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Â ðàáîòå óñòàíàâëèâàåòñÿ ðàâíîìåðíî êîððåêòíàÿ ðàçðåøèìîñòü çàäà÷è Êîøè

äëÿ îáîáùåííîãî òåëåãðàôíîãî óðàâíåíèÿ ñ ïåðåìåííûìè êîýôôèöèåíòàìè, ÷àñòíûì

ñëó÷àåì êîòîðîãî ÿâëÿåòñÿ êëàññè÷åñêîå òåëåãðàôíîå óðàâíåíèå. Óñòàíîâëåíèå êîð-

ðåêòíîé ðàçðåøèìîñòè ìàòåìàòè÷åñêèõ çàäà÷ ÿâëÿåòñÿ îäíèì èç îñíîâíûõ óñëîâèé

ïðè èõ ÷èñëåííîé ðåàëèçàöèè. Êàê èçâåñòíî, äëÿ êëàññè÷åñêîãî òåëåãðàôíîãî óðàâ-

íåíèÿ ðåøåíèå çàäà÷è Êîøè íàõîäèòñÿ â êëàññå äâàæäû íåïðåðâíî äèôôåðåíöèðóå-

ìîé ôóíêöèè è ñ ïîìîùüþ ìåòîäà Ðèìàíà âûïèñûâàåòñÿ â ÿâíîì âèäå. Îäíàêî, ïðè

ýòîì âîïðîñ óñòîé÷èâîñòè ðåøåíèÿ â çàâèñèìîñòè îò íà÷àëüíûõ äàííûõ, òðåáóþùèé

èñïîëüçîâàíèÿ ñîîòâåòñòâóþùèõ ìåòðè÷åñêèõ ïðîñòðàíñòâ â ýòèõ ðàáîòàõ íå îáñóæ-

äàåòñÿ. Ìåæäó òåì ýòîò âîïðîñ ÿâëÿåòñÿ íàèáîëåå âàæíûì ïðè êîððåêòíîé ÷èñëåííîé

ðåàëèçàöèè ðåøåíèÿ çàäà÷è, êîãäà åãî ñóùåñòâîâàíèå è åäèíñòâåííîñòü äîêàçàíû. Â

íàñòîÿùåé çàìåòêå ìåòîäàìè òåîðèè ïîëóãðóïï ëèíåéíûõ ïðåîáðàçîâàíèé, óñòàíàâëè-

âàåòñÿ ðàâíîìåðíî êîððåêòíàÿ ðàçðåøèìîñòü çàäà÷è Êîøè â ïðîñòðàíñòâàõ ôóíêöèé

èíòåãðèðóåìûõ ñ ýêñïîíåíöèàëüíûì âåñîì äëÿ íåêîòîðîãî êëàññà äèôôåðåíöèàëüíûõ

óðàâíåíèé ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Ïîëó÷åíî òî÷íîå ðåøåíèå çàäà÷è Êîøè

è óêàçàíû óñëîâèÿ íà êîýôôèöèåíòû, ïðè êîòîðûõ çàäà÷à ðàíîìåðíî êîððåêòíà â

íåêîòîðûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ. Ñëåäñòâèåì èç ýòèõ ðåçóëüòàòîâ ÿâëÿåòñÿ

ðàâíîìåðíàÿ êîððåêòíîñòü çàäà÷è Êîøè äëÿ êëàññè÷åñêîãî òåëåãðàôíîãî óðàâíåíèÿ

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

Êëþ÷åâûå ñëîâà: òåëåãðàôíîå óðàâíåíèå; êîððåêòíàÿ ðàçðåøèìîñòü; ïîëóãðóïïû;

êîñèíóñ�ôóíêöèÿ; çàäà÷à Êîøè; äðîáíûå ñòåïåíè îïåðàòîðîâ.

Ââåäåíèå

Óñòàíîâëåíèå êîððåêòíîé ðàçðåøèìîñòè ìàòåìàòè÷åñêèõ çàäà÷ ÿâëÿåòñÿ îäíèì èç îñ-
íîâíûõ óñëîâèé ïðè èõ ÷èñëåííîé ðåàëèçàöèè. Íà÷èíàÿ ñ ðàáîòû Ñ.Ã. Êðåéíà [8], ìåòîä
òåîðèè ïîëóãðóïï ñòàë îäíèì èç âàæíåéøèõ ïðè èññëåäîâàíèè êîððåêòíîé ðàçðåøèìîñòè
íà÷àëüíî�êðàåâûõ çàäà÷ äëÿ ýâîëþöèîííûõ óðàâíåíèé è åãî ïðèëîæåíèé ê ðåøåíèþ çàäà÷
äëÿ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè. Ýòîé òåìàòèêå ïîñâÿùåíû ðàáîòû ìàòåìàòèêîâ
Âîðîíåæñêîé è ×åëÿáèíñêîé øêîë. Â ýòîì ÷èñëå âàæíîå ìåñòî çàíèìàþò ðàáîòû Ã.À. Ñâèðè-
äþêà [10] è åãî ó÷åíèêîâ ïî óðàâíåíèÿì ñîáîëåâñêîãî òèïà, îòíîñÿùèõñÿ ê êëàññó óðàâíåíèé
ñ îñîáåííîñòüþ.

Â íàñòîÿùåé çàìåòêå ìåòîä òåîðèè ïîëóãðóïï ïðèìåíÿåòñÿ ê èññëåäîâàíèþ êîððåêòíîé
ðàçðåøèìîñòè çàäà÷ Êîøè äëÿ îáîáùåííîãî òåëåãðàôíîãî óðàâíåíèÿ ñ êîýôôèöèåíòàìè,
èìåþùèìè îñîáåííîñòü.

Êàê èçâåñòíî (ñì. íàïðèìåð [3, c. 90]) òåëåãðàôíîå óðàâíåíèå çàïèñûâàåòñÿ â âèäå

∂2ω(t, x)

∂x2
= a0

∂2ω(t, x)

∂t2
+ 2b0

∂ω(t, x)

∂t
+ c0ω(t, x), (0.1)

ãäå t, x ≥ 0, a0, b0, c0 � ïîñòîÿííûå êîýôôèöèåíòû.
Äëÿ óðàâíåíèÿ (1) ñòàâèòñÿ çàäà÷à î íàõîæäåíèè ðåøåíèÿ, óäîâëåòâîðÿþùåãî óñëîâèÿì

Êîøè

ω(0, x) = φ(x),
∂ω(t, x)

∂t

∣∣∣∣
t=0

= ψ(x). (0.2)
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Ðåøåíèå èùåòñÿ â êëàññå äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé è ñ ïîìî-
ùüþ ìåòîäà Ðèìàíà âûïèñûâàåòñÿ â ÿâíîì âèäå (ñì. [3, c. 92]).

Ïðè ýòîì âîïðîñ óñòîé÷èâîñòè ðåøåíèÿ â çàâèñèìîñòè îò íà÷àëüíûõ äàííûõ, òðåáóþ-
ùèé èñïîëüçîâàíèÿ ñîîòâåòñòâóþùèõ ìåòðè÷åñêèõ ïðîñòðàíñòâ â [3], íå îáñóæäàåòñÿ. Ìåæ-
äó òåì, ýòîò âîïðîñ ÿâëÿåòñÿ íàèáîëåå âàæíûì ïðè êîððåêòíîé ÷èñëåííîé ðåàëèçàöèè ðå-
øåíèÿ çàäà÷è, êîãäà åãî ñóùåñòâîâàíèå åäèíñòâåííîñòè äîêàçàíî.

Â íàñòîÿùåé çàìåòêå ìåòîäàìè òåîðèè ïîëóãðóïï ëèíåéíûõ ïðåîáðàçîâàíèé, ðàçðàáî-
òàííîé â ðàáîòàõ [1, 4�9], óñòàíàâëèâàåòñÿ ðàâíîìåðíî êîððåêòíàÿ ðàçðåøèìîñòü çàäà÷è
Êîøè â Lp-âåñîâûõ ïðîñòðàíñòâàõ äëÿ íåêîòîðîãî êëàññà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
ïåðåìåííûìè êîýôôèöèåíòàìè è äëÿ êîòîðûõ óðàâíåíèå (1) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì.

1. Íåîáõîäèìûå îïðåäåëåíèÿ è ôàêòû

Çäåñü ìû ïðèäåðæèâàåìñÿ òåðìèíîëîãèè è ôàêòîâ èçëîæåííûõ, â [1, 4�9].
Ïóñòü E � áàíàõîâî ïðîñòðàíñòâî ñ íîðìîé ∥ · ∥E = ∥ · ∥.

Îïðåäåëåíèå 1. Ñåìåéñòâî T = {T (t), 0 ≤ t <∞} ëèíåéíûõ è îãðàíè÷åííûõ îïåðàòîðîâ
èç E â E íàçûâàåòñÿ C0-ïîëóãðóïïîé (ñèëüíî íåïðåðûâíîé ïîëóãðóïïîé), åñëè
1) sup

∥φ∥≤1
∥T (t)φ∥ <∞, φ ∈ E,

2) T (0)φ = φ,
3) T (t+ s)φ = T (t)T (s)φ,
4) lim

t→0+
∥T (t)φ− φ∥ = 0, äëÿ âñåõ φ ∈ E.

T � íàçûâàåòñÿ ñæèìàþùåé ïîëóãðóïïîé, åñëè ∥T (t)φ∥ ≤ ∥φ∥ äëÿ âñåõ t ≥ 0, φ ∈ E.
Â ñîîòâåòñòâèè ñ Ê. Èîñèäîé [5] ñæèìàþùèå (C0)-ïîëóãðóïïû îòíîñÿòñÿ ê êëàññó ðàâ-

íîìåðíî íåïðåðûâíûõ ïîëóãðóïï. Òàêèå ïîëóãðóïïû èñïîëüçóþòñÿ â äàëüíåéøåì.

Îïðåäåëåíèå 2. Äëÿ (C0)-ïîëóãðóïïû îïðåäåëÿåòñÿ ïðîèçâîäÿùèé îïåðàòîð (ãåíåðàòîð)
êàê ïðåäåë

Au = lim
t→0+

1

t
[T (t)− I]φ, (1.1)

I � òîæäåñòâåííûé îïåðàòîð. Òàêèì îáðàçîì, A � ëèíåéíûé îïåðàòîð ñ îáëàñòüþ îïðå-
äåëåíèÿ D(A) = {φ ∈ E; lim

t→0+

1
t [T (t) − I]φ} ñóùåñòâóåò â E. Îêàçûâàåòñÿ D(A) ïëîòíî â

E.

Äëÿ φ ∈ D(A) îïåðàòîðû A è T (t) êîììóòèðóþò, òî åñòü AT (t)φ = T (t)Aφ, ïðè ýòîì
ñïðàâåäëèâî ðàâåíñòâî

dT (t)

dt
φ = AT (t). (1.2)

Îòñþäà ñëåäóåò ïðåäñòàâëåíèå äëÿ ïðîèçâîäÿùåãî îïåðàòîðà

Aφ =
dT (t)

dt
φ

∣∣∣∣
t=0

= T ′(0)φ. (1.3)

Îïðåäåëåíèå 3. (C0)-ãðóïïîé íà E íàçûâàåòñÿ ñåìåéñòâî îïåðàòîðîâ T = {T (t) : t ∈ R
óäîâëåòâîðÿþùèì óñëîâèÿì îïðåäåëåíèå 1, â êîòîðûõ R+ = [0,∞) çàìåíÿåòñÿ íà R =
(−∞,∞).

Ãåíåðàòîð A (C0)-ãðóïïû T (t) íà E îïðåäåëÿåòñÿ ðàâåíñòâîì (1.1), ïðè÷åì ðå÷ü èäåò î
äâóñòîðîííåì ïðåäåëå ïðè t→ 0.
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Çàìå÷àíèå 1. A � ãåíåðàòîð (C0)-ãðóïïû òîãäà è òîëüêî òîãäà, êîãäà ±A ïîðîæäàåò
(C0)-ïîëóãðóïïó T±(t). Â ýòîì ñëó÷àå

T (t) =

{
T+(t), t ≥ 0;
T−(t), t < 0.

(1.4)

Îïðåäåëåíèå 4. Ñèëüíî íåïðåðûâíîé îïåðàòîðíîé êîñèíóñ-ôóíêöèåé íàçûâàåòñÿ ñåìåé-
ñòâî îïåðàòîðîâ C = {C(t) : t ∈ R} ⊂ B(E), óäîâëåòâîðÿþùåå óñëîâèÿì
(i) C(t+ s) + C(t− s) = 2C(t)C(s)
(ii) C(0) = I
(iii) C(t)φ � íåïðåðûâíàÿ ôóíêöèÿ äëÿ êàæäîãî φ ∈ E.

Îïðåäåëåíèå 5. Ãåíåðàòîðîì A îïåðàòîðíîé êîñèíóñ-ôóíêöèè C íàçûâàåòñÿ îïåðàòîð
A = C ′′(0). Åãî îáëàñòüþ îïðåäåëåíèÿ ÿâëÿåòñÿ ìíîæåñòâî òåõ φ ∈ E, äëÿ êîòîðûõ
ôóíêöèÿ C(t) äâàæäû äèôôåðåíöèðóåìà â òî÷êå t = 0. Îïåðàòîðíûå êîñèíóñ-ôóíêöèè C è
(C0)-ïîëóãðóïïû T ñâÿçàíû ìåæäó ñîáîé ôîðìóëîé [4, c. 178]

T (t)φ =
1√
πt

∫ ∞

0
e−

s2

4tC(s)φds. (1.5)

Â äàëüíåéøåì íàì ïîíàäîáèòñÿ ñëåäóþùåå (ñì. [4, c. 179]).

Ïðåäëîæåíèå 1. Ïóñòü B ïîðîæäàåò (C0)-ãðóïïó T (t). Òîãäà Aa = B2 + aI, (a > 0)
ïîðîæäàåò îïåðàòîðíóþ êîñèíóñ-ôóíêöèþ Ca(t), è ñïðàâåäëèâî ïðåäñòàâëåíèå

Ca(t)φ = C0(t)φ(x) + at

∫ t

0
(t2 − s2)−

1
2 I1[a(t

2 − s2)
1
2 ]C0(s)ds, (1.6)

ãäå C0(t) =
1
2 [T (t) + T (−t)], I1(s) � ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ ïîðÿäêà 1.

Ñëåäóþùèå ôàêòû ñâÿçûâàþò ïîíÿòèÿ (C0)-ïîëóãðóïïû è (C0)-êîñèíóñ-ôóíêöèé ñ êîð-
ðåêòíîé ðàçðåøèìîñòüþ çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â áàíàõîâîì ïðî-
ñòðàíñòâå ïåðâîãî è âòîðîãî ïîðÿäêîâ.

u′(t) = Au(t), (1.7)

u′′(t) = Au(t). (1.8)

Îïðåäåëåíèå 6. Ðåøåíèåì óðàâíåíèÿ (1.1) íà îòðåçêå [0, t0] íàçûâàåòñÿ [1, c. 38] ôóíêöèÿ
u(t), óäîâëåòâîðÿþùàÿ óñëîâèÿì: 1) u(t) ∈ D(A) ïðè âñåõ t ∈ [0, t0], 2) â êàæäîé òî÷êå
t ∈ [0, t0] ñóùåñòâóåò ñèëüíàÿ ïðîèçâîäíàÿ u′(t), 3) óðàâíåíèå (1.5) óäîâëåòâîðÿåòñÿ ïðè
âñåõ t ∈ [0, t0].

Ïîä çàäà÷åé Êîøè íà [0, t0] ïîíèìàþò çàäà÷ó î íàõîæäåíèè ðåøåíèÿ óðàâíåíèÿ (1.5),
óäîâëåòâîðÿþùåå óñëîâèþ

u(0) = u0 ∈ D(A). (1.9)

Îïðåäåëåíèå 7. Çàäà÷à Êîøè ïîñòàâëåíà êîððåêòíî íà îòðåçêå [0, t0] åñëè: 1) ïðè ëþáîì
u0 ∈ D(A) ñóùåñòâóåò åå åäèíñòâåííîå ðåøåíèå è ýòî ðåøåíèå íåïðåðûâíî çàâèñèò îò
íà÷àëüíûõ äàííûõ â òîì ñìûñëå, ÷òî èç x0(0) → 0 ñëåäóåò, ÷òî xn(t) → 0 ðàâíîìåðíî ïî
t íà êàæäîì êîìïàêòå èç [0, t0].

Ñïðàâåäëèâà òåîðåìà [1, c. 64]) î òîì, ÷òî çàäà÷à (1.7)�(1.9) ðàâíîìåðíî êîððåêòíà òîãäà
è òîëüêî òîãäà, êîãäà A ÿâëÿåòñÿ ãåíåðàòîðîì (C0)� ïîëóãðóïïû T (t), ïðè ýòîì ðåøåíèå
èìååò âèä

u(t) = T (t)φ, (1.10)
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è ñóùåñòâóþò êîíñòàíòû M è ω, íå çàâèñÿùèå îò φ òàêèå, ÷òî âûïîëíÿåòñÿ îöåíêà

∥u(t)∥ ≤Meωt∥φ∥. (1.11)

Àíàëîãè÷íî äëÿ óðàâíåíèÿ (1.8) ðåøàåòñÿ çàäà÷à ñ óñëîâèÿìè Êîøè

u(0) = u0, u′(0) = u1. (1.12)

Ýòà çàäà÷à íàçûâàåòñÿ ðàâíîìåðíî êîððåêòíîé, åñëè ñóùåñòâóåò ïîäïðîñòðàíñòâî M ⊂ E

òàêîå, ÷òî çàäà÷à (1.8)�(1.12) èìååò åäèíñòâåííîå ðåøåíèå äëÿ u0, u1 ∈M , è êîãäà u
(n)
0 , u

(n)
1 ,

(n = 0, 1, . . . ) ÿâëÿþòñÿ ïîñëåäîâàòåëüíîñòüþ íà÷àëüíûõ äàííûõ âM , ñòðåìÿùèõñÿ ê íóëþ,
òî ñîîòâåòñòâóþùåå ðåøåíèå u(n)(t) ñòðåìèòñÿ ê íóëþ â ìåòðèêå E, ðàâíîìåðíî íà êàæäîì
êîìïàêòå èç [0,∞).

Òåîðåìà î êîððåêòíîñòè (Ñîâà, Êóðåïïà, ñì. [4, c. 176]) óòâåðæäàåò, ÷òî çàäà÷à (1.8)�
(1.12) ðàâíîìåðíî êîððåêòíà òîãäà è òîëüêî òîãäà, êîãäà A � ãåíåðàòîð (C0)-êîñèíóñ ôóíê-
öèè C(t), ïðè ýòîì ðåøåíèå èìååò âèä

u(t) = C(t)φ+

∫ t

0
C(s)ψds, (1.13)

è ïðè íåêîòîðûõ êîíñòàíòàõ M è ω, íå çàâèñÿùèõ îò φ è ψ, âûïîëíÿåòñÿ îöåíêà

∥C(t)φ∥ ≤Meωt∥φ∥. (1.14)

2. Ñèëüíî íåïðåðûâíûå h-ïîëóãðóïïû è h-êîñèíóñ-ôóíêöèè

Ïóñòü x ∈ (a, b) ⊂ R = (−∞,∞) è ôóíêöèÿ h(x) íåïðåðûâíî äèôôåðåíöèðóåìàÿ, ñòðîãî
ìîíîòîííî âîçðàñòàþùàÿ è òàêàÿ, ÷òî

lim
x→a

h(x) = −∞, lim
x→b

h(x) = ∞. (2.1)

×åðåç Lp,ν,h áóäåì îáîçíà÷àòü ïðîñòðàíñòâà ôóíêöèé φ(x), îïðåäåëÿåìûå íîðìîé

∥φ∥Lp,ν,h
=

[∫ b

a
eνh(x)|φ(x)|pdh

] 1
p

, p ≥ 1, ν ∈ R. (2.2)

Ïðè t ∈ R è φ ∈ Lp,ν,h ðàññìîòðèì ñåìåéñòâî îïåðàòîðíûõ ôóíêöèé, çàäàííûõ âûðàæå-
íèåì

T (t)φ(x) = φ[h−1(h(x) + t)]. (2.3)

Ñïðàâåäëèâà

Òåîðåìà 1. Îïåðàòîðíîå ñåìåéñòâî, çàäàííîå ñîîòíîøåíèåì (2.3), ÿâëÿåòñÿ ñèëüíî
íåïðåðûâíîé ãðóïïîé ëèíåéíûõ ïðåîáðàçîâàíèé â ïðîñòðàíñòâå Lp,ν,h.

Äîêàçàòåëüñòâî. Äëÿ φ ∈ Lp,ν,h èìååì

T (t)φ∥pLp,ν,h
=

∫ b

a
eνh(x)|φ[h−1(h(x) + t)]|ph(x). (2.4)

Çàìåíà h−1(h(x) + t) = s äàåò ñîîòíîøåíèå

∥T (t)φ∥pLp,ν,h
= e−νt

∫ b

a
= eνh(s)|φ(s)|pdh(s). (2.5)
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Îòñþäà ñëåäóåò ðàâåíñòâî

∥T (t)φ∥Lp,ν,h
= e

− νt
p ∥φ∥Lp,ν,h

, (2.6)

äàþùåå íîðìó ïîëóãðóïïû T â Lp,ν,h.
Äàëåå íåòðóäíî âèäåòü âûïîëíåíèå íåîáõîäèìûõ ãðóïïîâûõ ñäâèãîâ

1. T (0)φ = φ, 2. T (t+ s)φ = T (t)T (s)φ. (2.7)

Äëÿ äîêàçàòåëüñòâà ñèëüíî íåïðåðûâíîñòè èìååì

∥T (t)φ(x)− φ(x)∥pLp,ν,h
=

∫ b

a
eνh(x)|φ[h−1(h(x) + t)]− φ(x)|pdh.

Äåëàÿ çàìåíó h(x) = s, ïîëó÷àåì

∥T (t)φ(x)− φ(x)∥pLp,ν,h
=

∫ ∞

−∞
eνs|φ[h−1(t+ s)]− φ[h−1(s)]|ds =

=

∫ ∞

−∞
eνs|ψ(t+ s)− ψ(s)|pds, (2.8)

çäåñü φ(s) = φ[h−1(s)].
Èç (2.8), ïîëüçóÿñü íåïðåðûâíîñòüþ Lp-âåñîâûõ íîðì, è ïåðåõîäÿ ê ïðåäåëó ïðè t→ ∞

â (2.8), ïîëó÷àåì
lim
t→0+

∥T (t)φ− φ∥Lp,ν,h
= 0, (2.9)

÷òî è äîêàçûâàåò òåîðåìó.

Ñëåäñòâèå 1. Ñåìåéñòâî ïðåîáðàçîâàíèé

C(t)φ =
1

2
[T (t)φ+ T (−t)φ] (2.10)

ÿâëÿåòñÿ ñèëüíî íåïðåðûâíîé êîñèíóñ-ôóíêöèåé â Lp,ν,h. Ïðè ýòîì èç (2.6) è (2.10) ñëåäóåò
îöåíêà

∥C(t)φ∥Lp,ν,h
≤ ch(

ν

p
t)∥φ∥Lp,ν,h

. (2.11)

Ñëåäñòâèå 2. Ïðè t ≥ 0 è ν ≥ 0 T (t) ÿâëÿåòñÿ ñæèìàþùåé ïîëóãðóïïîé T+(t) ñ íîðìîé

∥T+(t)∥Lp,ν,h
= e−νt, (2.12)

à ïðè ν ≤ 0 ïîëóãðóïïà T−(t) = T (−t) ÿâëÿåòñÿ ñæèìàþùåé ñ íîðìîé

∥T−(t)∥Lp,ν,h
= eνt. (2.13)

Òåîðåìà 2. Ïîëóãðóïïû T+(t), T−(t) è êîñèíóñ-ôóíêöèÿ C(t) èìåþò ñâîèìè ãåíåðàòîðàìè
îïåðàòîðû, çàäàííûå âûðàæåíèÿìè:

a)T ′
±(0)φ(x) = ±φ

′(x)

h′(x)
= ±dφ

dh
= D±,hφ (2.13)

ñ îáëàñòüþ îïðåäåëåíèÿ D(D±,h) = {φ ∈ Lp,ν,h,
dφ
dh ∈ Lp,ν,h}.

b)C ′′(0)φ(x) =
1

h′(x)

(
φ′(x)

h′(x)

)′
= D2

hφ, (2.14)

ñ îáëàñòüþ îïðåäåëåíèÿ D(D2
h) = {φ ∈ Lp,ν,h, D

2
h ∈ Lp,ν,h}.
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3. Äðîáíûå ñòåïåíè îïåðàòîðîâ D±h è D2
h

Èç ðàâåíñòâ (2.12) è (2.13) ñëåäóåò, ÷òî, â ñîîòâåòñòâèè ñ Ê. Èîñèäîé [5, c. 324], C0-
ïîëóãðóïïû T±(t) ÿâëÿþòñÿ ðàâíîñòåïåííî íåïðåðûâíûìè è, òàêèì îáðàçîì, èõ ãåíåðàòî-
ðû D±h îáëàäàþò òåì ñâîéñòâîì, ÷òî äëÿ îïåðàòîðîâ −D±h îïðåäåëåíû äðîáíûå ñòåïåíè
(−D±h)

α, (0 < α ≤ 1). Ïðè ýòîì, îïåðàòîðû D̃α
±h = −(−Dα

±h) ÿâëÿþòñÿ ãåíåðàòîðàìè C0-

ïîëóãðóïï T±(t, D̃
α
±h). Îòìåòèì, ÷òî èç ðåçóëüòàòà [6] è (2.12), (2.13) äëÿ ýòèõ ïîëóãðóïï

ñëåäóþò îöåíêè

∥T±(t, D̃α
±h)∥ ≤ e

−
(

|ν|
p

)α

t. (3.1)

Âìåñòå ñ òåì äëÿ îïåðàòîðîâ −D±h îïðåäåëåíû è îòðèöàòåëüíûå äðîáíûå ñòåïåíè
(−D±n)

−α, (0 < α < 1), â ñîîòâåòñòâèè ñ ôîðìóëàìè (5.29) [1, ñ. 150] èìåþùèå âèä

(−D−α
±h)φ(x) =

1

Γ(α)

∫ ∞

0
tα−1T±(t)φ(x)dt. (3.2)

Â íàøåì ñëó÷àå ïðåäñòàâëåíèå T±(t)φ(x) = φ[h−1(h(x)± t)] äàåò ñëåäóþùèå âèäû ýòèõ
îïåðàòîðîâ

(−D−α
+h)φ(x) =

1

Γ(α)

∫ ∞

0
tα−1φ[h−1(h(x) + t)]dt =

=
1

Γ(α)

∫ b

x
[h(s)− h(x)]α−1φ(s)dh(s), (3.3)

(−D−α
−h)φ(x) =

1

Γ(α)

∫ x

a
[h(x)− h(s)]α−1φ(s)dh(s). (3.4)

Èñïîëüçóÿ (2.12), (2.13) è (3.2), ïîëó÷àåì îöåíêè ïðè t ≥ 0

∥(−D−α
+h)φ∥p,ν,h ≤ 1

Γ(α)

∫ ∞

0
tα−1|T+(t)|dt · ∥φ∥p,ν,h =

=
1

Γ(α)

∫ ∞

0
tα−1e

− ν
p
t
dt · ∥φ∥p,ν,h =

(p
ν

)α
· ∥φ∥p,ν,h. (3.5)

Àíàëîãè÷íî

∥(−D−α
−h)φ∥p,ν,h ≤

(
p

|ν|

)α

· ∥φ∥p,ν,h. (3.6)

Çàìåòèì, ÷òî îïåðàòîðû (−D+h)
α ñîâïàäàþò ñ èíòåãðàëàìè Jα

a+,h, ïðè h(x) = x, íà-
çûâàåìûìè â [10, c. 248] äðîáíûìè èíòåãðàëàìè ôóíêöèè φ(x) ïî ôóíêöèÿì g(x) ïîðÿäêà
α.

×àñòíûìè ñëó÷àÿìè òàêèõ èíòåãðàëîâ ÿâëÿþòñÿ èíòåãðàëû Ýðäåéè�Êîááåðà ïðè h(x) =
xτ è èíòåãðàëû Àäàìàðà ïðè h(x) = lnx, x ∈ (0,∞) [1, c. 251].

Îäíàêî â [3] îöåíîê âèäà (3.5), (3.6) íå ïðèâîäèòñÿ, òàê êàê èíòåãðàëû ðàññìàòðèâàþòñÿ
â íîðìàõ ïðîñòðàíñòâ L1, òî åñòü ïðè ν = 0. Íî ýòè ïðîñòðàíñòâà íå èíâàðèàíòíû îòíî-
ñèòåëüíî ðàññìàòðèâàåìûõ îïåðàöèé äàæå â ñëó÷àå äðîáíûõ èíòåãðàëîâ Ðèìàíà�Ëèóâèëÿ
(ñì. óòâåðæäåíèå â [10, c. 94]).

4. Îáîáùåííîå òåëåãðàôíîå óðàâíåíèå

Ïóñòü x ∈ (a, b), t ∈ R è Dh,x = ∂
∂h(x) . Ðàññìîòðèì óðàâíåíèå

D2
h,xω(t, x) + 2βDh,xω(t, x) = a0

∂2ω(t, x)

∂t2
+ 2b0

∂ω(t, x)

∂t
+ c0ω(t, x). (4.1)
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Â ñëó÷àå h(x) = x, β = 0 óðàâíåíèå (4.1) ÿâëÿåòñÿ êëàññè÷åñêèì òåëåãðàôíûì óðàâíåíèåì
[3, c. 90].

Ðåøåíèåì óðàâíåíèÿ (4.1) áóäåì íàçûâàòü ôóíêöèþ ω(t, x) äâàæäû íåïðåðûâíî äèô-
ôåðåíöèðóåìóþ ïî t ∈ R, x ∈ (a, b) è óäîâëåòâîðÿþùóþ óðàâíåíèþ (4.1).

Äëÿ óðàâíåíèÿ (4.1) ðàññìàòðèâàåòñÿ çàäà÷à Êîøè îòûñêàíèÿ ðåøåíèÿ ýòîãî óðàâíåíèÿ
óäîâëåòâîðÿþùåãî óñëîâèÿì

ω(0, x) = φ(x),
∂ω

∂t

∣∣∣∣
t=0

= ψ(x), (4.2)

ãäå ôóíêöèè φ(x) è ψ(x) òàêèå, ÷òî φ ∈ Lp,ν,h, Dh,xφ ∈ Lp,ν,h, ψ ∈ Lp,ν,h, Dh,xψ ∈ Lp,ν,h.
Èç âûøå ïðèâåäåííûõ ðåçóëüòàòîâ ñëåäóåò

Òåîðåìà 3. Åñëè êîýôôèöèåíòû a0, b0, c0, β òàêèå, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

a0(c0 + β2) ≤ b20, (4.3)

òî çàäà÷à (4.1)�(4.2) ðàâíîìåðíî êîððåêòíà, è åå ðåøåíèå èìååò âèä

ω(t, x) = e
− b0

a0
t
[Cf (t)φ(x) +

∫ t

0
Ca(s)ψ(s)ds], (4.4)

ãäå

Ca(t)φ(x)ψ(x) = C0(t)φ(x) +
at

2

∫ t

0
(t2 − s2)−

1
2 I1[a(t

2 − s2)
1
2C0(s)φ(x), (4.5)

çäåñü

C0(s)φ(x) =
1

2
[T

√
a0s) + T (−

√
a0s)]φ(x),

T� ïîëóãðóïïà âèäà (2.3), a = b0−aa(c0+β2)
a20

, I1� ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ ïåð-

âîãî ðîäà.

Äîêàçàòåëüñòâî. Ââîäÿ ôóíêöèþ

u(t, x) = e
b0
a0

t+βh(x)
ω(t, x), (4.6)

ïðèâåäåì çàäà÷ó (4.1)�(4.2) ê âèäó

∂2u(t, x)

∂t2
=

1

a0
D2
h,xu(t, x) + au(t, x) (4.7)

u(0, x) = eβh(x)φ(x),
∂u

∂t

∣∣∣∣
t=0

=
b0
a0
eβh(x)ψ(x). (4.8)

Ïðè ýòîì, â ñèëó ðàâåíñòâ

∥u(t)∥pp,ν−βp,h =

∫ b

a
e(ν−βp)h(x)|u(t, x)|pdh(x) =

=

∫ b

a
eνh(x)|ω(t, x)|pdh(x) = ∥ω∥pp,ν,h (4.9)

óñëîâèå (4.2) ïåðåõîäèò â óñëîâèÿ

∥u(0, x)∥p,ν−βp,h = ∥φ∥p,ν,h, (4.10)
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∥ ∂u
∂t

∣∣∣∣
t=0

∥p,ν−βp,h =

∣∣∣∣ b0a0
∣∣∣∣ · ∥ψ∥p,ν,h. (4.11)

Òàê êàê îïåðàòîð 1
a0
D2
h,x ÿâëÿåòñÿ ãåíåðàòîðîì êîñèíóñíîé ôóíêöèè C(t)φ(x) = 1

2 [T (t)+
T (−t)]φ, òî â ñèëó (1.6) âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû êîððåêòíîñòè Ñîâû è Êóðåïïû.
Îòñþäà ñëåäóåò äîêàçàòåëüñòâî òåîðåìû.

Â çàêëþ÷åíèå çàìåòèì, ÷òî èç òåîðåìû 3 ñëåäóåò ðàâíîìåðíàÿ êîððåêòíàÿ ðàçðåøè-
ìîñòü çàäà÷è Êîøè äëÿ êëàññè÷åñêîãî òåëåãðàôíîãî óðàâíåíèÿ (0.1), â ïðîñòðàíñòâàõ Lp,ν

ñ ∥φ∥p,ν = [
∫∞
0 eνx|φ(x)|pdx]

1
p , òàê êàê â ýòîì ñëó÷àå β = 0, h(x) = x è, ñëåäîâàòåëüíî,

óñëîâèå (4.11) âûïîëíÿåòñÿ â ñèëó [3, c. 90, ñîîòíîøåíèÿ 10].
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This paper establishes the uniform well-posedness of the Cauchy problem for

generalized telegraph equations with variable coe�cients, of which the classical telegraph

equation is a particular case. The well-posedness of a mathematical problem is one of the

main requirements for its numerical solution.

For the classical telegraph equation, Riemann's method enables us to solve the Cauchy

problem in the class of twice continuously di�erentiable functions explicitly. The question

of stability of the solution in dependence on the initial data, which requires us to work in

suitable metric spaces, usually is not discussed; however, it appears to be one of the most

important questions once the existence and uniqueness of the solution are known. In this

note we use the theory of continuous semigroups of linear operators to establish the uniform

well-posedness of the Cauchy problem in the spaces of integrable functions with exponential

weight for several classes of di�erential equations with variable coe�cients. We obtain the

exact solution to the Cauchy problem and indicate conditions on the coe�cients ensuring

that the problem is uniformly well-posed in certain functional spaces. These results imply

the uniform well-posedness of the Cauchy problem for the classical telegraph equation with

constant coe�cients.

Keywords: telegraph equation; well-posedness; semigroups; cosine function; Cauchy

problem; fractional powers of operators.
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