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Â ñòàòüå èññëåäóåòñÿ ïîëóëèíåéíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ñîáîëåâñêîãî òèïà âû-

ñîêîãî ïîðÿäêà ñ îòíîñèòåëüíî ñïåêòðàëüíî îãðàíè÷åííûì îïåðàòîðîì. Äàííàÿ ìàòå-

ìàòè÷åñêàÿ ìîäåëü ñòðîèòñÿ íà îñíîâå óðàâíåíèÿ ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà

è óñëîâèé Êîøè. Â ðàáîòå èñïîëüçóþòñÿ ìåòîä ôàçîâîãî ïðîñòðàíñòâà è òåîðèÿ îò-

íîñèòåëüíî p-îãðàíè÷åííûõ îïåðàòîðîâ, ðàçðàáîòàííûå Ã.À. Ñâèðèäþêîì. Ïðè èññëå-

äîâàíèè íåâûðîæäåííîé ìàòåìàòè÷åñêîé ìîäåëè èñïîëüçóåòñÿ ïîäõîä, ïðåäëîæåííûé

Ñ. Ëåíãîì; â ñòàòüå îí îáîáùàåòñÿ íà äèôôåðåíöèàëüíûå óðàâíåíèÿ âûñîêîãî ïîðÿäêà.

Â ðàáîòå ðàññìîòðåíî äâà ñëó÷àÿ. Â ïåðâîì, êîãäà îïåðàòîð ïðè ñòàðøåé ïðîèçâîäíîé

ïî âðåìåíè ÿâëÿåòñÿ íåïðåðûâíî îáðàòèìûì, èñïîëüçóþòñÿ ìåòîäû òåîðèè äèôôåðåí-

öèðóåìûõ áàíàõîâûõ ìíîãîîáðàçèé è äîêàçûâàåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è

Êîøè. Âî âòîðîì ñëó÷àå, êîãäà îïåðàòîð ïðè ñòàðøåé ïðîèçâîäíîé ïî âðåìåíè èìå-

åò íåòðèâèàëüíîå ÿäðî. Êàê èçâåñòíî, çàäà÷à Êîøè äëÿ óðàâíåíèé ñîáîëåâñêîãî òèïà

ïðèíöèïèàëüíî íå ðàçðåøèìà ïðè ïðîèçâîëüíûõ íà÷àëüíûõ äàííûõ. Â ñâÿçè ñ ýòèì

âîçíèêàåò çàäà÷à ïîñòðîåíèÿ ôàçîâîãî ïðîñòðàíñòâà óðàâíåíèÿ êàê ìíîæåñòâà äîïó-

ñòèìûõ íà÷àëüíûõ çíà÷åíèé, ñîäåðæàùåãî ðåøåíèÿ óðàâíåíèÿ, è èçó÷åíèÿ åãî ìîð-

ôîëîãèè. Â äàííîé ðàáîòå äëÿ âûðîæäåííîãî óðàâíåíèÿ ñòðîèòñÿ ëîêàëüíîå ôàçîâîå

ïðîñòðàíñòâî.

Êëþ÷åâûå ñëîâà: ôàçîâîå ïðîñòðàíñòâî; óðàâíåíèå ñîáîëåâñêîãî òèïà; îòíîñè-

òåëüíî ñïåêòðàëüíî îãðàíè÷åííûé îïåðàòîð; áàíàõîâî ìíîãîîáðàçèå; êàñàòåëüíîå ðàñ-

ñëîåíèå.

Ââåäåíèå

Ïîëóëèíåéíûå ìàòåìàòè÷åñêèå ìîäåëè ñîáîëåâñêîãî òèïà, ÷àñòî âîçíèêàþùèå â ïðèëî-
æåíèÿõ, ïðåäñòàâèìû â âèäå

u(n)(0) = uk, k = 0, 1, . . . , n− 1, (1)

Lu(n) = Mu+N(u), (2)

ãäå îïåðàòîðû L,M ∈ L(U;F), N ∈ C∞(U;F), U, F � áàíàõîâû ïðîñòðàíñòâà.
Äàííàÿ ñòàòüÿ ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîòû [1], â êîòîðîé ðàññìîòðåí ñëó÷àé n = 2.
Â çàâèñèìîñòè îò âèäà îïåðàòîðà L óðàâíåíèå ìîæåò áûòü êàê ðåãóëÿðíûì, òàê è ñèí-

ãóëÿðíûì, âòîðîé ñëó÷àé áîëåå èíòåðåñåí äëÿ íàñ. Îí âîçíèêàåò, â ÷àñòíîñòè, êîãäà ÿäðî
îïåðàòîðà L íåòðèâèàëüíî. Òàêèå óðàâíåíèÿ ïðèíÿòî íàçûâàòü óðàâíåíèÿìè ñîáîëåâñêî-
ãî òèïà. Ìàòåìàòè÷åñêèå ìîäåëè íà èõ îñíîâå áóäåì íàçûâàòü ìàòåìàòè÷åñêèìè ìîäåëÿìè
ñîáîëåâñêîãî òèïà.

Êàê èçâåñòíî, çàäà÷à Êîøè äëÿ óðàâíåíèÿ ñîáîëåâñêîãî òèïà íå ðàçðåøèìà ïðè ïðî-
èçâîëüíûõ íà÷àëüíûõ äàííûõ. Íà íàø âçãëÿä, íàèáîëåå ïëîäîòâîðíûì (åñëè ñ÷èòàòü óæå
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èìåþùèåñÿ ïðèëîæåíèÿ) ïîäõîäîì ê èçó÷åíèþ òàêèõ óðàâíåíèé ÿâëÿåòñÿ ìåòîä ôàçîâîãî
ïðîñòðàíñòâà, îñíîâû êîòîðîãî áûëè çàëîæåíû Ã.À. Ñâèðèäþêîì è Ò.Ã. Ñóêà÷åâîé [2] ïðè
èçó÷åíèè ïîëóëèíåéíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà ïåðâîãî ïîðÿäêà. Ñóòü ýòîãî ìåòîäà
çàêëþ÷àåòñÿ â ðåäóêöèè ñèíãóëÿðíîãî óðàâíåíèÿ (2) ê ðåãóëÿðíîìó, îïðåäåëåííîìó, îäíà-
êî, íå íà âñåì ïðîñòðàíñòâå, à íà íåêîòîðîì åãî ïîäìíîæåñòâå, ñîäåðæàùåì äîïóñòèìûå
íà÷àëüíûå çíà÷åíèÿ, ïîíèìàåìîì êàê ôàçîâîå ïðîñòðàíñòâî èñõîäíîãî óðàâíåíèÿ.

Íàøåé öåëüþ ÿâëÿåòñÿ ðàñïðîñòðàíåíèå èäåé äàííîãî ìåòîäà íà ñëó÷àé ïîëóëèíåéíîãî
óðàâíåíèÿ ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà. Ïðè èññëåäîâàíèè ìû ñóùåñòâåííî îïèðà-
åìñÿ íà òåîðèþ íåïîëíûõ ëèíåéíûõ óðàâíåíèé ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà ñ (L, p)-
îãðàíè÷åííûì îïåðàòîðîìM [3]. Òåîðèÿ îòíîñèòåëüíî îãðàíè÷åííûõ îïåðàòîðîâ íàøëà ñâîå
ïðîäîëæåíèå â òåîðèè îòíîñèòåëüíî ðàäèàëüíûõ îïåðàòîðîâ â ïðèìåíåíèè ê ðàçðåøèìîñòè
ïîëóëèíåéíûõ óðàâíåíèé ñîáîëåâñêîãî òèïà [4]. Êðîìå òîãî, äàííàÿ òåîðèÿ ïðèìåíÿåòñÿ ê
èññëåäîâàíèþ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ [5]. Â ñòàòüå ìû òàêæå îïèðàåìñÿ íà òåîðèþ
äèôôåðåíöèðóåìûõ ìíîãîîáðàçèé [6].

1. (L, p)-îãðàíè÷åííûå îïåðàòîðû

Ïóñòü U, F � áàíàõîâû ïðîñòðàíñòâà, îïåðàòîðû L, M ∈ L(U;F).

Îïðåäåëåíèå 1. Ìíîæåñòâî

ρL(M) = {µ ∈ C : (µL−M)−1 ∈ L(F;U)}

íàçûâàåòñÿ L-ðåçîëüâåíòíûì ìíîæåñòâîì îïåðàòîðà M . Ìíîæåñòâî C\ρL(M) = σL(M)
íàçûâàåòñÿ L-ñïåêòðîì îïåðàòîðà M .

Îïðåäåëåíèå 2. Îïåðàòîð-ôóíêöèè (µL−M)−1, RL
µ = (µL −M)−1L,LL

µ = L(µL −M)−1

ñ îáëàñòüþ îïðåäåëåíèÿ ρL(M) íàçûâàþòñÿ, ñîîòâåòñòâåííî, ðåçîëüâåíòîé, ïðàâîé ðå-

çîëüâåíòîé, ëåâîé ðåçîëüâåíòîé îïåðàòîðà M îòíîñèòåëüíî îïåðàòîðà L (êîðî÷å, L-
ðåçîëüâåíòîé, ïðàâîé L-ðåçîëüâåíòîé, ëåâîé L-ðåçîëüâåíòîé îïåðàòîðà M).

Îïðåäåëåíèå 3. Îïåðàòîð M íàçûâàåòñÿ (L, σ)-îãðàíè÷åííûì, åñëè

∃a > 0 ∀µ ∈ C : (|µ| > a) ⇒ (µ ∈ ρL(M)).

Ëåììà 1. [2] Ïóñòü îïåðàòîð M (L, σ)-îãðàíè÷åí. Òîãäà îïåðàòîðû

P =
1

2πi

∫
Γ

RL
λ (M)dλ è Q =

1

2πi

∫
Γ

LL
λ (M)dλ

ÿâëÿþòñÿ ïðîåêòîðàìè â ïðîñòðàíñòâàõ U è F, ñîîòâåòñòâåííî. Çäåñü Γ = {λ ∈ C : |λ| =
r > a}.

Ïîëîæèì U0 = kerP , F0 = kerQ, U1 = imP , F1 = imQ. Îáîçíà÷èì ÷åðåç Lk(Mk)
ñóæåíèå îïåðàòîðà L (M) íà ïîäïðîñòðàíñòâî Uk, k = 0, 1.

Òåîðåìà 1. [2] Ïóñòü îïåðàòîð M (L, σ) -îãðàíè÷åí. Òîãäà
(i) îïåðàòîðû Lk,Mk ∈ L(Uk;Fk), k = 0, 1;
(ii) ñóùåñòâóåò îïåðàòîð M−1

0 ∈ L(F0;U0);
(iii) ñóùåñòâóåò îïåðàòîð L−1

1 ∈ L(F1;U1);

Â óñëîâèÿõ òåîðåìû 1 ïîñòðîèì îïåðàòîðû H = M−1
0 L0 ∈ L(U0) è S = L−1

1 M1 ∈ L(U1).
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Îïðåäåëåíèå 4. Òî÷êà∞ íàçûâàåòñÿ óñòðàíèìîé îñîáîé òî÷êîé, ïîëþñîì ïîðÿäêà p ∈ N,
ñóùåñòâåííî îñîáîé òî÷êîé L-ðåçîëüâåíòû îïåðàòîðà M , åñëè H ≡ O;Hp ̸= O,Hp+1 ≡
O;Hq ̸= O ïðè âñåõ q ∈ N, ñîîòâåòñòâåííî.

Çàìå÷àíèå 1. Â äàëüíåéøåì óñòðàíèìóþ îñîáóþ òî÷êó áóäåì íàçûâàòü ïîëþñîì ïîðÿäêà

íóëü L-ðåçîëüâåíòû îïåðàòîðà M . (L, σ)-îãðàíè÷åííûé îïåðàòîð M áóäåì íàçûâàòü (L, p)-
îãðàíè÷åííûì, åñëè òî÷êà ∞ ÿâëÿåòñÿ ïîëþñîì ïîðÿäêà p ∈ {0} ∪ N åãî L-ðåçîëüâåíòû.

2. Äèôôåðåíöèðóåìûå áàíàõîâû ìíîãîîáðàçèÿ

Ïóñòü M � Ck-ìíîãîîáðàçèå, ìîäåëèðóåìîå ïðîñòðàíñòâîì U. Îáîçíà÷èì ÷åðåç TM êà-
ñàòåëüíîå ðàññëîåíèå ìíîãîîáðàçèÿ M, à ÷åðåç TnM � êàñàòåëüíîå ðàññëîåíèå ïîðÿäêà n.
Ìíîæåñòâî TM èìååò åñòåñòâåííóþ ñòðóêòóðó ãëàäêîãî Ck−1-ìíîãîîáðàçèÿ, ìîäåëèðóåìîãî
ïðîñòðàíñòâîì U, â ñèëó ïîñòðîåíèÿ, à êàñàòåëüíîå ðàññëîåíèå TnM ÿâëÿåòñÿ ìíîãîîáðàçè-
åì êëàññà Ck−n, ñåé÷àñ è â äàëüíåéøåì ïðåäïîëàãàåòñÿ k > n.

Îáîçíà÷èì ÷åðåç πl � êàíîíè÷åñêîå ïðîåêòèðîâàíèå ñ êàñàòåëüíîãî ðàññëîåíèÿ ïîðÿäêà
l íà êàñàòåëüíîå ðàññëîåíèå ïîðÿäêà l − 1, ïðè÷åì l = 1, 2, . . . , n, πl

∗ � ïðîåêòèðîâàíèå ñ
êàñàòåëüíîãî ðàññëîåíèÿ ïîðÿäêà l íà ìíîãîîáðàçèå M, ò.å. πl

∗ = π1π2 . . . πl.
Ðàññìîòðèì êðèâóþ α : J → M êëàññà Cs, (s ≤ k, J � íåêîòîðûé èíòåðâàë ñîäåðæàùèé

íóëü). Ïîäíÿòèåì êðèâîé α â TM íàçûâàþò êðèâóþ α1 : J → TM, ÷òî π1α1 = α. Ìû
âñåãäà ïðåäïîëàãàåì, ÷òî s ≥ n, òàê ÷òî ïîäíÿòèå êðèâîé ïðèíàäëåæèò êëàññó s − 1 ≥ 1.
Àíàëîãè÷íî, ïîäíÿòèåì ïîðÿäêà l êðèâîé α â T lM íàçîâåì êðèâóþ αl : J → T lM, ÷òî
πl
∗α

l = α, òàê ÷òî ïîäíÿòèå êðèâîé ïîðÿäêà l ïðèíàäëåæèò êëàññó s − l ≥ 1. Íà îñíîâå
îïðåäåëåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà [6] ââåäåì

Îïðåäåëåíèå 5. Äèôôåðåíöèàëüíûì óðàâíåíèåì ïîðÿäêà n íà ìíîãîîáðàçèè M íàçîâåì

òàêîå âåêòîðíîå ïîëå ξ êëàññà Ck−n(k > n) íà êàñàòåëüíîì ðàññëîåíèè Tn−1M, ÷òî äëÿ

âñåõ v ∈ Tn−1M âûïîëíåíî ðàâåíñòâî

πnξ(v) = v.

Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî ξ òî÷íî òîãäà ÿâëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì
ïîðÿäêà n, êîãäà âûïîëíåíî ñëåäóþùåå óñëîâèå: êàæäàÿ èíòåãðàëüíàÿ êðèâàÿ β äëÿ ξ
ÿâëÿåòñÿ êàíîíè÷åñêèì ïîäíÿòèåì ïîðÿäêà n− 1 êðèâîé πn−1

∗ β. Äðóãèìè ñëîâàìè

(πn−1
∗ β)n−1 = β.

Ïóñòü M îòêðûòîå ìíîæåñòâî â áàíàõîâîì ïðîñòðàíñòâå U. Â ýòîì ñëó÷àå ó ëþáîãî
âåêòîðíîãî ïîëÿ íà Tn−1M ãëàâíàÿ ÷àñòü

f : Tn−1M → Un

èìååò n êîìïîíåíò f = (f1, f2, . . . , fn) êàæäàÿ èç êîòîðûõ îòîáðàæàåò Tn−1M â U.
Óòâåðæäåíèå 1. [6] Îòîáðàæåíèå f êëàññà Ck−n òî÷íî òîãäà ÿâëÿåòñÿ ãëàâíîé ÷à-

ñòüþ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïîðÿäêà n, êîãäà

f(g1, g2, . . . , gn) = (g2, g3, . . . , gn, fn(g1, g2, . . . , gn)).

Ñëåäóÿ [6], ñôîðìóëèðóåì è äîêàæåì

Òåîðåìà 2. Ïóñòü M áàíàõîâî Ck-ìíîãîîáðàçèå (k > n), ξ � äèôôåðåíöèàëüíîå óðàâíåíèå
ïîðÿäêà n êëàññà Ck−n. Òîãäà äëÿ ëþáîé òî÷êè (u0, u1, . . . , un−1) ∈ Tn−1M ñóùåñòâóåò
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åäèíñòâåííàÿ êðèâàÿ u ∈ C l
(
(−τ, τ);M

)
, τ = τ(u0, u1, . . . , un−1) > 0, l ≥ n, ëåæàùàÿ â M,

ïðîõîäÿùàÿ ÷åðåç òî÷êó (u0, u1, . . . , un−1) òàêàÿ, ÷òî

u(n) = fn(u, u̇, ü, . . . , u
(n−1))

u(k)(0) = uk, k = 0, . . . n− 1.
(3)

Äîêàçàòåëüñòâî. Ïîñêîëüêó Tn−1M � ýòî Ck−n+1-ìíîãîîáðàçèå, ξ � âåêòîðíîå ïîëå
êëàññà C l íà Tn−1M, òî äëÿ ëþáîé òî÷êè (u0, u1, . . . , un−1) ∈ Tn−1M, ñóùåñòâóåò åäèí-
ñòâåííàÿ èíòåãðàëüíàÿ êðèâàÿ φ(t), t ∈ (−τ, τ), ïðîõîäÿùàÿ ÷åðåç òî÷êó (u0, u1, . . . , un−1)
(φ(0) = (u0, u1, . . . , un−1)). Ïðåäñòàâèì êðèâóþ â âèäå n êîìïîíåíò è áóäåì ðàññìàòðèâàòü
åå ëîêàëüíî

φ(t) = (u(t), u1(t), . . . , un−1(t)) ∈ M× Un−1.

Ñîãëàñíî óòâåðæäåíèþ 1, åñëè f � ãëàâíàÿ ÷àñòü äèôôåðåíöèàëüíîãî óðàâíåíèÿ ξ, òî

φ̇ = (u̇(t), u̇1(t), . . . , u̇n(t)) = f(u1(t), u2(t), . . . , un−1(t)) =

= (u2(t), . . . , un−1(t), fn(u1(t), u2(t), . . . , un−1(t))).

Ñëåäîâàòåëüíî, äèôôåðåíöèàëüíîå óðàâíåíèå ìîæíî ïåðåïèñàòü â áîëåå ïðèâû÷íîì âèäå

u̇(t) = u1(t),
u̇1(t) = u2(t),
. . .
u̇n−1(t) = fn(u(t), u1(t), . . . , un−1(t)).

Ñëåäîâàòåëüíî, u(n)(t) = fn(u(t), u1(t), . . . , un−1(t)). Äåëàÿ îáðàòíóþ ïîäñòàíîâêó, ïîëó÷èì

u(n) = fn(u, u̇, ü, . . . , u
(n−1)).

Òàêèì îáðàçîì, êðèâàÿ (π∗φ)(t) = u(t), t ∈ (−τ, τ), ëåæèò â M è óäîâëåòâîðÿåò (3). ◃

3. Ìàòåìàòè÷åñêàÿ ìîäåëü ñîáîëåâñêîãî òèïà
âûñîêîãî ïîðÿäêà

Âîçâðàùàÿñü ê çàäà÷å (1)�(2), ââåäåì îïðåäåëåíèå ðåøåíèÿ

Îïðåäåëåíèå 6. Âåêòîð-ôóíêöèþ u ∈ Cn((−τ, τ);U), óäîâëåòâîðÿþùóþ óðàâíåíèþ (2)
ïðè íåêîòîðîì τ ∈ R+, íàçîâåì ðåøåíèåì ýòîãî óðàâíåíèÿ, à åñëè ðåøåíèå óäîâëåòâîðÿåò
óñëîâèþ (1), òî ôóíêöèþ u áóäåì íàçûâàòü ðåøåíèåì çàäà÷è (1), (2).

Îïðåäåëåíèå 7. Ìíîæåñòâî P íàçîâåì ôàçîâûì ïðîñòðàíñòâîì óðàâíåíèÿ (2), åñëè
(i) äëÿ ëþáûõ (u0, u1, . . . , un−1) ∈ Tn−1P ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1), (2);
(ii) ëþáîå ðåøåíèå u = u(t) óðàâíåíèÿ (2) ëåæèò â P êàê òðàåêòîðèÿ, ò.å. u(t) ∈ P ïðè t ∈
(−τ, τ).

Åñëè kerL = {0}, òî óðàâíåíèå (2) òðèâèàëüíî ðåäóöèðóåòñÿ ê ýêâèâàëåíòíîìó åìó
óðàâíåíèþ

u(n) = F (u),

ãäå îïåðàòîð F = L−1(M + N) ∈ C∞(U) ïî ïîñòðîåíèþ. Ñóùåñòâîâàíèå åäèíñòâåííîãî
ðåøåíèÿ u çàäà÷è (1), (2) ïðè ëþáûõ (u0, u1, . . . , un−1) ñëåäóåò èç òåîðåìû 2.
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Ïóñòü kerL ̸= {0} è îïåðàòîð M(L, 0)-îãðàíè÷åí, òîãäà â ñèëó òåîðåìû 1 óðàâíåíèå (2)
ìîæíî ðåäóöèðîâàòü ê ýêâèâàëåíòíîé åìó ñèñòåìå óðàâíåíèé{

0 = (I −Q)(M +N)(u0 + u1),

u1
(n)

= L−1
1 Q(M +N)(u0 + u1),

(4)

ãäå u1 = Pu, u0 = (I − P )u.
Ââåäåì â ðàññìîòðåíèå ìíîæåñòâîM = {u ∈ U : (I−Q)(Mu+N(u)) = 0}. ÏóñòüM ̸= ∅,

òî åñòü ñóùåñòâóåò òî÷êà u0 ∈ U, ïîëîæèì u0
1 = Pu ∈ U1. Áóäåì ãîâîðèòü, ÷òî ìíîæåñòâî

M â òî÷êå u0 ÿâëÿåòñÿ áàíàõîâûì Ck-ìíîãîîáðàçèåì, åñëè ñóùåñòâóþò îêðåñòíîñòè O ⊂ M
è O1 ⊂ U1 òî÷åê u0 è u10 ñîîòâåòñòâåííî è Ck-äèôôåîìîðôèçì δ : O1 → O òàêîé, ÷òî δ−1

ðàâåí ñóæåíèþ ïðîåêòîðà P íà O. Ìíîæåñòâî M íàçûâàåòñÿ áàíàõîâûì Ck-ìíîãîîáðàçèåì,
ìîäåëèðóåìûì ïðîñòðàíñòâîì U1, åñëè îíî ÿâëÿåòñÿ áàíàõîâûì Ck-ìíîãîîáðàçèåì â êàæäîé
ñâîåé òî÷êå.

Ïóñòü âûïîëíåíî óñëîâèå:

(I −Q)(M +N ′
u0
) : U0 → F0 − òîïëèíåéíûé èçîìîðôèçì. (5)

Òîãäà â ñèëó òåîðåìû î íåÿâíîé ôóíêöèè [7, ñòð. 155] ñóùåñòâóþò îêðåñòíîñòè O0 ⊂ U0 è
O1 ⊂ U1 òî÷åê u00 = (I − P )u0, u

1
0 = Pu0 ñîîòâåòñòâåííî, è îïåðàòîð B ∈ C∞(O1;O0) òàêîé,

÷òî u00 = B
(
u10

)
. Ïîñòðîèì îïåðàòîð δ = I + B : O1 → M, δ

(
u10

)
= u0. Òîãäà îïåðàòîð

δ−1 âìåñòå ñî ìíîæåñòâîì O1 çàäàåò êàðòó ìíîæåñòâà M è ðàâåí ñóæåíèþ ïðîåêòîðà P íà
δ[O1] = O ⊂ M. Òàêèì îáðàçîì, äîêàçàíà

Ëåììà 2. Ìíîæåñòâî M = {u ∈ U : (I−Q)(Mu+N(u)) = 0} ïðè âûïîëíåíèè (5) ÿâëÿåòñÿ
C∞ ìíîãîîáðàçèåì â òî÷êå u0.

Ïîäåéñòâóåì ïðîèçâîäíîé Ôðåøå n-ãî ïîðÿäêà δ
(n)
(u1,u2,...,un)

íà âòîðîå óðàâíåíèå ñèñòå-

ìû (4). Òîãäà, òàê êàê

δ
(n)
(u1,u2,...,un)

u1
(n)

=
dn

dtn
(
δ(u1)

)
è δ(u1) = u,

ïîëó÷èì çàäà÷ó âèäà (3), ãäå F (u) = δ
(n)
(u1,u2,...,un)

L−1
1 Q(M +N)(u).

Â ñèëó òåîðåìû 2 ñïðàâåäëèâà

Òåîðåìà 3. Ïóñòü îïåðàòîð M(L, 0)-îãðàíè÷åí, îïåðàòîð N ∈ C∞(U;F). Òîãäà äëÿ ëþáûõ

íà÷àëüíûõ óñëîâèé (u0, u1, . . . , un−1) ∈ Tn−1M ïðè âûïîëíåíèè óñëîâèÿ (4), ñóùåñòâóåò

åäèíñòâåííîå ëîêàëüíîå ðåøåíèå çàäà÷è (1)�(2), ëåæàùåå â M, êàê òðàåêòîðèÿ.

Ëèòåðàòóðà

1. Çàìûøëÿåâà, À.À. Ôàçîâîå ïðîñòðàíñòâî ïîëóëèíåéíîãî óðàâíåíèÿ Áóññèíåñêà /
À.À. Çàìûøëÿåâà, Å.Â. Áû÷êîâ// Âåñòíèê Þæíî-Óðàëüñêîãî ãîñóäàðñòâåííîãî óíè-
âåðñèòåòà. Ñåðèÿ: Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå. � 2012. � � 18
(277), âûï. 12. � Ñ. 13�19.

2. Ñâèðèäþê, Ã.À. Ôàçîâûå ïðîñòðàíñòâà îäíîãî êëàññà îïåðàòîðíûõ ïîëóëèíåéíûõ óðàâ-
íåíèé òèïà Ñîáîëåâà / Ã.À. Ñâèðèäþê, Ò.Ã. Ñóêà÷åâà// Äèôôåðåíöèàëüíûå óðàâíåíèÿ.
� 1990. � Ò. 26, � 2. � Ñ. 250�258.

3. Ñâèðèäþê, Ã.À. Ôàçîâûå ïðîñòðàíñòâà îäíîãî êëàññà ëèíåéíûõ óðàâíåíèé ñîáîëåâñêî-
ãî òèïà âûñîêîãî ïîðÿäêà / Ã.À. Ñâèðèäþê, À.À. Çàìûøëÿåâà// Äèôôåðåíöèàëüíûå
óðàâíåíèÿ. � 2006.� Ò. 42, � 2. � Ñ. 252�260.

2014, òîì 7, � 2 115



Å.Â. Áû÷êîâ

4. Ñàãàäååâà, Ì.À. Ñóùåñòâîâàíèå è óñòîé÷èâîñòü ðåøåíèé ïîëóëèíåéíûõ óðàâíåíèé ñî-
áîëåâñêîãî òèïà â îòíîñèòåëüíî ðàäèàëüíîì ñëó÷àå / Ì.À. Ñàãàäååâà// Èçâåñòèÿ Èð-
êóòñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. Ñåðèÿ: Ìàòåìàòèêà. � 2013. � � 1. � C. 78�88.

5. Ìàíàêîâà, Í.À. Îá îäíîé çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ ñ ôóíêöèîíàëîì îáùåãî âèäà
/ Í.À. Ìàíàêîâà, À.Ã. Äûëüêîâ// Âåñòíèê Ñàìàðñêîãî ãîñóäàðñòâåííîãî òåõíè÷åñêîãî
óíèâåðñèòåòà. Ñåðèÿ: Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè. � 2011. � � 4(25). � Ñ. 18�24.

6. Ëåíã, Ñ. Ââåäåíèå â òåîðèþ äèôôåðåíöèðóåìûõ ìíîãîîáðàçèé / C. Ëåíã.� Ì.: Ìèð,
1967. � 203 ñ.

7. Íèðåíáåðã, Ë. Ëåêöèè ïî íåëèíåéíîìó ôóíêöèîíàëüíîìó àíàëèçó / Ë. Íèðåíáåðã.� Ì.:
Ìèð, 1980. �232 ñ.

Åâãåíèé Âèêòîðîâè÷ Áû÷êîâ, êàôåäðà ≪Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè≫, Þæíî-
Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Ðîññèÿ, ã. ×åëÿáèíñê), bychkov42@gmail.com.

Ïîñòóïèëà â ðåäàêöèþ 26 ôåâðàëÿ 2014 ã.

Bulletin of the South Ural State University.
Series "Mathematical Modelling, Programming & Computer Software",

2014, vol. 7, no. 2, pp. 111�117.

MSC 35A01 DOI: 10.14529/mmp140210

On a Semilinear Sobolev-Type Mathematical Model

E.V. Bychkov, South Ural State University, Chelyabinsk, Russian Federation,
bychkov42@gmail.com

This article studies a semilinear Sobolev-type mathematical model whose operator is

relatively spectrally bounded. The mathematical model consists of a semilinear Sobolev-

type equation of high order and initial conditions. We apply the phase space method and

the theory of relatively spectrally bounded operators developed by Sviridyuk. We use Leng's

method for nondegenerate equations and extend it to higher-order equations. The two cases

are considered in this article. In the �rst case the operator L at the highest time derivative

is continuously invertible, and we prove the uniqueness of solutions to the initial value

problem using the theory of Banach manifolds. In the second case L has nontrivial kernel

and it is known that the initial value problem with arbitrary initial data has no solution.

This raises the problem of constructing and studying the phase space for the equation as

the set of admissible initial data containing solutions to the equation. We construct the

local phase space for the degenerate equation.

Keywords: phase space; Sobolev-type equation; relatively spectrally bounded operator;

Banach manifold; tangent bundle.

References

1. Zamyshlyaeva A.A., Bychkov E.V. The Phase Space of Modi�ed Boussinesq Equation.
Bulletin of the South Ural State University. Series "Mathematical Modelling, Programming

& Computer Software", 2012, no. 18 (277), issue 12, pp. 13�19. (in Russian)

2. Sviridyuk G.À., Sukacheva T.G. [The Phase Space of a Class of Operator Equations of Sobolev
Type]. Di�erentsial'nye uravneniya [Di�erential Equation], 1990, vol. 26, no. 2, pp. 250�258.
(in Russian)

116 Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫



ÊÐÀÒÊÈÅ ÑÎÎÁÙÅÍÈß

3. Sviriduyk G.A., Zamyshlyaeva A.A. The Phase Space of a Class of Linear Higher-
Order Sobolev Type Equations. Di�erential Equation, 2006, vol. 42, no 2, pp. 269�278.
DOI: 10.1134/S0012266106020145

4. Sagadeeva M.A. A Existence and a Stability of Solutions for Semilinear Sobolev Type
Equations in Relatively Radial Case. The Bulletin of Irkutsk State University. Series

"Mathematics", 2013, no. 1, pp. 78�88. (in Russian)

5. Manakova N.À., Dylkov A.G. On One Optimal Control Problem with a Penalty Functional
in General Form. The Journal of Samara State Technical University. Series "Physical and

Mathematical Sciences", 2011, no. 4(25), pp. 18�24. (in Russian)

6. Leng S. Introduction to Di�erentiable Manifolds. Springer-Verlag, N. Y., 2002.

7. Nirenberg L. Topics in Nonlinear Functional Analysis. New ed. (AMS), N. Y., 2001.

Received February 26, 2014

2014, òîì 7, � 2 117




