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This article studies a mixed control problem for Sobolev-type equations in the case of
a relatively radial operator. We use the Showalter—Sidorov initial condition. The difference
in the statement of our problem from those studied previously by other researchers amounts
to the form of the quality functional, which, in the authors’ opinion, is more adequate to
model applications in economics and technology. We prove an existence and uniqueness
theorem for the solution to this problem.
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Sviridyuk and Efremov posed and studied [1, 2| an optimal control problem for
Sobolev-type equations for the first time, proving the existence of a unique solution to
this problem with the Cauchy initial condition in the cases of relative boundedness and
relative sectoriality of the operator. It is proved in [3] that there exists a unique solution
to the Showalter—Sidorov problem for Sobolev-type equations with strongly (L, p)-radial
operator. Fedorov and Plekhanova continued [4] the study of various optimal control
problems for linear Sobolev-type equations. The approach in these articles is similar to [5].
Manakova studied [6] sufficient conditions for the solvability of the Showalter—Sidorov
optimal control problem for certain semilinear Sobolev-type equations. The goal of this
article is to prove the existence of a unique solution to the Showalter—Sidorov mixed
optimal control problem for Sobolev-type equations with strongly (L, p)-radial operator.

Consider the Sobolev-type equation

Li(t) = Mx(t) + Bu(t) + y(t), (1)

assume that the functions z(t), y(t), and u(t) lie in some Hilbert spaces X, 2), and U
respectively. Consider two operators M and L; more exaclty, L € £L(X,9)), where L(X,9))
is the set of continuous linear operators acting from X to ), and ker L # {0}, while
M € Cl(%;9) (that is, a closed operator M : domM — Q) whose domain domM is dense
in X. Consider also B € L(4;9)). Assume in addition that the operator M is strongly
(L, p)-radial [5, ch. 2].

Introduce in considering three spaces,

the states H'(X) = {x € Ly ((0;7); X) : & € Lo ((0;7); X) } ;

and the controls t = HP* (4) = {u € Ly ((0;7);40) : alp + 1) € Ly ((0;7);40) } and U°
is space X or subspace is it equipped with another norm.

Distinguish in $4° a compact convex set U°, of initial admissible controls, as well as
a compact convex set U, in 4.

Denote by 3 the Hilbert space of observations Each selfadjoint operator C' € L(X, 3)
determines the observation z(t) = Cxz(t). If z € H'(X) then z € H'(3). Define positive
definite selfadjoint operators Ny € L(4) for § =0,1,...,p+ 1.
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Consider the mixed optimal control problem for (1) with the Showalter—Sidorov initial
condition

+1
(R (M)]"" (2(0) — up) =0, (2)
where R/ (M) = (uL — M)~"'L is the right L-resolution of M. Furthermore,
JO),v) = =~ min Il ), (3)
where
1 t
J (u(t), ug) = H0<q)t, : t—C(‘”tH dt
(thun) =32 [ e unult) a2 )], s
0 T
65 [ (N0, w0 0) e+ ol ()
q=0 "0
where a++v=1,0=0, 1, ..., p+1,p € {0}UNt € (0;7), 7 e R, ={r € R,7 > 0}.

Note that Islamova [7] studied the existence of a unique solution of mixed optimal
control problem for Sobolev type equations with functional in different form

1 2 Ny 2 Ny
T @0, u(®) = 5 = sy + 3 = gy + 2

HUO — UQHx — mf
where u, 1y and u are given.

Interpretation of such functional, for example in economic models, raises questions
about the adequacy of the model based on it. The subject is to find such mixed optimal
control for which the goal is to achieve the planned system states and the planned start
and current controls, while the weights indicate the equivalence of criteria to achieve
the planned states and the planned control. Thus by finding such "compromise optimal
control" we get one of two situations: 1) the found control, being close to the given one,
is not optimal for achieving of the planned parameters; 2) the assumption that the given
controls are some sort of Etalon, make the problem of finding of optimal control irrelevant.
Thus, in our view, the criterion for the effectiveness of control in economic systems is not
obvious. As for technical systems such compromise situations are hardly acceptable as well,
since the receive of inaccurate system states and external influence, which is the control,
is meaningless. However, recognizing the value of mathematical result obtained in [7], we
can assume that, the functional of this type can be useful in some applications.

In this paper, the quality functional has a definite economic meaning in achieving of
the planned parameters at the lowest control and various weights for control criteria. It
continues to develop investigations [8].

Put

pH(M)={peC:(uL— M) e LFW}, o"(M)=C\p"(M),

RE(M) = (uL — M)~ L, LX(M) = L(pL — M)* € pH(M),

R{, (M HRM H Ly, (M), Ay € p*(M).

Definition 1. An operator M is called p-radial with respect to L (or (L,p)-radial)
whenever
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(i) Jw € R Vu > w = p € p*(M);
(ii) IK > 0 Yy, > w, k=0,p, Vn € N

s { [ (L (40" |y Ly D)} <

In addition, put

K

i:o(ﬂk - W)n.

X0 = ker R(Lu,p)(M),Q)O = ker L(LW)(M), Lo= Llyo, My = M|, 1010 »

x'=imRl,_ (M), 9" =imLE, (M), % = X° +imRE (M), 9 =9° +imLE, (M)

Definition 2. A strongly continuous mapping V°® : Ry — L(V) is called a strongly
continuous semigroup of resolving operators whenever
(i) VSVt = Vst for all s,t > 0;
(ii) v(t) = Vtug is a solution for every vy in a dense linear subspace of V.
PR . t
(111) Eltlir(iV for every v € V.
Theorem 1. [5] Given an (L,p)-radial operator M, there exists a strongly continuous

resolving semigroup for the equation (1) considered on the subspace X.

Remark 1. We can express the operators in the resolvent semigroup for (1) with ¢ > 0

as
1 \* k
: t :
X(t) :S_klggo ((L_EM) L) 78_191520 (kRk/t(M)) .

Definition 3. An operator M is called strongly (L,p)-radial whenever the following
conditions are fulfilled for arbitrary X, po, p1, - .., fbp > w:

o
(i) there exists a dense linear subspace ) of Y such that

const(y)
Ml < =TI =

|M(AL — M)~ 1Lw

for ally € Qf);
(11) we have
K
= O o) T — )

Theorem 2. Given a strongly (L, p)-radial operator M, the following claims hold:

() X=X"eX'and Y =" 0 Y,

(i) Ly = Llg € L(X*DF) and My = M| y,,.0, € CUXF D), domM,, = domM N X" for
kE=0,1;

(iii) the inverse operators My* € L(D% X°) and L7 € L(YY; X') emist.

HR(MP M)()‘L M 1H

Definition 4. Call a triple (v(t), vy, z (vo, v(t))) € Hhag X U2, X X a solution to the mized
optimal control problem (1)-(4) whenever

J (v(t),v9) = min J (u(t), uo) ,

(uo,u)Gﬂgd XUqd
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where (v(t), vo, T (v, v(t))) € Upa x U, X X satisfy (1) and (2).

Let us verify the existence of a unique solution (v(t), vg, x (vg, v(t))) € Hag x U2, X X

for (1)—(4). Consider the inner product in the space H?*(Q)):

0 T
[w, u] :Z/ (W@, @) dt,
g=1"0

where w@ = N,u(@,

Theorem 3. Given a strongly (L,p)-radial operator M with p € 0 UN, for every y €
HPTY() there exists a unique strong solution (v(t), vo, x (ve, v(t))) € Usa x U2, x X to the

mized optimal control problem (1)—(4). Furthermore,

£(0(t), vo) = X*Pug + / X' LTIQ (y(s) + Bu(s)) ds—

=3 (Mg Lo My (I - Q) (y(t) + Bu(t))® .

Proof. Fix y € HP*1(Q)) and consider (5) as a continuous mapping
D (u(t),ug) — x(t,u(t), up).
Using (6), write down the quality functional (3):
J (u, o) = [|Cx(t, u,uo) — ZO||§{1(3) + [w, u] + ||U0||12ql(3) )

where
2
|C(t, u, u0) — 201571 (3) =

= ||Cx(t,u,up) — Cx(t,0,ug) + Cx(t,0,uy) — Cx(t,0,0) + Cz(t,0,0) — zo||§{1(3

< | Cx(t, u, ug) — Ca(t, O7u0)H12ql(3) + ||Cx(t,0,ug) — Cx(t, 0, O)Hi]1(3) +
+1Cx(t,0,0) — 20|35 +
+2 (Cx(t,u,ug) — Cx(t,0,ug), Cx(t,0,uy) — Cx(t,0, O)>H1(3) +
+2(Cx(t, u, up) — C(t,0,u0), Cx(t,0,0) — 20) 13
+2(Cx(t,0,u) — Cx(t,0,0), Cx(t,0,0) = 20) 13 »
zo = Cx(0,0,0).

Introducing on HP*1(4) the continuous coercive bilinear form

™ ((u; uo), (u;u0)) =

= ||CCL’(t, u, uO) - Cﬂf(t, 07 UO)H?{l(}) + ||Cl'(t, 07 U()) - C‘T(t7 07 0)”121[1(3) +
+2(C(t, u, ug) — Cx(t,0,u0), Cx(t,0,uo) — Cx(t,0,0)) g 5, +

<

~
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+ [w, u] + [Juo|

and the continuous linear forms

Au) = (20 — C(t,0,0), Ca(t, u, ug) — Cx(t,0,u0)) i1 (3),

AMug) = (20 — Cx(t,0,0), Cx(t,0,ug) — Cx(t,0,0)) g1 (3),

we obtain the functional

T (o, u(t) = 7 ((us o), (u;u0)) — 2M(w) — 2A\(u) + |20 — C(t, 0,0) [ 3,

Hence, the hypotheses of the theorem in the first chapter of [9] hold.

The proof of the theorem is complete.
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CYINECTBOBAHUWE EJINHCTBEHHOI'O PEIITEHN A
O/THOM 3AJJAYU CMEIITAHHOT'O VIIPABJIEHU A
JJId YPABHEHUII COBOJIEBCKOI'O THUIIA

A.B. Keaaep, A.A. Dbeav

B pabore paccmoTpena 3a1a9a CMEIIAHHOTO YIIPABACHHUS JJIsT YPABHEHHI COO0IEBCKOTO
TUTA B CJIy9ae OTHOCUTEIBHO PATHAIBHOTO OMeparopa. B KadecTBe HAYAIBHOTO MCIOIb3Y-
erca ycaosue loyonrepa—CuopoBa. Orimdunem MOCTAHOBKY 33/1a494 OT PaHee U3y 9YeHHbIX
IPYTUMH WCCIEIOBATEIAME 3AKII0YAETC B BuIe (DYHKIMOHAA KAYECTBA, KOTODBIH, MO
MHEHHUIO aBTOPOB, SAB/sieTcs Oojiee aIeKBATHBIM MOJISTUPYEMBIM IKOHOMUYECKUM U TEXHU-
qeckuM 3a7a9aM. JIokazaHa TeopeMa O CyIeCTBOBAHUHY €IMHCTBEHHOTO PEIeH s YKA3aAHHOM
3a/1a4H.

Katoueevte ca06a: 360046 CMEULAHHO20 YNPABAEHUSA; ONMUMAABHOE YNPABAEHUE; CU-
cmema coboaesckozo muna; ycaosue Illoyamepa—Cudoposa.
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