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Î ÊÎÐÐÅÊÒÍÎÉ ÐÀÇÐÅØÈÌÎÑÒÈ ÍÅÊÎÒÎÐÛÕ ÇÀÄÀ×
ÔÈËÜÒÐÀÖÈÈ Â ÏÎÐÈÑÒÎÉ ÑÐÅÄÅ

Ì.Í. Íåáîëüñèíà, Ñ.Õ.Ì. Àëü Êõàçðàäæè

Â ðàáîòå ìåòîäîì òåîðèè ïîëóãðóïï ëèíåéíûõ ïðåîáðàçîâàíèé óñòàíàâëèâàåò-

ñÿ ðàâíîìåðíî êîððåêòíàÿ ðàçðåøèìîñòü íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ îäíîãî êëàññà

èíòåãðàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ðàññìàòðèâàåìûõ â îãðàíè÷åííîé è ïî-

ëóîãðàíè÷åííîé îáëàñòÿõ, êîòîðûå îïèñûâàþò ïðîöåññû íåñòàöèîíàðíîé ôèëüòðàöèè

ñæèìàþùåé æèäêîñòè â ïîðèñòîé ñðåäå. ×àñòíûé ñëó÷àé òàêèõ óðàâíåíèé íà ïîëóáåñ-

êîíå÷íîé ïðÿìîé ñ óñëîâèåì Äèðèõëå íà ãðàíèöå ðàññìàòðèâàëñÿ â ðàáîòå Þ.È. Áà-

áåíêî. Â ýòîé ðàáîòå òðåáîâàëîñü íàéòè ãðàäèåíò äàâëåíèÿ íà ãðàíèöå îáëàñòè. Çäåñü

îòâåò ïîëó÷åí ôîðìàëüíûì ïðèìåíåíèåì äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ, íå

çàòðàãèâàÿ âîïðîñà î êîððåêòíîé ðàçðåøèìîñòè è óñòîé÷èâîñòè ðåøåíèÿ ê ïîãðåøíî-

ñòÿì ïî èñõîäíûì äàííûì. Ïðè ýòîì ðåøåíèå çàäà÷è ïðåäñòàâëÿåòñÿ â âèäå ôîðìàëü-

íîãî ðÿäà ñ íåîãðàíè÷åííûì îïåðàòîðîì, ñõîäèìîñòü êîòîðîãî òàêæå íå îáñóæäàåòñÿ.

Ìåòîä òåîðèè ñèëüíî íåïðåðûâíûõ ïîëóãðóïï ïðåîáðàçîâàíèé ïîçâîëÿåò óñòàíîâèòü

ðàâíîìåðíî êîððåêòíóþ ðàçðåøèìîñòü çàäà÷ Äèðèõëå è Íåéìàíà êàê äëÿ êîíå÷íûõ

òàê è áåñêîíå÷íûõ îáëàñòåé. Ýòî äàåò âîçìîæíîñòü â ñëó÷àå çàäà÷è Äèðèõëå êîððåêò-

íî âû÷èñëèòü ãðàäèåíò äàâëåíèÿ íà ãðàíèöå è çíà÷åíèå ðåøåíèÿ íà ãðàíèöå â ñëó÷àå

óñëîâèé Íåéìàíà. Çäåñü æå äîêàçàíà óñòîé÷èâîñòü ðåøåíèÿ ïî íà÷àëüíûì äàííûì.

Êëþ÷åâûå ñëîâà: ïðîöåññû ôèëüòðàöèè, ïîðèñòàÿ ñðåäà; êîððåêòíûå çàäà÷è; C0-

ïîëóãðóïïû; äðîáíûå ñòåïåíè îïåðàòîðîâ.

Ââåäåíèå

Â [1, ñ. 101] ïðè èññëåäîâàíèè ïðîöåññîâ ôèëüòðàöèè â ïîðèñòîé ñðåäå äëÿ x ∈ (0,∞) è
t ∈ (0,∞) ðàññìàòðèâàåòñÿ çàäà÷à îòûñêàíèÿ äàâëåíèÿ p(t, x), óäîâëåòâîðÿþùåå óðàâíåíèþ

a
∂2p(t, x)

∂x2
= ν

∂p(t, x)

∂t
+ (1− ν)p(t, x)−

−(1− ν)γ2
∫ t

0
eγ(s−t)p(s, x)ds = Ltp(t, x) (1)

è íà÷àëüíî-êðàåâûì óñëîâèÿì

p(0, x) = 0, (2)

p(t, 0) = q(t), lim
x→∞

p(t, x) = 0. (3)

Çäåñü ν � äîëÿ îáúåìà ïðîòî÷íûõ çîí, γ � êîíñòàíòà ìàññîîáìåíà ìåæäó ïðîòî÷íûìè è
çàñòîéíûìè çîíàìè, a � êîýôôèöèåíò ïüåçîïðîâîäèìîñòè.

Òðåáóåòñÿ íàéòè ãðàäèåíò äàâëåíèÿ ó ãðàíèöû îáëàñòè.

∂p(t, x)

∂x
|x=0 = φ(t). (4)

Â [1] îòâåò äàåòñÿ â âèäå

φ(t) = L
1
2
t q(t) =

√
a

ν
e−γtMeγt, (5)
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ãäå íåîãðàíè÷åííûé îïåðàòîð M ôîðìàëüíî âûïèñûâàåòñÿ â âèäå ðÿäà

M =

∞∑
n=0

anD
1
2
−n, (6)

ãäå a0 = 1, a1 = γ(β − 1), an = −1
2

∑n−1
k=1 am−kak, (k ≥ 3), ñõîäèìîñòü êîòîðîãî â [1], íåñìîò-

ðÿ íà íåîãðàíè÷åííîñòü îïåðàòîðà L
1
2
t , íå îáñóæäàåòñÿ. Ôîðìàëüíîå ïðèìåíåíèå äðîáíîãî

èíòåãðî-äèôôåðåíöèðîâàíèÿ â [1] òàêæå íå çàòðàãèâàåò âîïðîñà î êîððåêòíîé ðàçðåøèìî-
ñòè êðàåâîé çàäà÷è (1) � (3). Â ÷àñòíîñòè, âîïðîñà îá óñòîé÷èâîñòè ðåøåíèÿ ïî èñõîäíûì
äàííûì, êîòîðûé, êàê èçâåñòíî, ÿâëÿåòñÿ îäíèì èç îñíîâíûõ ïðè ÷èñëåííîé ðåàëèçàöèè ñî-
îòâåòñòâóþùåãî àëãîðèòìà. Â òî æå âðåìÿ, ðåçóëüòàòû, ïîëó÷åííûå â [3] ñ ïðèìåíåíèåì ìå-
òîäîâ òåîðèè ïîëóãðóïï èññëåäîâàíèÿ êîððåêòíîé ðàçðåøèìîñòè êðàåâûõ çàäà÷ Ñ.Ã. Êðåéíà
[4], äàþùèå â ÿâíîì âèäå ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è (1) � (3), à òàêæå ôóíêöèè (4), ïîç-
âîëèëè ñòðîèòü àëãîðèòìû, ëèøåííûå óêàçàííûõ íåäîñòàòêîâ.

Â íàñòîÿùåé ðàáîòå ìåòîäîì òåîðèè ñèëüíî íåïðåðûâíûõ ïîëóãðóïï Ñ.Ã. Êðåéíà óñòà-
íàâëèâàåòñÿ êîððåêòíàÿ ðàçðåøèìîñòü êðàåâûõ çàäà÷ Äèðèõëå è Íåéìàíà äëÿ óðàâíåíèÿ
(1), ðàññìîòðåííîãî íà êîíå÷íîì èíòåðâàëå x ∈ [0, l]. Òî åñòü íóæíî íàéòè ðåøåíèÿ óðàâíå-
íèÿ (1), óäîâëåòâîðÿþùèå óñëîâèÿì:

a)

u(t, 0) = φ1(t), u(t, l) = ψ1(t) (7)

� çàäà÷à Äèðèõëå;
á)

u′x(t, 0) = φ2(t), u
′
x(t, l) = ψ2(t) (8)

� çàäà÷à Íåéìàíà.
Â ïðåäïîëîæåíèè, ÷òî ôóíêöèè φ1, φ2, ψ1, ψ2 äèôôåðåíöèðóåìû. È óêàçàòü ôóíêöèî-

íàëüíûå ïðîñòðàíñòâà Cρ[0,∞] ñ íîðìàìè

∥φ∥ρ = sup
t∈[0,∞]

|ρ(t)φ(t)|, ρ(t) > 0,

äëÿ êîòîðûõ âûïîëíÿþòñÿ íåðàâåíñòâà

sup
t∈[0,∞]

|ρ(t)u(t, x)| ≤ c[∥φi∥ρ + ∥ψi∥ρ], (9)

ñ êîíñòàíòîé c, íåçàâèñèìîé îò φi è ψi.
Äëÿ ðåøåíèÿ ýòèõ çàäà÷ íàì ïîíàäîáÿòñÿ ñëåäóþùèå ðåçóëüòàòû èç îáùåé òåîðèè (ñì.

[3 ñ. 305], à òàêæå [7, 8]).

1. Íåîáõîäèìûå ôàêòû èç îáùåé òåîðèè

Â áàíàõîâîì ïðîñòðàíñòâå E ðàññìàòðèâàåòñÿ óðàâíåíèå

d2u

dx2
= Au(x), x ∈ [0, π], (1.1)

ãäå A � âîîáùå ãîâîðÿ, íåîãðàíè÷åííûé â E îïåðàòîð ñ îáëàñòüþ îïðåäåëåíèÿ D(A) òàêîé,
÷òî îïåðàòîð −A ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû U(t,−A), óäîâëå-
òâîðÿþùåé îöåíêå

∥U(t,−A)∥ ≤Me−ωt, ω ≥ 0. (1.2)

2014, òîì 7, � 3 61



Ì.Í. Íåáîëüñèíà, Ñ.Õ.Ì. Àëü Êõàçðàäæè

Îïðåäåëåíèå 1.1. Ðåøåíèåì óðàâíåíèÿ (1.1) áóäåì íàçûâàòü ôóíêöèþ u(x) ñî çíà÷åíè-
ÿìè â D(A), äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìóþ è óäîâëåòâîðÿþùóþ (1.1) íà îòðåçêå
[0, l].

Îïðåäåëåíèå 1.2. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ (1.1)

u(0) = φ1, u(l) = ψ1, (1.3)

íàçûâàåòñÿ êîððåêòíîé, åñëè îíà îäíîçíà÷íî ðàçðåøèìà äëÿ ëþáûõ φ1, ψ1 ∈ D(A), è ñóùå-
ñòâóåò c1 > 0 òàêîå, ÷òî äëÿ âñåõ ðåøåíèé (1.1) ñïðàâåäëèâî íåðàâåíñòâî

sup
x∈[0,l]

∥u(x)∥E ≤ c1(∥φ1∥E + ∥ψ1∥E). (1.4)

Îïðåäåëåíèå 1.3. Çàäà÷à Íåéìàíà äëÿ óðàâíåíèÿ (1.1)

u′(0) = φ2, u
′(l) = ψ2, (1.5)

íàçûâàåòñÿ êîððåêòíîé, åñëè îíà îäíîçíà÷íî ðàçðåøèìà äëÿ âñåõ φ2, ψ2 ∈ D(A), è ñóùå-
ñòâóåò c2 > 0 òàêîå, ÷òî äëÿ âñåõ ðåøåíèé (1.1) ñïðàâåäëèâî íåðàâåíñòâî ñëó÷àå

sup
x∈[0,l]

∥u(x)∥E ≤ c2(∥φ2∥E + ∥ψ2∥E). (1.6)

Â ñëó÷àå l = ∞ îòûñêèâàþòñÿ ðåøåíèÿ u(x) â ïðåäïîëîæåíèè îãðàíè÷åííîñòè

sup
x∈[0,∞)

∥u(x)∥ <∞ (1.7)

è óäîâëåòâîðÿþùèå óñëîâèÿì
u(0) = φ3 (1.8)

(çàäà÷à Äèðèõëå);
u′(0) = φ4 (1.9)

(çàäà÷à Íåéìàíà).
È îöåíêàì (1.4) è (1.6) ñîîòâåòñòâóþò îöåíêè

sup
x∈[0,l]

∥u(x)∥E ≤ c1∥φ3∥, (1.10)

sup
x∈[0,l]

∥u(x)∥E ≤ c2∥φ4∥. (1.11)

Îòìåòèì, ÷òî óñëîâèå (1.2) îáåñïå÷èâàåò êîððåêòíóþ ðàçðåøèìîñòü ðàññìàòðèâàåìûõ
çàäà÷ è ñïðàâåäëèâîñòü ñëåäóþùèõ ðåçóëüòàòîâ. Äëÿ ïðîñòîòû èçëîæåíèÿ áóäåì ñ÷èòàòü
l = π. Èç ðåçóëüòàòîâ À.Â. Êíÿçþêà [2] ñëåäóåò êîððåêòíàÿ ðàçðåøèìîñòü çàäà÷è Äèðèõëå
(1.1) � (1.3), è äëÿ åå ðåøåíèÿ ïîëó÷åíî ïðåäñòàâëåíèå

u(x) = F (x)φ1 + F (π − x)ψ1, (1.12)

ãäå

F (x)φ =
2

π

∞∑
n=1

sinnx · n(n2 +A)−1φ. (1.13)

Åñëè φ1 ∈ D(A), òî

F (x)φ = (1− x

π
)φ+

∞∑
n=1

sinnx

n
(n2 +A)−1Aφ. (1.14)
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Êîððåêòíîñòü çàäà÷è Íåéìàíà (1) � (4) ïîêàçàíà Ì.Íåáîëüñèíîé â [8], ïðè ýòîì ðåøåíèå
èìååò âèä

u(x) = S(x)φ2 + S(π − x)ψ2, (1.15)

ãäå

S(x)φ =
1

π
[A−1φ+ 2

∞∑
n=1

cosnx(n2 +A)−1φ]. (1.16)

Çàìåòèì, ÷òî èç (1.13) è (1.16) ñëåäóåò ñîîòíîøåíèå

S′(x)φ = F (x)φ. (1.17)

Åñëè φ ∈ D(A), òî

F ′(x)φ = −S(x)Aφ. (1.18)

Ýòè ðåøåíèÿ ìîæíî âûðàçèòü è ÷åðåç ïîëóãðóïïó U(t,−A), åñëè âîñïîëüçîâàòüñÿ ôîðìóëîé,
ñâÿçûâàþùóþ ðåçîëüâåíòó R(x) è ïîëóãðóïïó ãåíåðàòîðà −A.

(n2 +A)−1φ = R(n2,−A) =
∫ ∞

0
e−n2SU(s,−A)φds. (1.19)

Ïîëüçóÿñü (1.19) â (1.13) è (1.16) è ìåíÿÿ ïîðÿäêè ñóììèðîâàíèÿ è èíòåãðèðîâàíèÿ, ïîëó-
÷àåì ïðåäñòàâëåíèÿ

F (x)φ =
2

π

∫ ∞

0

dΘ

dx
(
x

2π
,
is

π
)U(s,−A)φds, (1.20)

S(x)φ =
1

π
A−1φ+

∫ ∞

0
[Θ(

x

2π
,
is

π
)− 1]U(s,−A)φds, (1.21)

ãäå Θ(z, iµ)- Θ � ôóíêöèÿ ßêîáè, âèäà

Θ(z, iµ) = 1 + 2
∞∑
n=1

exp(−πn2µ) cos(2πnz)

ñì.[5], ñ.13.
Êîððåêòíàÿ ðàçðåøèìîñòü çàäà÷è (1.1) � (1.8) ïîêàçàíà Ñ.Ã. Êðåéíîì â [3 ñ. 324], ïðè

ýòîì åå ðåøåíèå èìååò âèä

u(x)φ3 = U(x,−(−A)
1
2 )φ3. (1.22)

Íàêîíåö êîððåêòíàÿ ðàçðåøèìîñòü çàäà÷è Íåéìàíà óñòàíîâëåíà Ä.Â.Êîñòèíûì â [4], è ðå-
øåíèå èìååò âèä

u(x)φ4 = −
∫ ∞

x
U(τ,−(−A)

1
2 )φ4dτ. (1.23)

2. Ïîñòàíîâêà çàäà÷ ôèëüòðàöèè â ðàìêàõ îáùåé òåîðèè

Äëÿ ïðèìåíåíèÿ ïîäõîäà, èçëîæåííîãî â ï. 1, çàïèøåì óðàâíåíèå (1) â âèäå

d2p(x)

dx2
= Ap(x), x ∈ [0, π], x ∈ [0,∞), (2.1)

ãäå îïåðàòîð A çàäàåòñÿ äèôôåðåíöèàëüíûì âûðàæåíèåì 1
aLt è îáëàñòüþ îïðåäåëåíèÿ

D(A) = {u ∈ E,
du

dt
∈ E}, (2.2)
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ãäå E ôóíêöèîíàëüíûå ïðîñòðàíñòâà.
Ïðè ýòîì óñëîâèÿ (7) è (8) ïðè l = π èìåþò âèä

p(0) = φ1, p(π) = ψ1 (2.3)

â ñëó÷àå çàäà÷è Äèðèõëå;

dp(x)

dx
|x=0 = φ2,

dp(x)

dx
|x=π = ψ2, (2.4)

â ñëó÷àå çàäà÷è Íåéìàíà.
Åñëè l = ∞, òî ãðàíè÷íûå óñëîâèÿ ïðèíèìàþò âèä

p(0) = φ3, lim
x→∞

∥p(x)∥ = 0, (2.5)

è
p′(0) = φ4, lim

x→∞
∥p(x)∥ = 0. (2.6)

Òàêèì îáðàçîì, äëÿ óñòàíîâëåíèÿ êîððåêòíîé ðàçðåøèìîñòè èññëåäóåìûõ çàäà÷ íåîá-
õîäèìî ïîñòðîèòü ïîëóãðóïïó U(x,−A) è ïîëó÷èòü äëÿ íåå îöåíêó (1.2).

3. Ïîñòðîåíèå ïîëóãðóïïû U(x,−A)

Îïåðàòîð A ïðåäñòàâèì â âèäå ñóììû A = A1 + A2, ãäå îïåðàòîð A1 çàäàåòñÿ äèôôå-
ðåíöèàëüíûì âûðàæåíèåì

l1u(t) =
ν

a

du(t)

dt
+

1− ν

a
u(t) (3.1)

è îáëàñòüþ îïðåäåëåíèÿ D(A1) = {u ∈ C[0,∞), l1u ∈ C[0,∞), u(0) = 0}. Îïåðàòîð A2 çàäàäèì
èíòåãðàëüíûì îïåðàòîðîì

A2u(t) = −1− ν

a
γ2

∫ t

0
eγ(s−t)u(s)ds. (3.2)

Íåòðóäíî âèäåòü, ÷òî îïåðàòîð A2 îãðàíè÷åí â C[0,∞) â ñèëó î÷åâèäíîé îöåíêè

∥A2u∥ ≤ 1− ν

a
γ∥u∥. (3.3)

Çàìåòèì, ÷òî îïåðàòîðû A1 è A2 êîììóòèðóþò íàD(A1). Ýòî ñëåäóåò èç ëåãêî ïðîâåðÿåìîãî
ðàâåíñòâà ∫ t

0
eγ(s−t)u′(s)ds =

d

dt

∫ t

0
eγ(s−t)u(s)ds. (3.4)

Ïîëóãðóïïà U(x,−A1) ñ ãåíåðàòîðîì A1 èìååò âèä

U(x,−A1)u(t) = e−
1−ν
a

x

{
u(t− ν

ax),
ν
ax ≤ t;

0, ν
ax > t.

(3.5)

Îòñþäà ñëåäóåò îöåíêà

∥U(x,−A1)∥ ≤ e−
1−ν
a

x. (3.6)

Äàëåå äëÿ ïîëó÷åíèÿ ïðåäñòàâëåíèÿ ïîëóãðóïïû U(x,−A2) âîñïîëüçóåìñÿ ðÿäîì

U(x,−A2)u(t) =

∞∑
n=0

xn

n!
(−A2)

nu(t), (3.7)
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ãäå

(−A2)
nu(t) =

{
(1−ν)nγ2n

an(n−1)!

∫ t
0 e

−γssn−1u(t− s)ds, n = 1, 2, ...;

I, n = 0.
(3.8)

I-òîæäåñòâåííûé îïåðàòîð.
Ýòî äàåò îöåíêó

∥An
2u∥ ≤ (1− ν)nγ2n

an(n− 1)!

∫ ∞

0
e−γssn−1ds∥u∥ = (

1− ν

a
)nγn∥u∥. (3.9)

Îöåíèâàÿ ïîëóãðóïïó (3.7), èñïîëüçóÿ (3.8), ïîëó÷àåì îöåíêó

∥U(x,−A2)u∥ ≤ ∥u∥
∞∑
n=0

(
1− ν

a
)n
γnxn

n!
= e

(1−ν)γ

a
x∥u∥. (3.10)

Òåïåðü íåòðóäíî âèäåòü, ÷òî èç (3.6) è (3.10) ñëåäóåò íåðàâåíñòâî

∥U(x,−A)∥ ≤ ∥U(x,−A1)∥∥U(x,−A2)∥ ≤ exp[−(1− ν)(1− γ)

a
]. (3.11)

Äàëåå, ïîëüçóÿñü (3.8) â (3.7), ïîëó÷àåì ïðåäñòàâëåíèå

U(x,−A2)u(t) = u(t) +

∞∑
n=1

(1− ν)nγ2nxn

an(n− 1)!n!

∫ t

0
e−γssn−1u(t− s)ds =

= u(t) +

∫ t

0
(

∞∑
n=1

(1− ν)nγ2nxnsn−1

an(n− 1)!n!
)e−γsu(t− s)ds =

= u(t) + x
1− ν

a
γ2

∫ t

0
e−γsI1(2γ

√
1− ν

a
xs)u(t− s)ds. (3.12)

Çäåñü ìû âîñïîëüçîâàëèñü ñîîòâåòñòâóþùèì ïðåäñòàâëåíèåì ôóíêöèè Áåññåëÿ I1(z) ïåðâîãî
ðîäà (ñì. [5, ñ. 642]).

Òåïåðü, ïîëüçóÿñü (3.5) è (3.12), ïîëó÷àåì âèä ïîëóãðóïïû U(t,−A)

U(x,−A)u(t) = U(x,−A1)U(x,−A2)u(t) =

= e−
1−ν
a

x


u(t− ν

ax) + (1− ν
a )γ

2x+ s ≤ t− ν
ax;

+
∫ t− ν

a
x

0 I1(2γ
√

1−ν
a xs)e−γsu(t− ν

ax− s)ds,

0, t− ν
ax < s.

(3.13)

4. Âû÷èñëåíèå õàðàêòåðèñòèê ïîòîêà íà ãðàíèöå

Òàê êàê, èñõîäÿ èç èçëîæåííîé âûøå îáùåé òåîðèè, îöåíêà (3.11) îáåñïå÷èâàåò ðàâíî-
ìåðíóþ êîððåêòíîñòü çàäà÷ (2.1) � (2.6), òî ïðåäñòàâëåíèÿ ðåøåíèé (1.13) � (1.16), (1.22),
(1.23) ïîçâîëÿþò îòâåòèòü íà ñëåäóþùèå âîïðîñû, ñâÿçàííûå ñ îïðåäåëåíèåì ïîòîêà âåùå-
ñòâà íà ãðàíèöå îáëàñòè:

À) Íàõîæäåíèå ãðàäèåíòà äàâëåíèÿ ó ãðàíèöû îáëàñòè ïî èçâåñòíîìó çàêîíó èçìåíåíèÿ
äàâëåíèÿ íà ãðàíèöå.

Òî åñòü âû÷èñëåíèå çíà÷åíèé

∂p(t, x)

∂x
|x=0 = q1(t),

∂p(t, x)

∂x
|x=π = q2(t), (4.1)
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â ñëó÷àå çàäà÷è (2.1) � (2.3), è
∂p(t, x)

∂x
|x=0 = q3(t), (4.2)

â ñëó÷àå çàäà÷è (2.1) � (2.5).
Â) Îïðåäåëåíèå äàâëåíèÿ íà ãðàíèöå îáëàñòè ïî çàäàííîìó ãðàäèåíòó.
Òî åñòü âû÷èñëåíèå çíà÷åíèé:

p(t, 0) = g1(t), p(t, π) = g2(t), (4.3)

â ñëó÷àå çàäà÷è (2.1)-(2.4), è
p(t, 0) = g3(t), (4.4)

â ñëó÷àå çàäà÷è (2.1)-(2.6).
Èìåÿ â âèäó ñîîòíîøåíèå A = Lt, è ïîëóãðóïïó U(x,A) = U(x, Lt) âèäà (3.13), ïðåä-

ñòàâëåíèÿ (1.15) è (1.16) ïîçâîëÿþò äàòü ñëåäóþùèå îòâåòû â ýòèõ çàäà÷àõ.
À) Èç (1.18) ñëåäóþò ðàâåíñòâà

q1(t) = −Lt[S(0)φ1(t) + S(π)ψ1(t)]; (4.5)

q2(t) = −Lt[S(π)φ1(t) + S(0)ψ1(t)]. (4.6)

Èç (1.22) ïîëó÷àåì

q3(t) = (−Lt)
1
2φ3(t) =

1

π

∫ ∞

0
τ−

1
2U(τ, Lt)Ltφ3(t)dτ. (4.7)

Â) Ðàâåíñòâà (1.15) è (1.23) äàþò ñîîòíîøåíèÿ

g1(t) = S(0)φ2(t) + S(π)ψ2(t); (4.8)

g2(t) = S(π)φ2(t) + S(0)ψ2(t); (4.9)

g4(t) = −
∫ ∞

0
U(τ,−(Lt)

1
2 )φ4(t)dτ = −L− 1

2
t φ(t). (4.10)

Èç ïîëó÷åííûõ ñîîòíîøåíèé çàêëþ÷àåì, ÷òî â ñèëó îöåíîê

∥S(0)φ∥ ≤ 1

π
[∥A−1∥+ 2

∞∑
n=1

∥(n2 +A)−1∥]∥φ∥ =

=
1

π
[
1

ω
+ 2

∞∑
n=1

1

n2 + ω
]∥φ∥ =

ch
√
ωπ

sh
√
ωπ

∥φ∥ (4.11)

∥
∫ ∞

0
U(τ,−Lt)

1
2φdτ∥ ≤

∫ ∞

0
e−ω

1
2 τdτ∥φ∥ = ω− 1

2 ∥φ∥ (4.12)

çàäà÷è (4.3) � (4.4) ðàâíîìåðíî êîððåêòíû â ïðîñòðàíñòâàõ C[0,∞), è èõ ÷èñëåííàÿ ðåàëèçà-
öèÿ íîñèò ñòàíäàðòíûé õàðàêòåð.

Ðåøåíèå çàäà÷ (4.1) � (4.2) âûðàæàåòñÿ ÷åðåç íåîãðàíè÷åííûé îïåðàòîð Lt, è âñëåäñòâèå
ýòîãî èõ ÷èñëåííàÿ ðåàëèçàöèÿ îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ñîîòâåòñòâóþùèõ ðåãóëÿðèçèðó-
þùèõ ìåòîäîâ. Íî èç ðàçëîæåíèÿ Lt = ν ∂

∂t + L0, ãäå L0-íåîãðàíè÷åííûé îïåðàòîð, ñëåäóåò,

÷òî ðåãóëÿðèçèðóþùèé àëãîðèòì îòíîñèòñÿ òîëüêî ê âû÷èñëåíèþ ïðîèçâîäíîé ∂
∂t , ÷òî òàê-

æå ðåàëèçóåòñÿ ïî ñòàíäàðòíîé ñõåìå.
Òàêèì îáðàçîì, èç ïðåäñòàâëåíèé (4.5) � (4.7) ñëåäóåò, ÷òî ïðè ðåøåíèè çàäà÷è Äèðèõëå,

â ÷àñòíîñòè çàäà÷è Þ.È. Áàáåíêî (1) � (3), ñíà÷àëà íóæíî ïîëó÷èòü ðåøåíèå ðàâíîìåðíî
êîððåêòíîé çàäà÷è Íåéìàíà, à çàòåì ïðèìåíèòü ñòàíäàðòíûé àëãîðèòì âû÷èñëåíèÿ ïðîèç-
âîäíîé.
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Using the theory of semigroups of linear transformations, we establish the uniform

well-posedness of initial-boundary value problems for a class of integrodi�erential equations

in bounded and half-bounded regions describing the processes of nonstationary �ltration of

squeezing liquid in porous media.

Babenko considered a particular case of these equations on the semi-in�nite straight

line with Dirichlet condition on the boundary. In that work it was required to �nd the

pressure gradient on the boundary, and the answer is obtained by the formal application

of fractional integro-di�erentiation while ignoring the question of continuous dependence

on the intial data. The solution is expressed as a formal series involving an unbounded

operator, whose convergence is not discussed.

The theory of strongly continuous semigroups of transformations enables us to establish

the uniform well-posedness of the Dirichlet and Neumann problems for both �nite and

in�nite regions. It enables us to calculate the pressure gradient on the boundary in the case

of the Dirichlet problem and the boundary value of the solution in the case of the Neumann

problem. We also prove that the solution is stable with respect to the initial data.

Keywords: �ltration processes; porous media; well-posed problem; C0-semigroups;

fractional powers of operators.
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