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MATEMATUYECKUN AHAJIN3 YPABHEHUN
COXPAHEHUIY JIBYVX®A3HbBIX CMECEN

FO.M. Kosaxes, E.A. Kosaaesa

IIpoBenen ananmn3 MHBAPUAHTHOCTH OTHOCHTEILHO mpeobpaszoBanus [ammies mMaTeMa-
Tuvgeckoit mMomenn M. Baidtepa, I>x. Hynmwmaro, momy<ueHHoii Ha OCHOBE THIIOTE3bI B3aM-
MOIIPOHUKAOIINX B3aUMO/IEHCTBYOMINX KOHTHHYYMOB M OIKCHIBAIOIIEH IIPOIECC IEPEXOIA
TOPEHUs BO B3DPBIB B ABYyX(Ma3HbIX cMecsax. [lokazano, 9To MareMaTndeckas MOAEb, MTPEe-
CcTaBJIeHHas B opuruHagbHO# ctatbe M. Baitepa, /Ixx. Hyamuaro aBisercs nHBapuaHTHON
OTHOCUTEIBHO mpeobpasoBanusa Lamnnesa. JlomoaHuTeIbHO B HACTOsIIeH pabore ObLIT TIpo-
BEJIEH aHAJIN3 MHBAPUAHTHOCTH OTHOCHUTEIHHO Ipeobpa3oBanusa lamwmmes ypaBHeHumit Ku-
HETHYECKONW W MOJIHOHM HEPIUU OTJAEJIbHBIX KOMIIOHEHTOB M CMeCH. DBLIO ITOKAa33aHO, YTO
JAHHBIE YPABHEHUSI TAKIKe SIBJITIOTCS WHBAPUAHTHBIMU OTHOCUTEILHO mpeobpasoBanus [a-
smtesi. OHAKO, CPABHUTE/IbHBIA aHAJIN3 YPABHEHUU COXPAHEHUs TOJIHON IHEPIUU CMECH
MaTremaTudeckoit momenn M. Baitepa, k. Hynnmaro u Mmaremarudeckoit momenn P.M. Hur-
MaTyJINHA C COTPYIHUKAMU NOKa3as ux pasnuune. I[losromy nng Beibopa MareMaTwdecKon
MOJIENT, 3JEKBATHO OIMCHIBAIOINIEN IIPOIECC IEPEXOa TOPEHUs BO B3PBHIB B JBYX(A3HBIX
cMecsX, TpebyeTcst JOTOTHUTEIbHBIN aHAJINS.

Karouesvie ca06a: mamemamuieckas MO&B./L’b,’ UHBAPUAHTMHOCTMD, MHO20KOMNOHEHM -

HAA CMECDH.

PaSBI/ITI/Ie COBpeMeHHOfI BBIUYUCJANUTEIbHON TEXHUKHU ITO3BOJINJIO 3HAUYUTEIHLHO YCJIO?KHUTH Ma-
TeMaTUIeCKne MOJeNN (PUIUIECKUX MPOIECCOB, MUCTOMBL3YEMbIX B HayKe W TeXHWKe. B ¢BaA3m c
9TUM IMOBBICUJICA CTATYC MATEMATUYICCKOI'O MOJIC/IUPOBAHUA KaK MUCTOYHUKA IIOJIy9YCHUA I/IHd)Op—
Mamuu o mporieccax. bosee Toro, ecth Takume MPOHIEMBI, KOT/Ta MATEMATHIECKOE MOEJINPOBAHIE
SIBJISIETCsI €JIMHCTBEHHBIM CPEJICTBOM IIPeJ[BAPUTEILHOIO u3ydenus sisjaenuit [1, 2]. ITosromy c
0cob0it ocTpoTOit BCTaeT mpobjieMa aJeKBATHOCTA MaTEMaTUYeCKUX MOjeseil TeM (hU3mIecKuM
LPOLECCaM, KOTOPBIE OHU IBITAITCH ouuchbiBarh [3]. OrcyTrcrBue B LUPUPO/E YUCTHIX BEILIECTB
MPUBEJIO K aKTUBHOMY Pa3BUTHIO TEOPUU MATEMATHIECKUX MOJIejIell MHOTOKOMIOHEHTHBIX CPeJ
[4, 5], ocHOBaHHBIX HA IUMOTE3e B3AUMOMPOHUKAIOMINX B3aUMOIEHCTBYIONINX KOHTHHYYMOB [6].

st BepudpuKaum pacdeToB, C OJHOW CTOPOHBI, MUCIIOJIL3YIOT M3BECTHBIE YKCIEPUMEHTAhH-
HBbIe JAHHBIE, a C JPYroii CTOPOHBI, MPH aHAIN3e MPOBEICHHBIX M3MEPEHWi MCIOIBL3YIOT MaTe-
MaTU49eCKHue MOJJIeJ/In. O‘{GHB BazKHO, qTO6bI yCjioBud TPOBEACHUA PACIHETOB W IKCIIEPUMEHTOB
COBTIAIAJIN, & MAaTeMaTHIeCKasi MOJIETb ObLIa aJeKBaTHA U3yIaeMOMYy (DU3UIECKOMY Tpotieccy. B
pa6orax FO.M. Kosanesa, B.®. Kyponarenko [7, 8] npoBejen anaimn3 mMareMarndeckoii MoJesu
«3aMOPOXKEHHON» Ta30B3BECH, KOTOPasd aKTUBHO MCIIOJIB3YETCsI TIPU AHAJIN3E 3ATYXaHUS YIAPHBIX
BOJIH B T€TEPOreHHBIX CpejlaX, U OblLla MOKa3aHa He WHBAPUAHTHOCTH OTHOCUTEHLHO MPeobpaso-
BaHua [ajmiess ypaBHeHUs MOJTHOM SHEpruu ra3oBoit ¢a3pl. OKa3a/J0Ch, ITO He HHBAPUAHTHOCTD
OTHOCUTEILHO TTpeobpas3oBanus [ajmiesi ypaBHEHUsT TOJHON 9SHEPIUM Ta3a, MPUBOIUT K MOSBJIE-
HUIO JIOMOJHATEILHOTO NCTOTHUKA SHEPTUN, CBI3AHHOTO C ABUKEHAEM CUCTEMBI KOOPJIUHAT. DTOT
HNCTOYHUK SHEPTUN He WMeeT (PU3NUECKOH MPUPOABI U MPUBOIUT K HAPYIIEHUIO BTOPOTO 3aKOHA
TEePMOJNHAMUKHA.
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B nacrosimeit craTthe TpoBejieH aHa N3 WHBAPUAHTHOCTH OTHOCUTEIHHO mpeobpazoBanus [a-
nuiest maremarudeckoii mogenn M. Baitepa, Txk. Hynuunaro [9], onuckiBatoreii mporecc nepexo/ia
ropeHusi BO B3PHIB B ABYyX(a3HbIX cMecsax. Jlannas Momesb Oblia TaKyKe MOJIydeHa HA OCHOBE I'H-
ITOTE3bI B3aNMOITPDOHUKAIOIIINX BSaHMOZ[efICTByIOLLLI/IX KOHTHUHYYMOB.

1. ITocranoBka 3ajgaun

Paccmorpum aByxdasHyo XMMHYECKH Pearnpyonryio CMeCh, COCTOANLYI0 U3 TBepaoil dhasbl
(s) um raza (g). B maremarudeckoit momenn, paspaboranuoit M. Bspom u /Ixx. Hyrmnumaro |9],
ypaBHEHUS MACCHl, UMITYJIbCA U SHEPTUU I Kaxk 10 (has3bl UMEIOT CIeIyIONTnii BI/T
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Bce obo3nadenuss coBmagaroT ¢ OOO3HAYEHUSIMN, MPUBEAEHHLIMH B OPUTHHAJILHOI CTAThe
M. Bspa u Tx. Hynuunaro [9]. Buech ungekcst (g) u (S) oTHOCATCS K HapaMerpaM rasa 1 TBep-
JIBIX 9aCTHIL, pPi, Vi, Pi, Li, €i, ®i, M, hi, ¥;, ki — NCTUHHASA TIOTHOCTH, CKOPOCTH, JTABJIEHNE,
TeMIIepaTypa, y/ejJbHas BHYTPEHHsisi dHEPrus, O00beMHasi [0/, SHTPOIUS, IHTAJIbINA, KOID-
dbunment TemmonporogHocTH i-it daser (i = S, g) cooTBETCTBEHHO, 0 — KO3 dUIMEnT compo-
tuBjieHust, h — koaddunuent remnonepegaan, Cs — MHTEHCUBHOCTH XUMUIECKOTO IIPEBPAIIEHUS,

Bi = ¢ipi (a@) o He — Ko bunment BaskocTn raza, I = ¢s¢g [ps — Pg — Bsl/ e

ypaBHeHI/IH (1), (2) — ypaBHeHUSs HEPA3PBIBHOCTH YACTHIT U ra3a; (3), (4) — ypaBHEHUS COXpa-
HEHUs UMITy/IhCa JacTuil 1 ra3a; (5), (6) — ypasHeHus: COXpaneHus y/ieJbHOM BHy TPEeHHET SHeprun
gacTuil u ra3a; (7) — ypaBHeHHe COXpaHeHus 0ObeMHOM JT0JIU TBEP/IOil (ha3bl.

SammimemM UCXOAHYIO CUCTEMY YPABHEHUI B HOBOI CHCTEMe KOOPINHAT, ABUKYIIEHCS C TTOCTO-
AHHOI cKOpocThbio D. CKOpOCTH B HOBOI cHCTEMEe KOOPAUHAT OyIyT PaBHBIL:

Vsu :U5+D7 (8)

Vgn = Vg + D. (9)
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Koopaunara 6ymer onpeneiaTbCs U3 ypaBHEHUS:

Ty = x + Dt. (10)
IIpousBogHbIE:
0 0
= 11
Oxr  Oxyg’ (11)

(z0) = @)+ ()P 12)

JIyis aHa/m3a MHBAPUAHTHOCTH OTHOCHTEJNLHO TpeobpasoBanns [ajuies ypaBHEHUS Hepas-
PBIBHOCTH KOHJIEHCUPOBaHHOI (baswr (1) mepeiiem B HOBYIO CHCTEMY KOODJAWHAT B COOTBETCTBUHM C
dopmynamu (8) — (12). YpaBHenue Hepa3pbIBHOCTH KOH/IeHCHPOBaHHOI (a3el (1) B HOBOII cucTeme
KOOP/IMHAT MMPUHUMAET CJIeYIOMMi B
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st aHa/m3a MHBAPUAHTHOCTH OTHOCHTEJLHO IpeobpasoBanus [ajuies ypaBHEHUS COXpa-
HEeHUsl MMILYJIbCA, KOH/IEHCMPOBaHHOM (basbl (3) nepeiizeM B HOBYIO CHCTEMY KOODJIMHAT B COOT-
Bercrunu ¢ opmynamu (8) — (12). YpaBuenue coxpaHeHHs] UMILY/IbCA KOHJIEHCUPOBAHHON (ha3bl
(3) B HOBOII cHCTEME KOODAWHAT MPUHUMAET CJIEIY IO BU/T:

Ovsy Ovsy OV OVsy o
6505 51 D e T o, _DaxH] -
- dps s C;r
= —0s o, + (/)g - ps)axH - <5 + 7>(USH - UgH)
nJjanm T
OVsy OV _ 8ps 6¢s Cs
Gsps [W + Usu axH} = —@s O + (pg — ps) or (5 + 7) (Vsu — Vgu)- (15)

Amasornuno, ypaBHEHNE COXPAHEHNST MMITYJIhCa Ta30B0ii (asel (4) B HOBOI cucTeme KOOpu-
HAT UMeeT CAEAYIONil BUI:

OVgn OVgn 0 cl
ol o] -0 (6 D
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PaccmorpuM ypaBHeHUe COXpaHeHUs yIeJIbHON BHYTPEHHeH SHEPTUN KOHIEHCHPOBAHHOM (ha-
b1 (5). Ilepexoast B HOBYIO CHCTEMY KOODJIMHAT B COOTBETCTBUM C paBencrBamu (8) — (12), mosy-

qUM:;
Oes Oes Oeg des7
‘bSpS[at +D8mH USHT%_DaxJ =
BUSH 0 oTy
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Awnasornuno, ypaBHeHHE COXPaHEHWs yJeJbHON BHyTpeHHeil sHeprum ra3osoii daszer (6) B
HOBOW CHCTeMe KOOPAMHAT UMeeT CJICIYIOIIUA BUI;
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U, nakoHer|, pacCMOTPUM ypaBHEHUE COXPaHEHUs 0OBEMHOI 710JIM KOHIEHCUPOBAaHHOM (ha3bl
(7). B pesysbrare nepexoja B HOBYIO cucremy koopjauuar 1o dopmynam (8) — (12) nosmyunm
CJIeJTyIOIIee ypaBHEHNe:

Os 8d>s O Ops ol
D - D =F+—
ot + 8xH " Ox, 0%y * ps
KOTOPOE I0CJIe TPOCTHIX TPeodbpa30BaHUil 3aMNCHIBACTCS B BU/IE:
96 iy cl
. =F4+ = 19
ot + vs axH + ps ( )

Takum o6pazom, mocsie npeodpa3oBanmil, CBA3aHHBIX C IIEPEXOJ0M B HOBYIO CUCTEMY KOOD/IH-
HAT, ypaBHEHWs HEPA3PBIBHOCTH JacTurl u ra3da umeror Buj (13) u (14) coorBeTcTBeHHO, YpaBHe-
HUSI COXPAHEHWsT UMITYJIbCa JacTul] u ra3a — (15) u (16) cooTBeTCTBEHHO, ypaBHEHUS COXPAHEHUSI
yZebHON BHYTpeHHel sueprun dactur u rasza — (17) u (18) coorBercTBeHHO, a ypaBHeHWe CO-
XpaHeHust 00beMHOiT 1o TBepaoro BemectBa — (19). B ypasrenusx (13) — (19) me mogistorcs
JIOTIOJTHUTE/ILHBIE CJIAraeMble, CBSI3aHHBIE C MEPEXOJ0M B HOBYIO CHCTEMY KOODJIMHAT, CJIEI0Ba-
TesIbHO, cucrema ypaBHenuii (1) — (7) sBseTCs MHBAPDHAHTHON OTHOCHTETHHO TPEOOpa30BaHMUil
lamnes.

[TosiyunM ypaBHEeHUsI COXpaHEeHUs KUHETHYECKON SHEPruu YacTull u rasa. [ljist 9Toro ymHo-
JKHMM JIEBbIE M NPABblE YaCTH yPABHEHUII COXpaHEeHWsl MMILyJIbca dactull u rasa (3) u (4) na cko-
POCTH Vs U Vg COOTBeTCTBeHHO. Loy M

Ovg Ovg

o[22 0, 2] o[~ 6.2 4 =02 — (54 )0, vy
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v G -] = g s (1 )]

ITocste mpocThix npeobpazoBanuil ypaBHEHUS] COXPAHEHUS KUHETUIECKONW SHEPIUU IACTHUI] U
raza NpUHUMAIOT CJAEeAYIOIIUNA BU/T,

o () g (D] =m0 2 e -mi - 1+ S)oamw] o

o[ 2 (D) (D)) =u[ a2 5+ Dhww] e

Ilostyanm ypaBHeHUsi COXpAHEHUs OJIHONW SHEPrUM 9acTui] u rasa. g 3Toro cymmumpyem
JieBble U mpaBble dacTu ypasrenuii (5), (6) u (20), (21) coorBercrBenno. B pesyasrare mveem

o3 D) o D] - oo

_(5 T C;) (vs — )] DsPs %” + aiﬂ (k gi) — MTs = Ty) + (ps — Bs)F

Gy (eo+ 5) e o )] = e+

cl o, 8 ¢ 0T,
g0+ 5 ) 0 =) = gy g+ 5 (Rag 2) + WL = Tp) +

By = BIF — (1 — vy py e+ (0 — vg)? = (e = ¢g)CL.

[Tocsie nmpocThix npeobpa3zoBaHuil MOTYYUM ypPaBHEHUsS COXPAHEHUs TOJIHOM SHEPIUU YACTHIIL
¥ ra3a B CAEYIONIEM BU/IE

aE OE, B Obs ol
OsPs| 5y + Vs ax} = a?(‘z’svsps)ws{pg oz (“7)( S_”g)] +
d /. 0T,
+% (ksa> —h(Ts —Ty) — (ps — Bs)F (22)
OF OE, ol
gPyg [87;’ + vy 5 ] (gbgvgpg) + vy (5 + 7)( —vg) +
0 (1, 9Ty 005 2 1
(kG2 + AT = T) = (s = BIF = vapy 5> + 30y = v0,)* = (s —e)CT (23)
02 v2
ES:eS—I—E; Eg:eg—l—gg.

IIpoBexst aHa M3 MHBAPHAHTHOCTH OTHOCHTEJHHO IpeobpaszoBanus lanmies ypaBHeHHii co-
XpaHeHusi KMHeTH4Ieckoii snepruun yacrui (20) u raza (21) coorBercTBEHHO, BUMM, 9TO B HOBOI
CHUCTeMe KOODAMHAT He MOABJIAITCS JOIOMHNTEIbHBIE WIEHb], 3aBUCAIINE OT CKOPOCTH [[BUZKEHUSI
cucrembl Koopaunar. Ciie/loBaTe/IbHO, ypaBHEHHE COXPAHEHUsI KUHETUYEeCKO SHEPrun 4acTull U
yPDABHEHNE COXPAHEHHsI KHHETHIECKON SHEPIUH ra3a SBJISIOTCS WHBAPHAHTHBIMU OTHOCHTEIHHO
npeobpazoBanns anmies.

Ananm3 MHBApHAHTHOCTH OTHOCHTEJHHO HpeobpasoBaHus l'aimies ypaBHeHU COXpaHEHUs
nosHoit wactur (22) u rasa (23) COOTBETCTBEHHO TOKA3BIBAET, UTO ITH YPABHEHUS SIBJISTIOTCSI
MHBAPUAHTHBIMI OTHOCHTEJIbHO Npeobpasosanust [amiiest.
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[TosyunM ypaBHEHHE COXPAHEHUs ITOJTHON SHEPIuK CMEeCH KOHJIEHCHUPOBAHHON U ra30Boii das.
C 3T0i1 1esIbI0 TPOCYMMUPYEM JIEBBIE W TPABbIE YaCTU YPABHEHWH COXPAHEHWs TOJIHONW SHEPTUN
KOH/TeHCHPOBaHHOI1 (22) u ra3oBoii (a3 (23) coorBercTBeHHO. B pesybraTe moydaeM ypaBHEHUE
COXpaHEHUsT TTOJTHOW SHEPTUN CMeCH KOHIEHCUPOBAHHON 1M ra30Boil (a3 B BUIE

¢sﬂs[aa%+vs%€g} +¢gpg[aaEt + gaaE}
S0y ) -t o]

0
87:5((1)8%])8 + ¢gUgPg) + (24)

OdeBuHO, 9TO ypaBHEHNE COXPAHEHHUS TIOJTHON SHEPTUU CMeCH (KOHIEHCUPOBAHHOI U Ta30BOil
da3) (24) wHBAPMAHTHO OTHOCUTENBHO Tpeobpa3oBanus [anusies B CUTy WHBAPUAHTHOCTH OTHO-
cuTebHO TpeobpasoBanus [anuies BCEX 37EeMEHTOB, BXOAAMX B ypaBHenue (24): ypasHeHuii
COXpAaHEHUs BHYTPEHHe! SHepTrun U ypaBHEHWI COXpaHEeHNs KUHETUIEeCKOW SHEPTUN KOHIEHCUPO-
BaHHOI 1 Ta30Boi das.

Bormpochl, cBg3aHHBIE C U3yYEHUEM TPOIECCOB TEpPexX0jia MOpEeHUsl YHUTAPHOTO TOILJINBA BO
B3PBIB, 110Apo6HO uccaenoBanch P.JI. Hurmarynunabim ¢ corpyaaukavu [10]. B sroit paore
[pUBejieHa JOCTATOYHO OOIupHas O6ubjuorpadus, MOCBANEHHAsA JaHHOMY Borpocy. CpaBHuM
HOJIyYeHHOE YDaBHEHME COXPAHEHMs! MOJTHON dHeprun cvecu (24) ¢ ypaBHEHHEM COXPAHEHUs T10JI-
HOI1 SHEPrUY CMecH, PUBEIeHHBIM B padore [10], KoTOpoe B IPUHATHIX 3/1Ch 0003HATEHIUAX HMEET
CcaeAyomuil B,

[%spsES n 8¢spssts] N {8¢gpsEg n OdgpgvgE

0
ot O ot oz = 5. (@s0sPs + Ggugpy). (25)

st 97010 npuBesem ypasaenue (24) Kk quBeprenTHOMY Buly. B pesysibrare noJyauM Caeayomnee

ypaBHEHUeE

0pspsEs = 0¢spsvsEs OpgpsEy | OpgpgvgEy _ é

L) 20tz

Crnenysi pabore [10], mosiaraem paBeHCTBO JaB/eHMell KOHIEHCUPOBAHHOW W ra3oBoil a3,
a Takrke IpeHeOperas MEepeHOCOM TeIlia B (pa3ax 3a CueT MOJIEKYASPHON TEILTOIPOBOIHOCTH,
OJIY YU M

a¢spsEs i agbspssts} 4 |:a¢gpsE 8(159/)9119
ot ox ot ox

0
= _%(ﬁés”sps + ¢gvgpg) — Cl(vﬁ — VsVg).

[Tonyuennoe ypaBHenue OTINYAETCS OT yPABHEHHUS COXPAHEHHs IIOJHON SHEPIUU CMECH pa-
6orel [10] Tem, uro B ypaBHeHun (26) 1n0siBUIICS JIOLHOJIHUTE/IBHBIN YjIeH e/l (1}3 — Uglg).
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SaKJII0UYeHue

1. Ilposenmenmplii B paboTe amain3 WHBAPUAHTHOCTH 3aKOHOB coxpanenus (1) — (7) ormHocnu-
TeJIbHO TpeobpaszoBanns ['amuies mokasas, 9T0 ypaBHEeHNs HEPA3PBIBHOCTH YACTHI] U Ta3a
(1) m (2), ypasHeHust coXxpaHeHUsT UMITyIbca dacTul u rasa (3) u (4), ypaBHeHUs: coxpa-
HEHUs yJeabHOi BHyTpeHHeil sHeprun vacturl u ra3a — (5) u (6), ypaBHeHHe COXpaHEHWsI
06beMHOIT 1011 KOHIeHCHPOBaHHOM (asbl — (7) SIBJISIIOTCST MHBAPUAHTHBIMU OTHOCUTEIHHO
npeobpazoBanus [ammes.

2. Anaju3 WHBaAPUAHTHOCTH OTHOCUTEIBHO TpeobpasoBanus Laanjiest ypaBHEHW COXpaHEHUs

KUHETUIEeCKON U TOJTHOW SHEPIUW YaCTUIl U ra3a MoKa3aJj, IYTO JaHHbIe YDABHEHWS TaKXKe
SIBJISTIOTCST MHBAPMAHTHBIMIA OTHOCUTEIHLHO TTpeobpazoBanns [amnies.

3. Paznmume MexXay ypaBHEHUSIMU COXPAHEHUS MOJHOM SHEPTUN CMeCH, IPUBEJEHHBIMI B pa-

6orax [9, 10], Tpebyer 10LOJIHUTENBHOIO AHAJIN3A IIPOLECCOB B3auMoeiicTBus Mexy dha-
3aMU TIPpU N3yYE€HUN TPOHIECCOB, CBA3aHHBIX C TECUYECHUAMU I‘.‘:]BOBBBGCGI‘/‘I7 TpeTeprieBaroImnx
xuMudeckne u (hazoBbie TPEBPAIIEHUS.

Aemopui ewpasicarom ceoro baazodaprocms npodeccopy B.D. Kyponamenro za nosesrvie 00-

cyotcoenus u unmepec K pabome.
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We study the invariance under the Galilean transformations of the Baer — Nunziato
equations for interpenetrating interacting flows which describe the transition from
combustion to explosion in two-phase mixtures. We show that the original Baer — Nunziato
model is invariant. In addition, we establish the invariance of the kinetic and total energy
equations for the components and mixture. But the conservation equations for the total
energy of the mixture in the Baer — Nunziato model and in the model of Nigmatulin’s group
have different behavior. Thus, additional study is required to choose the model describing
more adequately the transition from combustion to explosion in two-phase mixtures.

Keywords: mathematical model; invariance; multicomponent mizture.
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