
MSC 65K05 DOI: 10.14529/mmp140410

A MATHEMATICAL MODEL OF NOISE

IN THE MEASURING CHANNELS OF INTELLIGENT

SYSTEMS

G.I. Volovich, South Ural State University, Chelyabinsk, Russian Federation,
g volovich@mail.ru,
E.V. Solomin , South Ural State University, Chelyabinsk, Russian Federation,
nii uralmet@mail.ru,
I.G. Topolskaya , South Ural State University, Chelyabinsk, Russian Federation,
irina topol71@mail.ru,
D.V. Topolsky , South Ural State University, Chelyabinsk, Russian Federation,
topol69@mail.ru

We propose a mathematical model describing quantization frequency selection in the

measuring channels of intelligent systems depending on the parameters of noise. We consider

internal and external sources of noise, seek the reasons for noise generation, justify the

necessity of recording noise in the analog lines of measuring channels of intelligent systems.

The parameters of our mathematical model of noise are: stationary white noise with normal

distribution, an anti-aliasing bandwidth �lter, the variance of noise at the input of an

analog-digital converter, the correlation coe�cient of noise. We evaluate the dependence of

the selection of quantization frequency value on the parameters of noise. We show that if the

right sampling frequency is selected in the conditions of broadband noise measuring then

the systematic component of error is determined by the bandwidth of the low frequency

analog anti-aliasing �lter, while the random error is determined by the bandwidth of the

low frequency digital averaging �lter.
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Introduction

Measuring the parameters of signals in measuring channels of intellectual systems
simultaneously with the main signal, we have registered the interfering signals � noises
and interferences of di�erent nature. The sources of noises are both internal and external.
The internal noises may physically attend signal sources similar to the heat noise of electron
�ows in electric circuits and shot e�ects in electronic devices or may appear in measuring
apparatus and systems of data transmission and processing due to di�erent destabilizing
factors � temperature, higher humidity, instability of power sources, mechanical vibrations
on galvanic contacts, etc. External noise sources can be of natural and arti�cial kind.
Among the arti�cial industrial interference sources are the engines, switchers, generators
of di�erent signal forms, etc. Natural sources of interferences are lightning, magnetic �eld
�uctuations, solar energy �ashes, etc [1]. All these factors should be counted in intellectual
system measuring channels development. The most visible is the e�ect of noise of the analog
circuits of measuring channels. The pickup of useful components from the overall sum of
registered signals or maximum noise and interference suppression in information signal
saving its useful components, is one of the main development tasks. Therefore we evaluate
the dependence of quantization frequency value selection on the noise parameters and
propose the approach of construction of the mathematical model of noise in intellectual
system measuring channels.
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1. Mathematical Model of Noise

Let us evaluate the e�ect of noise parameters on quantization frequency selection [2,
3]. The signal on the input of measuring device is given by

u(t) = Um cos(ω1t+ ϕ) + η(t) (1)

where η(t) is a stationary centered white noise with normal distribution and spectral
density G. If the anti-aliasing �lter with rectangular amplitude-frequency characteristic
(AFC) is included into the signal normalizing circuit, then the correlation function of
noise on the input of analog-digital converter (ADC) is given by

K(τ) = 2G2 sinωατ

τ
= σ2R(τ) (2)

where ωα is an anti-aliasing �lter bandwidth,

σ = G
√
2ωα (3)

is a mean square noise deviation on ADC input [4] and R(τ) =
sinωατ

ωατ
is a coe�cient of

correlation of this noise.
We neglect the level of discrecity of quantization. Then after squaring the output data

of ADC is given by

⌈u∗(t)⌉2 = ⌈u(t) ∗ Ts

∞∑
k=−∞

δ(t− kTs)⌉2 = u2(t) ∗ ⌈Ts

∞∑
k=−∞

δ(t− kTs)⌉2

where Ts = 1/fs is a period of sampling. Thereby we can formally rearrange the operations
for squaring and sampling. In this case due to (1):

u2(t) = (U2
m/2) + (U2

m/2) cos 2(ω1t+ ϕ) + 2η1(t)Um cos(ω1t+ ϕ) + η1(t) (4)

where η1(t) is the noise on ACD input. Mathematical expectation of signal (4)

mu2 = U2
m/2 + σ2 (5)

hows the square of e�ective value of voltage on ACD input.
Product moment of the second degree of function (4) is given by

m11(τ) = ⌈(U4
m/4) ∗ (1 + 1/2 cos 2ω1τ)⌉+ U2

m⌈2K(τ) cosω1τ + σ2⌉+ σ4 + 2K2(τ).

From this equation we can �nd the correlation function of signal (4) [1]:

Ku2(τ) = ⌈m11(τ)−m2
u2⌉ = (U4

m/8) cos 2ω1τ + 2U2
mK(τ) cosω1 + 2K2(τ). (6)

For calculation of one-side spectral density we used Wiener�Khinchin theorem [5]:

Su2(ω) = 4

∫ ∞

0

Ku2(τ) cosωτdτ. (7)
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After substitution of correlation function (6) into (7) and taking into account (2) we �nd

Su2(ω) = (U4
m/8)δ(ω − 2ω1) + S1(ω) + S2(ω) (8)

and

S1(ω) =


4πσ2U2

m

ωα
, 0 < ω < ωα − ω1,

2πσ2U2
m

ωα
, ωα − ω1 < ω < ωα + ω1,

0, ω > ωα + ω1,

(9)

S2(ω) =

{
2πσ4

ω2
α
(2ωα − ω), 0 < ω < 2ωα,

0, ω > 2ωα.
(10)

Equation (8) shows that the spectrum Su2(ω) is discrete-solid. It consists of a discrete
spectrum line 2ω1, caused by harmonic signal Um cos(ω1t+ ϕ) and two big components in
the input signal.

The ratio of maximal values S1(ω) and S2(ω)

S1(0)

S2(0)
=

U2
m

σ2

therefore in accurate measurements Um >> σ, we neglect the e�ect of component S2(ω).
When we sampling the signal in time (4), we get the re�ecting components of spectrum

Su2 , therefore the spectrum of a sampled signal in the scale of cyclic frequency f [6]:

ST (f) =
∞∑

n=−∞

Su2(f − nfs).

To make the e�ect of re�ecting components ST (f) on measuring accuracy less, we
should avoid their presence in the bandwidth of averaging digital low-pass �lter (LPF) [7],
but it is possible only when the following condition holds:

fs − (fa + f1) > fc èëè fs > fc + fa + f1. (11)

If condition (3) is true, then the signal on the output of averaging LPF ⌈u∗
F (i)⌉2 has

constant component which is equal to the mathematical expectation u2(t) (11) and noise
component ξ(t):

⌈u∗
F (i)⌉2 = U2

m + σ2 + ξ(ti).

Let us �nd the dispersion of noise on the output of averaging LPF. Considering that
S2(ω) is small,

Dξ =
1

2π

∫ ∞

0

Sf (ω)dω =
1

2π

∫ ωc

0

4πσ2U2
m

ωα

dω = 2σ2U2
m

ωc

ωa

(12)

where SF (ω) is the spectrum of noise on the output of averaging LPF. The output signal
of digital voltmeter [8]:

u∗
OUT (i) =

√
⌈u∗

F (i)⌉2 ≈
Um√
2

[
1 +

σ2 + ξ∗(i)

U2
m

]
.

122 Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫



ÊÐÀÒÊÈÅ ÑÎÎÁÙÅÍÈß

And the relative error of measurement caused by noise:

∆U

U
≈ σ2 + ξ∗(i)

U2
m

.

Although the noise η21(t) has distribution other than normal, passing through the
narrow band averaging LPF it will be "normalized" [5]. Therefore ξ(t) has the distribution
closed to normal and with probability of 0,986 the relative error of measurement:

∆U

U
<

σ2 + 3
√
Dξ

U2
m

=
σ2

U2
m

+
4, 24σ

Um

√
fc
fa

. (13)

The �rst summand in formula (13) is the deterministic error component caused by noise,
and the second is random. Substituting the value of σ from (3) into (13), �nally we get:

∆U

U
<

4πfaG
2

U2
m

+
15G

Um

√
fc. (14)

Let us show the example. Assume that the sampling frequency is fs = 10 kHz,
bandwidth of anti-aliasing �lter is f = 4 kHz, bandwidth of averaging is fc = 4,4 Hz,
frequency of signal f1 < f, e�ective value of measuring signal is U = 1 V, mean square
value of noise is with normal distribution and constant spectral density in the band width
0 < f < fa is σ= 0,01 V. Then the condition (11) holds, the �rst summand in formula
(13) is equal to 5 · 105, and the second is equal to 9, 9 · 104, i. e. almost 20 times higher.
Therefore in this example the main part of error is the random component. This allows us
to conclude that in measuring of the wide bandwidth noise, when the sampling frequency
is selected correctly, the systematic component of error is determined by the bandwidth
of analog anti-aliasing LPF, and random � by the bandwidth of averaging digital LPF.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ ØÓÌÀ

Â ÈÇÌÅÐÈÒÅËÜÍÛÕ ÊÀÍÀËÀÕ

ÈÍÒÅËËÅÊÒÓÀËÜÍÛÕ ÑÈÑÒÅÌ

Ã.È. Âîëîâè÷, Å.Â. Ñîëîìèí, È.Ã. Òîïîëüñêàÿ, Ä.Â. Òîïîëüñêèé

Â äàííîé ñòàòüå ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ âëèÿíèå ïà-

ðàìåòðîâ øóìà íà âûáîð ÷àñòîòû äèñêðåòèçàöèè â èçìåðèòåëüíûõ êàíàëàõ èíòåëëåê-

òóàëüíûõ ñèñòåì. Áûëè ïðèâåäåíû âíóòðåííèå è âíåøíèå èñòî÷íèêè øóìà, ïðîàíà-

ëèçèðîâàíû ïðè÷èíû âîçíèêíîâåíèÿ øóìîâ, îáîñíîâàíà íåîáõîäèìîñòü ó÷åòà âëèÿíèÿ

øóìà â àíàëîãîâûõ öåïÿõ èçìåðèòåëüíûõ êàíàëîâ èíòåëëåêòóàëüíûõ ñèñòåì. Ïàðàìåò-

ðàìè ìàòåìàòè÷åñêîé ìîäåëè øóìà ÿâëÿþòñÿ ñòàöèîíàðíûé öåíòðèðîâàííûé áåëûé

øóì ñ íîðìàëüíûì ðàñïðåäåëåíèåì, ïîëîñà ïðîïóñêàíèÿ àíòèàëàéçèíãîâîãî ôèëüòðà,

ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå øóìà íà âõîäå àíàëîãî-öèôðîâîãî ïðåîáðàçîâàòåëÿ,

êîýôôèöèåíò êîððåëÿöèè ýòîãî øóìà. Ïðîâåäåíà îöåíêà âëèÿíèÿ ïàðàìåòðîâ øóìà íà

âûáîð ÷àñòîòû äèñêðåòèçàöèè. Îíà ïîêàçàëà, ÷òî ïðè èçìåðåíèè â óñëîâèÿõ øèðîêî-

ïîëîñíîãî øóìà, ïðè ïðàâèëüíîì âûáîðå ÷àñòîòû âûáîðîê, ñèñòåìàòè÷åñêàÿ ñîñòàâëÿ-

þùàÿ ïîãðåøíîñòè îïðåäåëÿåòñÿ ïîëîñîé ïðîïóñêàíèÿ àíàëîãîâîãî àíòèàëàéçèíãîâîãî

ôèëüòðà íèçêîé ÷àñòîòû, à ñëó÷àéíàÿ � ïîëîñîé ïðîïóñêàíèÿ óñðåäíÿþùåãî öèôðî-

âîãî ôèëüòðà íèçêîé ÷àñòîòû.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü; øóì; èíòåëëåêòóàëüíûå ñèñòåìû;

÷àñòîòà äèñêðåòèçàöèè.

Ëèòåðàòóðà

1. Äàâûäîâ, À.Â. Ñèãíàëû è ëèíåéíûå ñèñòåìû: òåìàòè÷åñêèå ëåêöèè / À.Â. Äàâû-
äîâ. � Åêàòåðèíáóðã: ÓÃÃÓ, ÈÃèÃ, 2005. � 289 ñ.

2. Ðàòõîð, Ò.Ñ. Öèôðîâûå èçìåðåíèÿ. Ìåòîäû è ñõåìîòåõíèêà: ïåð. ñ àíãë. /
Ò.Ñ. Ðàòõîð. � Ì.: Òåõíîñôåðà, 2004. � 376 ñ.

3. Âüþõèí, Â.Í. Èññëåäîâàíèå ìåòîäà êîãåðåíòíîé âûáîðêè äëÿ òåñòèðîâàíèÿ âû-
ñîêîðàçðÿäíûõ ÀÖÏ / Â.Í. Âüþõèí, Þ.À. Ïîïîâ, Þ.Ë. Òàíè // Àâòîìåòðèÿ. �
1997. � � 5. � Ñ. 9�14.

4. Bennett, W.R. Spectra of Quantized Signals / W.R. Bennett // Bell Systems Technical
Journal. � 1948. � V. 27, issue 3. � P. 446�472.

5. Òèõîíîâ, Â.È. Ñòàòèñòè÷åñêàÿ ðàäèîòåõíèêà / Â.È. Òèõîíîâ. � Ì.: Ðàäèî è ñâÿçü,
1982. � 624 ñ.

6. Êóçèí, Ë.Ò. Ðàñ÷åò è ïðîåêòèðîâàíèå äèñêðåòíûõ ñèñòåì óïðàâëåíèÿ / Ë.Ò. Êó-
çèí. � Ì.: Ìàøãèç, 1962. � 684 ñ.

124 Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫



ÊÐÀÒÊÈÅ ÑÎÎÁÙÅÍÈß

7. Àíàëîãî-öèôðîâîå ïðåîáðàçîâàíèå: ïåð. ñ àíãë. / ïîä ðåä. Ó. Êåñòåðà. � Ì.: Òåõ-
íîñôåðà, 2007. � 1016 ñ.

8. Ãóáëåð, Ã.Á. Àëãîðèòìû öèôðîâîé îáðàáîòêè ñèãíàëîâ ìíîãîôóíêöèîíàëüíîãî
ýòàëîííîãî ïðèáîðà äëÿ èçìåðåíèé ýëåêòðîýíåðãåòè÷åñêèõ âåëè÷èí / Ã.Á. Ãóáëåð,
Â.Ñ. Ãóòíèêîâ. � URL: http://www.mars-energo.ru/p/a/algorithms.pdf

Ãåîðãèé Èîñèôîâè÷ Âîëîâè÷, äîêòîð òåõíè÷åñêèõ íàóê, ïðîôåññîð, êàôåäðà ≪Ñè-
ñòåìû óïðàâëåíèÿ≫, Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (ã. ×åëÿáèíñê,
Ðîññèéñêàÿ Ôåäåðàöèÿ), g volovich@mail.ru.

Åâãåíèé Âèêòîðîâè÷ Ñîëîìèí, äîêòîð òåõíè÷åñêèõ íàóê, ïðîôåññîð, êàôåäðà
≪Ýëåêòðîòåõíèêà è âîçîáíîâëÿåìûå èñòî÷íèêè ýíåðãèè≫, Þæíî-Óðàëüñêèé ãîñóäàð-
ñòâåííûé óíèâåðñèòåò (ã. ×åëÿáèíñê, Ðîññèéñêàÿ Ôåäåðàöèÿ), nii uralmet@mail.ru.

Èðèíà Ãåííàäüåâíà Òîïîëüñêàÿ, àññèñòåíò, êàôåäðà ≪Ýëåêòðîòåõíèêà è âîçîáíîâ-
ëÿåìûå èñòî÷íèêè ýíåðãèè≫, Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (ã. ×å-
ëÿáèíñê, Ðîññèéñêàÿ Ôåäåðàöèÿ), irina topol71@mail.ru.

Äìèòðèé Âàëåðèàíîâè÷ Òîïîëüñêèé, êàíäèäàò òåõíè÷åñêèõ íàóê, äîöåíò, êàôåä-
ðà ≪Ýëåêòðîòåõíèêà è âîçîáíîâëÿåìûå èñòî÷íèêè ýíåðãèè≫, Þæíî-Óðàëüñêèé ãîñó-
äàðñòâåííûé óíèâåðñèòåò (ã. ×åëÿáèíñê, Ðîññèéñêàÿ Ôåäåðàöèÿ), topol69@mail.ru.

Ïîñòóïèëà â ðåäàêöèþ 6 ñåíòÿáðÿ 2014 ã.

2014, òîì 7, � 4 125




