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This article deals with the question of uniqueness of a generalized solution to
the Dirichlet—Cauchy problem for the Barenblatt—Gilman equation, which describes
nonequilibrium countercurrent capillary impregnation. The unknown function corresponds
to effective saturation. The main equation of this model is nonlinear and implicit with
respect to the time derivative, which makes it quite hard to study. In a suitable functional
space, the Dirichlet—Cauchy problem for the Barenblatt—Gilman equation reduces to the
Cauchy problem for a quasilinear Sobolev-type equation. Sobolev-type equations constitute
a large area of nonclassical equations of mathematical physics. The techniques used in
this article originated in the theory of semilinear Sobolev-type equations. For the Cauchy
problem we obtain a sufficient condition for the existence of a unique generalized solution.
We establish the existence of a unique nonlocal generalized solution to the Dirichlet—Cauchy
problem for the Barenblatt—Gilman equation.

Keywords: Barenblatt—Gilman equation; quasilinear Sobolev-type equation; generalized
solution.

Introduction
The Barenblatt—Gilman mathematical model [1] amounts to the equation
ur — Aa(AP(u)); = aAd(u) (0.1)
with the Dirichlet—Cauchy conditions

u(z,t) =0, (z,t) € 02 x (0,7), (0.2)

u(z,0) = up(x),z € Q, (0.3)

where Q0 C R™ is a bounded region with boundary of class C*°, the function ®(u) = |u|P"%u
with p > 2 is monotonely increasing and smooth, while 7, o, and A\ are positive real
parameters.

This equation models nonequilibrium countercurrent capillary impregnation. In
a suitable functional space we reduce (0.1) — (0.3) to the Cauchy problem

u(0) = g (0.4)
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for the abstract operator differential equation

d
dt
where L(u) = Au+ AM(u) with A € R,. This is a quasilinear Sobolev-type equation.

Implicit equations attract many researchers [2-5]. This article continues [7], which dealt
with the question of the existence of a generalized solution to (0.1)—(0.3).

(L(w)) + M(u) =0, (0.5)

1. Abstract Cauchy Problem

Consider a real Hilbert space $) = (), (-, -)) identified with its dual and equipped with
a dual pair of reflexive Banach spaces U = (4, || - ||) and &* = (&, || - ||+) such that we have
a continuous dense embedding 4 < §) < U*. Take an operator M € C"(L; 4*) with
r € N and an operator A € £(4; 40%).

Definition 1. A vector function u € Lo(0,7;80) such that % € Ly(0,7;9) for 7 € Ry
is called a generalized solution to problem (0.4), (0.5) whenever it satisfies

<%L(u(t)),v> + (M(u(t)),v) =0 for almost all t € (0,7)

and

(u(0) —ug,v) =0 for all v € 4.

Theorem 1. [6] Take two operators A € £(; ) and M € C" (4 U*) with r € N and
suppose that at ug € L the operator N(ug) : 4 — U* is a toplinear isomorphism. Then
there exists a unique local solution to problem (0.4), (0.5) passing through the point .

Theorem 2. [7] Take an operator M € C™ (8 U*) with r € N which is s-monotone,
p-coercive, and homogeneous of degree k € R, and, furthermore, its Fréchet derivative is
symmetric, and a positive definite symmetric operator A € £(Lh; U*). If problem (0.4), (0.5)
has a unique local solution on some interval (—To, 7o) with 7o € Ry then it has a generalized
solution.

Condition 1. If there exists a function F' € C[0,00), possibly after a change on
a negligible set, such that F(s) > 0 for almost all s € [0,00) and

1M (u) = M ()]l < F(so)[lu— vl

for almost all sy € [0,00) and all uw = u(sg),v = v(sg) € L then we say that the operator
M : L — 4" satisfies condition 1.

Definition 1 of a generalized nonlocal solution to problem (0.4), (0.5) is equivalent [8] to

Definition 2. Refer as a weak generalized solution to the Cauchy problem (0.4), (0.5) to
a function u(t) € Loo(0,7,80) with % € Ly(0,7,80) satisfying
[ d
[ G . w + (), w)etra =0,

0

(1.1)
u(0) = ug, Yw € UV € Ly(0, 7).
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Theorem 3. Suppose that for ug € Y a generalized solution to problem (0.4), (0.5) exists.
If the operator M € C™ 1 (U; U*), with r € N, is s-monotone and satisfies condition 1,
while the operator A € £(4h; UU*) is positive definite, then this solution is unique.

Proof. Consider two distinct weak generalized solutions u; and uy to problem (0.4), (0.5)
in the sense of Definition 2.
Take p(t) = 1 € Ly(0,7). Then for almost all £ € (0,7) we infer from (1.1) that

t

/<d% (L(u;),w) + (M(u;),w))ds = 0,Yw € i = 1,2; (1.2)

0
where L(u) = Au+ AM (u). Integrating (1.2) yields
t
(Au;(t) + AM (u(t)), w) + / (M (u;(s)), w)ds = (Aug + AM (up), w) ,Yw € U, i = 1,2.

0
(1.3)
Subtract from (1.3) for u; the same equation for us and put v = u; — uy. Then

(Av,w) + AN (M (uy(t)) — M(uq(t)), w) + / (M (ui(s)) — M(us(s)),w)yds = 0,Vw € .

0

(1.4)
Since u; € Loo(0,7,40), it follows that v(a) € U for almost all a € (0, 7). Therefore, (1.4)
yields

«

(Av,v) + A (M (ur(@)) = M(uz(a)), v) = / (M(uz(s)) — M(ui(s)), v(e)) ds. (1.5)

0

Since A is a positive definite operator for all u € 4, we have
(Au,u) > ml|ullz, m > 0. (1.6)
In addition, since M is an s-monotone operator, it follows that
(M (uq(a)) — M (uz(a)),v) > 0. (1.7)

By (1.5)-(1.7) we arrive at

(@) <m™ / (M (us(s)) = M(ui(s)), v(e)) ds.

Now Holder’s inequality implies that

lo(e)]l* < m‘lllv(a)H/HM(w(S)) — M{(u(s))l|ds.
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Since M satisfies condition 1, we infer that

a

M@WSW@M/HﬂMﬂW,

0

and then the Gronwall-Bellman lemma [9] shows that u; = us almost everywhere.

2. The Dirichlet—Cauchy Problem

for the Barenblatt—Gilman Equation

Let us reduce problem (0.1) — (0.3) to the abstract problem (0.4), (0.5). Take
9 = W, YQ) with the inner product

(u,v) = /u(—A)lv dx,u,v € 9, (2.1)

Q

where (—A)~! is the Green operator of the homogeneous Dirichlet problem for the Poisson
equation Au = f in 2. Choose the space L,({2) as i since L,(€2) — Lo(£2) for p € [2, +00)
in the case of a bounded region €, which we have, while Ly(Q) < W5 '(€2). Then we can
take as {* the dual space to 4 with respect to the duality (2.1). In this case the embedding
U — U* for p € [2,400) is dense and continuous. Define the operator A as

(Au,v) = (u,v) = [ u(—=A) vdr,u,v € U
/

and the operator M as

(M(u),v) = a/ lulPPuvdr,  wu, v €U

Lemma 1. The operator M satisfies condition 1.

Proof. There exists a nonnegative continuous function g : R> — R such that
[JulP~*u — Jo[P~*0] < g(u, v)|u — | (2.2)
for all u,v € R. It is easy to show that, for instance, the function
mum—{w%ﬁﬁi for u # v,
Tl p=2)uft foru=w

satisfies these conditions. By (2.2), for all real-valued functions v = wu(z,s),
v = v(x,s) € U
[lulP~u — [oP~0] < f(z, 5)lu—v| (2.3)

almost everywhere, where f(z,s) = g(u(z,s),v(x,s)). It follows from (2.3) that

sup a/||u|p 2u — |v[P~2v||w|dr < sup a/f z, s)|u — v||w|dz. (2.4)

wl=1 wl=1
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In the left-hand side we have

sup oz/||u|p 2u — v|P 20| jw|dz > sup «a /|u|p_2uwdx—/|v|p_2vwdx =

[[w][=1 [[w][=1
Q

= sup | (M(u) = M(v),w) | = [|M(u) = M(v)]l..

wll=1

In the right-hand side we have

[[w][=1 [[w][=1

< aa ||f(z,s)|u—vlllL, < aCl[f(z,s)l[[[u—v] = F(s)[u— v

Hence,
[M(u) = M(v)|ls < F(s)[[u—v].
O

In the case p > 2 the existence of a generalized solution to problem (0.1) — (0.3) for
arbitrary initial conditions is established in [7]. Thus, Lemma 1 implies

Theorem 4. Assume that p > 2 and take a, A € Ry. Then for every uy € Y and every
T € Ry there exists a unique generalized solution to problem (0.1)—(0.3).
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O EAVMVHCTBEHHOCTU HEJIOKAJIBHOI'O PEIHIEHUN A
MOJEJIN BAPEHBJIATTA - TUJIbMAHA

E.A. Bozamuwpesa, U.H. Cemerosa

B pabore paccmarpuBaeTcs BOIPOC €IUHCTBEHHOCTH OOOOITEHHOIO PEMICHUS 3319
Jupuxne — Komu nyisi ypapuennsi bapenbnarra — ['mibmana. 910 ypaBHEHUE OMHMCHIBA-
€T HEPABHOBECHYIO MPOTUBOTOYHYIO KAMWILISIPHYIO TponuTKy. HemssectHas pyHKIMS COOT-
BercreyeT pyHKImy 3hdekTuBHOM HachimeHHOoCTH. OCHOBHOE yPABHEHUE MOJETHU SBJISETCS
HEJTMHEHHBIM U HE PA3PEINMO OTHOCUTEIHHO MPOW3BOIHON 110 BPEMEHH, UTO CO3JAET 3Ha-
YUTEIbHBIE TPYJAHOCTH MPU €ro paccMmorpenunn. 3aaa4da dupuxie — Ko s ypaBaeHust
Bapenbnarra — ['unbpMana B mOgXoasnmX (hyHKITMOHAIBHBIX TPOCTPAHCTBAX PEIYIIUDPYETCs
K 3asade Komu s KBa3ujinHeHHOTO ypaBHeHHs: COOOJIEBCKOTO THIIA. Y paBHEHUs! CODOJIEB-
CKOT'O THUITa, COCTABJSIOT OOIMUPHYIO 00/1aCTh HEKJIACCUIECKUX YPABHEHUN MAaTEeMATHIECKOM
dbuzukn. MeTons! nccie0BaHnsd, KOTOPBIE UCIIOIB3YIOTCA B PAO0OTE, IEPBOHAYAIBHO BOSHUK-
JIM B TEOPUU TOJYJIMHEHHBIX ypaBHeHuil cobosesckoro tuma. s 3anaqn Komm nmonydeno
JIOCTATOYMHOE YCJIOBWE CYIIECTBOBAHUS €IWHCTBEHHOTO 0000IenHoro perrenns. [lokazano
CYNIECTBOBAHUE €IMHCTBEHHOI'O HEJIOKAJIBHOIO 000DIIEHHOro pernenust 3ana4gn Jupuxie —
Ko myis ypaBuenust Bapenbaarra — ['wibmana.

Karouesnie caosa: ypasuernue Bapenbaamma—Tusvmanae; Keasusunetinoe ypasrenue co-

bosesckoz2o muna; 0bobuenmoe peuienue.
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