrature formulas of the 10th and 11th orders
of approximation. It is supposed that integrand function belongs to Cp class (to p = 10,11)
in a bigger area, than initial area on which integration is conducted. It is also supposed
that the border of area is set parametrically that helps to consider area border with a �ne
precision. Similar approach is possible for the construction of cubature formulas.

Keywords: an approximation; a spline; integrals; quadrature formulas; numerical

methods.
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