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This article deals with the question of uniqueness of a generalized solution to

the Dirichlet�Cauchy problem for the Barenblatt�Gilman equation, which describes

nonequilibrium countercurrent capillary impregnation. The unknown function corresponds

to e�ective saturation. The main equation of this model is nonlinear and implicit with

respect to the time derivative, which makes it quite hard to study. In a suitable functional

space, the Dirichlet�Cauchy problem for the Barenblatt�Gilman equation reduces to the

Cauchy problem for a quasilinear Sobolev-type equation. Sobolev-type equations constitute

a large area of nonclassical equations of mathematical physics. The techniques used in

this article originated in the theory of semilinear Sobolev-type equations. For the Cauchy

problem we obtain a su�cient condition for the existence of a unique generalized solution.

We establish the existence of a unique nonlocal generalized solution to the Dirichlet�Cauchy

problem for the Barenblatt�Gilman equation.

Keywords: Barenblatt�Gilman equation; quasilinear Sobolev-type equation; generalized

solution.

Introduction

The Barenblatt�Gilman mathematical model [1] amounts to the equation

ut − λα(∆Φ(u))t = α∆Φ(u) (0.1)

with the Dirichlet�Cauchy conditions

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, τ), (0.2)

u(x, 0) = u0(x), x ∈ Ω, (0.3)

where Ω ⊂ Rn is a bounded region with boundary of class C∞, the function Φ(u) ≡ |u|p−2u
with p ≥ 2 is monotonely increasing and smooth, while τ , α, and λ are positive real
parameters.

This equation models nonequilibrium countercurrent capillary impregnation. In
a suitable functional space we reduce (0.1) � (0.3) to the Cauchy problem

u(0) = u0 (0.4)
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for the abstract operator di�erential equation

d

dt
(L(u)) +M(u) = 0, (0.5)

where L(u) = Au + λM(u) with λ ∈ R+. This is a quasilinear Sobolev-type equation.
Implicit equations attract many researchers [2�5]. This article continues [7], which dealt
with the question of the existence of a generalized solution to (0.1)�(0.3).

1. Abstract Cauchy Problem

Consider a real Hilbert space H = (H, ⟨·, ·⟩) identi�ed with its dual and equipped with
a dual pair of re�exive Banach spaces U ≡ (U, ∥ · ∥) and U∗ ≡ (U, ∥ · ∥∗) such that we have
a continuous dense embedding U ↪→ H ↪→ U∗. Take an operator M ∈ Cr+1(U;U∗) with
r ∈ N and an operator A ∈ L(U;U∗).

De�nition 1. A vector function u ∈ L∞(0, τ ;U) such that du
dt

∈ L2(0, τ ;H) for τ ∈ R+

is called a generalized solution to problem (0.4), (0.5) whenever it satis�es⟨
d

dt
L(u(t)), v

⟩
+ ⟨M(u(t)), v⟩ = 0 for almost all t ∈ (0, τ)

and
⟨u(0)− u0, v⟩ = 0 for all v ∈ U.

Theorem 1. [6] Take two operators A ∈ L(U;U∗) and M ∈ Cr+1(U;U∗) with r ∈ N and

suppose that at u0 ∈ U the operator N(u0) : U → U∗ is a toplinear isomorphism. Then

there exists a unique local solution to problem (0.4), (0.5) passing through the point u0.

Theorem 2. [7] Take an operator M ∈ Cr+1(U;U∗) with r ∈ N which is s-monotone,
p-coercive, and homogeneous of degree k ∈ R+, and, furthermore, its Fr�echet derivative is

symmetric, and a positive de�nite symmetric operator A ∈ L(U;U∗). If problem (0.4), (0.5)
has a unique local solution on some interval (−τ0, τ0) with τ0 ∈ R+ then it has a generalized

solution.

Condition 1. If there exists a function F ∈ C[0,∞), possibly after a change on

a negligible set, such that F (s) ≥ 0 for almost all s ∈ [0,∞) and

∥M(u)−M(v)∥∗ ≤ F (s0)∥u− v∥

for almost all s0 ∈ [0,∞) and all u = u(s0), v = v(s0) ∈ U then we say that the operator

M : U → U∗ satis�es condition 1.

De�nition 1 of a generalized nonlocal solution to problem (0.4), (0.5) is equivalent [8] to

De�nition 2. Refer as a weak generalized solution to the Cauchy problem (0.4), (0.5) to
a function u(t) ∈ L∞(0, τ,U) with du

dt
∈ L2(0, τ,U) satisfying

τ∫
0

(
d

dt
⟨L(u), w⟩+ ⟨M(u), w⟩)φ(t)dt = 0,

u(0) = u0,∀w ∈ U,∀φ ∈ L2(0, τ).

(1.1)
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Theorem 3. Suppose that for u0 ∈ U a generalized solution to problem (0.4), (0.5) exists.
If the operator M ∈ Cr+1(U;U∗), with r ∈ N, is s-monotone and satis�es condition 1,

while the operator A ∈ L(U;U∗) is positive de�nite, then this solution is unique.

Proof. Consider two distinct weak generalized solutions u1 and u2 to problem (0.4), (0.5)
in the sense of De�nition 2.

Take φ(t) ≡ 1 ∈ L2(0, τ). Then for almost all t ∈ (0, τ) we infer from (1.1) that

t∫
0

(
d

ds
⟨L(ui), w⟩+ ⟨M(ui), w⟩)ds = 0, ∀w ∈ U, i = 1, 2; (1.2)

where L(u) = Au+ λM(u). Integrating (1.2) yields

⟨Aui(t) + λM(ui(t)), w⟩+
t∫

0

⟨M(ui(s)), w⟩ ds = ⟨Au0 + λM(u0), w⟩ ,∀w ∈ U, i = 1, 2.

(1.3)
Subtract from (1.3) for u1 the same equation for u2 and put v = u1 − u2. Then

⟨Av,w⟩+ λ ⟨M(u1(t))−M(u2(t)), w⟩+
t∫

0

⟨M(u1(s))−M(u2(s)), w⟩ ds = 0,∀w ∈ U.

(1.4)
Since ui ∈ L∞(0, τ,U), it follows that v(α) ∈ U for almost all α ∈ (0, τ). Therefore, (1.4)
yields

⟨Av, v⟩+ λ ⟨M(u1(α))−M(u2(α)), v⟩ =
α∫

0

⟨M(u2(s))−M(u1(s)), v(α)⟩ ds. (1.5)

Since A is a positive de�nite operator for all u ∈ U, we have

⟨Au, u⟩ ≥ m∥u∥2H, m > 0. (1.6)

In addition, since M is an s-monotone operator, it follows that

⟨M(u1(α))−M(u2(α)), v⟩ ≥ 0. (1.7)

By (1.5)�(1.7) we arrive at

∥v(α)∥2 ≤ m−1

α∫
0

⟨M(u2(s))−M(u1(s)), v(α)⟩ ds.

Now H�older's inequality implies that

∥v(α)∥2 ≤ m−1∥v(α)∥
α∫

0

∥M(u2(s))−M(u1(s))∥ds.
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Since M satis�es condition 1, we infer that

∥v(α)∥2 ≤ ∥v(α)∥
α∫

0

F (s)∥v(s)∥ds,

and then the Gronwall�Bellman lemma [9] shows that u1 = u2 almost everywhere.

2

2. The Dirichlet�Cauchy Problem

for the Barenblatt�Gilman Equation

Let us reduce problem (0.1) � (0.3) to the abstract problem (0.4), (0.5). Take
H = W−1

2 (Ω) with the inner product

⟨u, v⟩ =
∫
Ω

u(−∆)−1v dx, u, v ∈ H, (2.1)

where (−∆)−1 is the Green operator of the homogeneous Dirichlet problem for the Poisson
equation ∆u = f in Ω. Choose the space Lp(Ω) as U since Lp(Ω) ↪→ L2(Ω) for p ∈ [2,+∞)
in the case of a bounded region Ω, which we have, while L2(Ω) ↪→ W−1

2 (Ω). Then we can
take as U∗ the dual space to U with respect to the duality (2.1). In this case the embedding
U ↪→ H ↪→ U∗ for p ∈ [2,+∞) is dense and continuous. De�ne the operator A as

⟨Au, v⟩ = ⟨u, v⟩ =
∫
Ω

u(−∆)−1v dx, u, v ∈ U

and the operator M as

⟨M(u), v⟩ = α

∫
Ω

|u|p−2uv dx, u, v ∈ U.

Lemma 1. The operator M satis�es condition 1.

Proof. There exists a nonnegative continuous function g : R2 → R such that

||u|p−2u− |v|p−2v| ≤ g(u, v)|u− v| (2.2)

for all u, v ∈ R. It is easy to show that, for instance, the function

g(u, v) =

{
||u|p−2u−|v|p−2v|

|u−v| for u ̸= v,

(p− 2)|u|p−1 for u = v

satis�es these conditions. By (2.2), for all real-valued functions u = u(x, s),
v = v(x, s) ∈ U

||u|p−2u− |v|p−2v| ≤ f(x, s)|u− v| (2.3)

almost everywhere, where f(x, s) = g(u(x, s), v(x, s)). It follows from (2.3) that

sup
∥w∥=1

α

∫
Ω

||u|p−2u− |v|p−2v||w|dx ≤ sup
∥w∥=1

α

∫
Ω

f(x, s)|u− v||w|dx. (2.4)
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In the left-hand side we have

sup
∥w∥=1

α

∫
Ω

||u|p−2u− |v|p−2v||w|dx ≥ sup
∥w∥=1

α

∣∣∣∣∣∣
∫
Ω

|u|p−2uwdx−
∫
Ω

|v|p−2vwdx

∣∣∣∣∣∣ =
= sup

∥w∥=1

| ⟨M(u)−M(v), w⟩ | = ∥M(u)−M(v)∥∗.

In the right-hand side we have

sup
∥w∥=1

α

∫
Ω

f(x, s)|u−v||w|dx = sup
∥w∥=1

α ⟨f(x, s)|u− v|, |w|⟩ ≤ sup
∥w∥=1

α∥f(x, s)|u−v|∥L2∥w∥L2 ≤

≤ αa ∥f(x, s)|u− v|∥L2 ≤ αC∥f(x, s)∥∥u− v∥ = F (s)∥u− v∥.

Hence,
∥M(u)−M(v)∥∗ ≤ F (s)∥u− v∥.

2

In the case p ≥ 2 the existence of a generalized solution to problem (0.1) � (0.3) for
arbitrary initial conditions is established in [7]. Thus, Lemma 1 implies

Theorem 4. Assume that p ≥ 2 and take α, λ ∈ R+. Then for every u0 ∈ U and every

τ ∈ R+ there exists a unique generalized solution to problem (0.1)�(0.3).
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Î ÅÄÈÍÑÒÂÅÍÍÎÑÒÈ ÍÅËÎÊÀËÜÍÎÃÎ ÐÅØÅÍÈß

ÌÎÄÅËÈ ÁÀÐÅÍÁËÀÒÒÀ � ÃÈËÜÌÀÍÀ

Å.À. Áîãàòûðåâà, È.Í. Ñåìåíîâà

Â ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ åäèíñòâåííîñòè îáîáùåííîãî ðåøåíèÿ çàäà÷è

Äèðèõëå � Êîøè äëÿ óðàâíåíèÿ Áàðåíáëàòòà � Ãèëüìàíà. Ýòî óðàâíåíèå îïèñûâà-

åò íåðàâíîâåñíóþ ïðîòèâîòî÷íóþ êàïèëëÿðíóþ ïðîïèòêó. Íåèçâåñòíàÿ ôóíêöèÿ ñîîò-

âåòñòâóåò ôóíêöèè ýôôåêòèâíîé íàñûùåííîñòè. Îñíîâíîå óðàâíåíèå ìîäåëè ÿâëÿåòñÿ

íåëèíåéíûì è íå ðàçðåøèìî îòíîñèòåëüíî ïðîèçâîäíîé ïî âðåìåíè, ÷òî ñîçäàåò çíà-

÷èòåëüíûå òðóäíîñòè ïðè åãî ðàññìîòðåíèè. Çàäà÷à Äèðèõëå � Êîøè äëÿ óðàâíåíèÿ

Áàðåíáëàòòà � Ãèëüìàíà â ïîäõîäÿùèõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ ðåäóöèðóåòñÿ

ê çàäà÷å Êîøè äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà. Óðàâíåíèÿ ñîáîëåâ-

ñêîãî òèïà ñîñòàâëÿþò îáøèðíóþ îáëàñòü íåêëàññè÷åñêèõ óðàâíåíèé ìàòåìàòè÷åñêîé

ôèçèêè. Ìåòîäû èññëåäîâàíèÿ, êîòîðûå èñïîëüçóþòñÿ â ðàáîòå, ïåðâîíà÷àëüíî âîçíèê-

ëè â òåîðèè ïîëóëèíåéíûõ óðàâíåíèé ñîáîëåâñêîãî òèïà. Äëÿ çàäà÷è Êîøè ïîëó÷åíî

äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ åäèíñòâåííîãî îáîáùåííîãî ðåøåíèÿ. Ïîêàçàíî

ñóùåñòâîâàíèå åäèíñòâåííîãî íåëîêàëüíîãî îáîáùåííîãî ðåøåíèÿ çàäà÷è Äèðèõëå �

Êîøè äëÿ óðàâíåíèÿ Áàðåíáëàòòà � Ãèëüìàíà.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Áàðåíáëàòòà�Ãèëüìàíà; êâàçèëèíåéíîå óðàâíåíèå ñî-

áîëåâñêîãî òèïà; îáîáùåííîå ðåøåíèå.
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