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Â íàñòîÿùåå âðåìÿ âîçíèêëà íåîáõîäèìîñòü ñîçäàíèÿ àäåêâàòíîé ìàòåìàòè÷åñêîé

ìîäåëè, îïèñûâàþùåé äîðîæíîå äâèæåíèå. Ìàòåìàòè÷åñêàÿ òåîðèÿ óïðàâëåíèÿ òðàíñ-

ïîðòíûìè ïîòîêàìè ñåé÷àñ àêòèâíî ðàçâèâàåòñÿ â ðàáîòàõ øêîëû À.Á. Êóðæàíñêî-

ãî, ãäå òðàíñïîðòíûé ïîòîê óïîäîáëÿåòñÿ íåñæèìàåìîé æèäêîñòè, è, êàê ñëåäñòâèå,

ðàññìàòðèâàþòñÿ ãèäðîäèíàìè÷åñêèå ìîäåëè, îñíîâàííûå, íàïðèìåð, íà ñèñòåìå Íà-

âüå � Ñòîêñà. Â îòëè÷èå îò óïîìÿíóòîãî íàïðàâëåíèÿ àâòîðû ýòîé ñòàòüè ïîìèìî

íåñîìíåííûõ ñâîéñòâ òðàíñïîðòíîãî ïîòîêà, ðàññìàòðèâàåìûõ ðàíåå, òàêèõ êàê âÿç-

êîñòü è íåñæèìàåìîñòü, ïðåäëàãàþò ó÷èòûâàòü åùå è åãî óïðóãîñòü. Äåéñòâèòåëüíî,

ïðè âêëþ÷åíèè çàïðåùàþùåãî ñèãíàëà ñâåòîôîðà òðàíñïîðòíûå ñðåäñòâà ìãíîâåííî íå

îñòàíàâëèâàþòñÿ, à ïëàâíî ñíèæàþò ñêîðîñòü âïëîòü äî îñòàíîâêè, íàêàïëèâàÿñü ïå-

ðåä ñòîï-ëèíèåé. Àíàëîãè÷íî ïðè âêëþ÷åíèè ðàçðåøàþùåãî ñèãíàëà ñâåòîôîðà òðàíñ-

ïîðòíûå ñðåäñòâà íå ñòàðòóþò ìãíîâåííî è îäíîâðåìåííî, à òðîãàþòñÿ ñ ìåñòà äðóã

çà äðóãîì, ïîñòåïåííî íàáèðàÿ ñêîðîñòü. Òåì ñàìûì òðàíñïîðòíûé ïîòîê ïðîÿâëÿåò

ýôôåêò ðåòàðäàöèè, ñâîéñòâåííûé âÿçêîóïðóãèì íåñæèìàåìûì æèäêîñòÿì, êîòîðûå

îïèñûâàþòñÿ ñèñòåìîé óðàâíåíèé Îñêîëêîâà.

Â ïåðâîé ÷àñòè ñòàòüè îáîñíîâûâàåòñÿ ëèíåéíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü, ò.å. êîí-

âåêòèâíûå ÷ëåíû â óðàâíåíèÿõ Îñêîëêîâà îòñóòñòâóþò. Â êîíòåêñòå ìîäåëè ýòî îçíà-

÷àåò, ÷òî ïåðåñòðîåíèÿìè òðàíñïîðòíûõ ñðåäñòâ ìîæíî ïðåíåáðå÷ü. Âî âòîðîé ÷àñòè

ìîäåëü èññëåäóåòñÿ íà êà÷åñòâåííîì óðîâíå, ò.å. ôîðìóëèðóåòñÿ òåîðåìà î ñóùåñòâî-

âàíèè åäèíñòâåííîãî ðåøåíèÿ ïîñòàâëåííîé çàäà÷è è ïðèâîäÿòñÿ íàáðîñêè åå äîêàçà-

òåëüñòâà.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ Îñêîëêîâà; ãåîìåòðè÷åñêèå ãðàôû; çàäà÷à Êîøè;

òðàíñïîðòíûå ïîòîêè.

Ñâåòëîé ïàìÿòè ïðîôåññîðà Àëüôðåäî Ëîðåíöè ïîñâÿùàåòñÿ

Ââåäåíèå. Äàííàÿ çàìåòêà èíñïèðèðîâàíà âåëèêîëåïíûì äîêëàäîì À.Á. Êóðæàíñêîãî
[1], ñäåëàííîãî 16 èþíÿ 2014 ãîäà íà îáùåì ïëåíàðíîì çàñåäàíèè XII Âñåðîññèéñêîãî ñîâå-
ùàíèÿ ïî ïðîáëåìàì óïðàâëåíèÿ, ïðîõîäèâøåãî â ÈÏÓ ÐÀÍ (Ðîññèÿ, Ìîñêâà). Â äîêëàäå
ïîìèìî ïðî÷åãî áûëà ïðåäëîæåíà ìîäåëü äîðîæíîãî äâèæåíèÿ â âèäå óðàâíåíèé Íàâüå �
Ñòîêñà, çàäàííûõ íà ãðàôå. Çàìåòèì, ÷òî ïðåäñòàâëåíèå äîðîæíîãî äâèæåíèÿ ïîñðåäñòâîì
ãèäðîäèíàìè÷åñêèõ ìîäåëåé íå íîâî è ê íàñòîÿùåìó âðåìåíè èìååò ñîëèäíóþ èñòîðèþ (ñì.
íàïðèìåð, [2], ãë. 2). Îäíàêî, ìîäåëü Êóðæàíñêîãî ñëåäóåò ïðèçíàòü íîâîé, ïîñêîëüêó â íåé
âïåðâûå ñäåëàí àêöåíò íà òàêèõ íåñîìíåííûõ ñâîéñòâàõ òðàíñïîðòíîãî ïîòîêà, êàê âÿçêîñòü
è íåñæèìàåìîñòü.

Ðàçâèâàÿ ýòîò ïîäõîä, ìû ïðåäëàãàåì ñëåäóþùåå: âî-ïåðâûõ, óðàâíåíèÿ Íàâüå � Ñòîêñà
çàìåíèòü áîëåå îáùèìè óðàâíåíèÿìè Îñêîëêîâà, êîòîðûå ó÷èòûâàþò íå òîëüêî âÿçêîñòü è
íåñæèìàåìîñòü ïîòîêà, íî è åãî óïðóãîñòü. Äåéñòâèòåëüíî, ïðè âêëþ÷åíèè çàïðåùàþùåãî
ñèãíàëà ñâåòîôîðà òðàíñïîðòíûå ñðåäñòâà ìãíîâåííî íå îñòàíàâëèâàþòñÿ, à ïëàâíî ñíèæà-
þò ñêîðîñòü âïëîòü äî îñòàíîâêè, íàêàïëèâàÿñü ïåðåä ñòîï-ëèíèåé. Àíàëîãè÷íî ïðè âêëþ-
÷åíèè ðàçðåøàþùåãî ñèãíàëà ñâåòîôîðà òðàíñïîðòíûå ñðåäñòâà íå ñòàðòóþò ìãíîâåííî è
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îäíîâðåìåííî, à òðîãàþòñÿ ñ ìåñòà äðóã çà äðóãîì, ïîñòåïåííî íàáèðàÿ ñêîðîñòü. Òåì ñàìûì
òðàíñïîðòíûé ïîòîê ïðîÿâëÿåò ýôôåêò ðåòàðäàöèè, ñâîéñòâåííûé âÿçêîóïðóãèì íåñæèìà-
åìûì æèäêîñòÿì (ñì. äåòàëè â [3]). Âî-âòîðûõ, óðàâíåíèÿ Îñêîëêîâà ìû ðàññìàòðèâàåì
íà ãåîìåòðè÷åñêîì ãðàôå, ãëàâíûì îòëè÷èåì êîòîðîãî ÿâëÿåòñÿ ïîñòàíîâêà â ñîîòâåòñòâèå
êàæäîìó ðåáðó äâóõ ïîëîæèòåëüíûõ ÷èñåë, îòâå÷àþùèõ (â íàøåì ñëó÷àå) åãî ≪äëèíå≫ è
≪øèðèíå≫. Îòìåòèì, ÷òî íà âîçìîæíîñòü ìîäåëèðîâàíèÿ òðàíñïîðòíûõ ïîòîêîâ ïîñðåä-
ñòâîì ãåîìåòðè÷åñêèõ ãðàôîâ óêàçûâàëè åùå ñîçäàòåëè ýòîé òåîðèè [4].

Îòïðàâíîé òî÷êîé íàøèõ ðàññóæäåíèé ïîñëóæèò [5], ãäå óðàâíåíèÿ Îñêîëêîâà íà ãåî-
ìåòðè÷åñêîì ãðàôå ïðåäñòàâëÿþò ìîäåëü âÿçêîóïðóãîé íåñæèìàåìîé æèäêîñòè (íàïðèìåð,
íåôòè ñ âûñîêèì ñîäåðæàíèåì ïàðàôèíîâ), òåêóùåé ïî ðàçâåòâëåííîé ñèñòåìå òðóáîïðîâî-
äîâ. Â êîíòåêñòå ðàññìàòðèâàåìîé çäåñü çàäà÷è äàííóþ ìîäåëü ìîæíî ðàññìàòðèâàòü êàê
äâèæåíèå òðàíñïîðòíîãî ïîòîêà ïî äîðîãàì, ãäå íà ïåðåêðåñòêàõ êðóãîâîå äâèæåíèå èëè
ñòîÿò (âîçìîæíî, ìíîãîóðîâíåâûå) ðàçâÿçêè áåç ñâåòîôîðîâ. Èçó÷åíèå íàøåé çàäà÷è ìû
áóäåì ïðîâîäèòü, îïèðàÿñü íà èäåè è ïîëüçóÿñü ìåòîäàìè òåîðèè óðàâíåíèé ñîáîëåâñêîãî
òèïà [6]. Â ïîñëåäíåå âðåìÿ äàííàÿ òåîðèÿ ïîëó÷èëà ìîùíûé ñòèìóë â ñâîåì ðàçâèòèè [7] �
[10]. Îáðàòèì âíèìàíèå íà òàêèå íåîæèäàííûå åå îòâåòâëåíèÿ êàê òåîðèÿ ëåîíòüåâñêîãî
òèïà [11], òåîðèè îïòèìàëüíûõ èçìåðåíèé [12], à òàêæå íà åå ïðèëîæåíèå ê èçãîòîâëåíèþ
ñòðîèòåëüíûõ ñìåñåé [13]. Îñîáî îòìåòèì àêòèâíóþ ïîääåðæêó òåîðèè óðàâíåíèé ñîáîëåâ-
ñêîãî òèïà À.Ï. Îñêîëêîâûì [14]. Óêàæåì åùå íà ñóùåñòâîâàíèå äðóãèõ óñïåøíûõ ìåòîäîâ
èçó÷åíèÿ âûðîæäåííûõ óðàâíåíèé [15].

Èòàê, äàííàÿ çàìåòêà êðîìå ââåäåíèÿ è ñïèñêà ëèòåðàòóðû ñîäåðæèò äâå ÷àñòè. Â ïåð-
âîé îáîñíîâûâàåòñÿ ëèíåéíàÿ (ïðîñòîòû ðàäè) ìàòåìàòè÷åñêàÿ ìîäåëü, ò.å. êîíâåêòèâíûå
÷ëåíû â óðàâíåíèÿõ Îñêîëêîâà îòñóòñòâóþò. Â êîíòåêñòå ìîäåëè ýòî îçíà÷àåò, ÷òî ìû ïðå-
íåáðåãàåì ïåðåñòðîåíèÿìè òðàíñïîðòíûõ ñðåäñòâ. Âî âòîðîé ÷àñòè ìîäåëü èññëåäóåòñÿ íà
êà÷åñòâåííîì óðîâíå, ò.å. ôîðìóëèðóåòñÿ òåîðåìà î ñóùåñòâîâàíèè åäèíñòâåííîãî ðåøåíèÿ
ïîñòàâëåííîé çàäà÷è è ïðèâîäÿòñÿ íàáðîñêè åå äîêàçàòåëüñòâà. Ñïèñîê ëèòåðàòóðû íå ïðå-
òåíäóåò íà ïîëíîòó è îòðàæàåò ëèøü âêóñû è ïðèñòðàñòèÿ àâòîðîâ.

Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè. Ðàññìîòðèì êîíå÷íîå óïîðÿäî÷åííîå ìíîæå-
ñòâî Γ = {G1,G2, . . . ,Gi, . . .} êîíå÷íûõ ñâÿçíûõ îðèåíòèðîâàííûõ ãðàôîâ Gi = Gi(Vi, Ei),
ãäå Vi = {Vij} � ìíîæåñòâî âåðøèí, à Ei = {Eik} � ìíîæåñòâî ðåáåð, ïðè÷åì êàæäîìó
ðåáðó Eik êàæäîãî ãðàôà Gi ñòàâèòñÿ â ñîîòâåòñòâèå äâà ÷èñëà lik, bik ∈ R+, îòâå÷àþùèå
åãî ≪äëèíå≫ è ≪øèðèíå≫ ñîîòâåòñòâåííî. (Áåçóñëîâíî, â êîíòåêñòå ìàòåìàòè÷åñêîé ìîäå-
ëè âåëè÷èíû lik è bik áåçðàçìåðíû, îäíàêî äëÿ íàãëÿäíîñòè óäîáíî ïðåäñòàâëÿòü, ÷òî lik
èçìåðÿåòñÿ â ëèíåéíûõ ìåòðè÷åñêèõ åäèíèöàõ, íàïðèìåð, êèëîìåòðàõ èëè ìèëÿõ, à âîò bik
ðàâíî êîëè÷åñòâó ïîëîñ äâèæåíèÿ íà ïðîåçæåé ÷àñòè â îäíó ñòîðîíó). Íà êàæäîì ðåáðå Eik

êàæäîãî ãðàôà Gi çàäàäèì ëèíåéíîå óðàâíåíèå Îñêîëêîâà

λiuikt − uiktxx = νiuikxx + fik. (1)

Çäåñü uik = uik(x, t), x ∈ [0, lik], t ∈ R+ (≡ {0} ∪ R+) õàðàêòåðèçóåò ñðåäíþþ ñêîðîñòü
òðàíñïîðòíîãî ïîòîêà íà Eik; fik = fik(x, t), (x, t) ∈ [0, lik]×R+, îòâå÷àåò òîé (óñðåäíåííîé)
ñèëå, êîòîðàÿ çàñòàâëÿåò êðóòèòüñÿ êîëåñà òðàíñïîðòíûõ ñðåäñòâ. Êîýôôèöèåíò λi ðàâåí
åäèíèöå, ïîäåëåííîé íà êîýôôèöèåíò ðåòàðäàöèè, êîòîðûé ìîæåò ïðèíèìàòü îòðèöàòåëü-
íûå çíà÷åíèÿ, ïîýòîìó ñ÷èòàåì λi ∈ R. Êîýôôèöèåíò νi îòâå÷àåò çà âÿçêîñòü òðàíñïîðòíîãî
ïîòîêà, ò.å. çà åãî ñïîñîáíîñòü "ãàñèòü"ðåçêèå ïåðåïàäû ñêîðîñòè; ïî ñìûñëó νi ∈ R+.

Òåïåðü îáñóäèì óñëîâèÿ, ñâÿçûâàþùèå ðåøåíèÿ ðàçëè÷íûõ óðàâíåíèé (1) â âåðøèíàõ
ãðàôà. Ïîñêîëüêó â äàííîé ìîäåëè âåðøèíû àññîöèèðîâàíû ñ ïåðåêðåñòêàìè, òî óñëîâèÿ íà
ñêîðîñòíîé ðåæèì ïðè ïðîåçäå ïåðåêðåñòêà áåçóñëîâíî î÷åíü âàæíû. Ïåðâûì ðàññìîòðèì
óñëîâèå íåïðåðûâíîñòè

uik(0, t) = uim(lim, t), ∀Eik ∈ Eα(Vij), ∀Eim ∈ Eω(Vij). (2)

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2015. Ò. 8, � 3. Ñ. 148�154
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Çäåñü Eα(ω)(Vij) îáîçíà÷åíî ìíîæåñòâî ðåáåð ãðàôà Gi, âûõîäÿùèõ èç âåðøèíû Vij (âõîäÿ-
ùèõ â âåðøèíó Vij). Â êîíòåêñòå íàøåé ìîäåëè óñëîâèå (2) îçíà÷àåò, ÷òî ñêîðîñòü âúåçäà
òðàíñïîðòíîãî ñðåäñòâà íà ïåðåêðåñòîê äîëæíà ðàâíÿòüñÿ ñêîðîñòè ñúåçäà. (Ýòî óñëîâèå
ñîâåðøåííî åñòåñòâåííî, èíà÷å âîçìîæíû ëèáî çàòîðû íà ïåðåêðåñòêàõ, ëèáî ÄÒÏ). Êðîìå
(2) íàì ïîòðåáóåòñÿ óñëîâèå áàëàíñà ïîòîêîâ∑

Eik∈Eα(Vij)

bikuikx(0, t)−
∑

Eim∈Eω(Vij)

bimuimx(lim, t) = 0, (3)

êîòîðîå òðåáóåò, ÷òîáû êîëè÷åñòâî âûåçæàþùèõ íà ïåðåêðåñòîê òðàíñïîðòíûõ ñðåäñòâ áûëî
ðàâíî êîëè÷åñòâó ñúåçæàþùèõ. Îñîáî îòìåòèì, ÷òî (2) ñóùåñòâóåò òîëüêî åñëè

P
{
(Eα(Vij) ̸= ∅)

∧
(Eω(Vij) ̸= ∅)

}
= 1. (4)

×òî æå êàñàåòñÿ (3), òî îíî âûïîëíÿåòñÿ è ïðè íàðóøåíèè (4). Íàïðèìåð, â êàêóþ-ëèáî âåð-
øèíó êàêîãî-íèáóäü ãðàôà èç ìíîæåñòâà Γ âõîäèò (èëè âûõîäèò èç íåå) òîëüêî îäíî ðåáðî.
Òîãäà (3) â ýòîé âåðøèíå ïðåâðàùàåòñÿ â îäíîðîäíîå óñëîâèå Íåéìàíà (ñì. ïîäðîáíîñòè â
[5], [7]), à (2) â ñèëó çàïðåòà (4) ïîïðîñòó èñ÷åçàåò.

Óñëîâèÿ (2) � (4) èìåþò ìåñòî â òåõ âåðøèíàõ ãðàôà Gi, êîòîðûå àññîöèèðîâàíû ñ
íåðåãóëèðóåìûìè ïåðåêðåñòêàìè. Ðàññìîòðèì âåðøèíó Vij ãðàôà Gi, àññîöèèðîâàííóþ ñ
ïåðåêðåñòêîì ñî ñâåòîôîðàìè. Äëÿ íåå ìû ïîòðåáóåì âûïîëíåíèå (4) ñ äîïîëíèòåëüíûì
óñëîâèåì

Eω(Vij) = Eω
op(Vij) ∪ Eω

cl(Vij), Eω
op(cl)(Vij) ̸= ∅, Eω

op(Vij) ∩ Eω
cl(Vij) = ∅. (5)

Ìíîæåñòâî Eω
op(cl)(Vij) ñîäåðæèò âõîäÿùèå â âåðøèíó Vij ðåáðà, ñîîòâåòñòâóþùèå âúåçäàì

íà ïåðåêðåñòîê ñ ðàçðåøàþùèì (çàïðåùàþùèì) ñèãíàëîì ñâåòîôîðà. Äàëåå, çàäàäèì óñëî-
âèÿ íåïðåðûâíîñòè è áàëàíñà ïîòîêîâ

uik(0, t) = uim(lim, t), ∀Eik ∈ Eα(Vij), ∀Eim ∈ Eω
op(Vij); (6)

∑
Eik∈Eα(Vij)

bikuikx(0, t)−
∑

Eim∈Eω
op(Vij)

bimuimx(lim, t) = 0; (7)

à òàêæå óñëîâèå ≪çàïðåòà íà äâèæåíèå≫

uik(lik, t) = 0, ∀Eik ∈ Eω
cl(Vij). (8)

Äðóãèìè ñëîâàìè, ìû ñ÷èòàåì âñå ãðàôû ìíîæåñòâà Γ ãåîìåòðè÷åñêè èäåíòè÷íû, ò.å. {G1 =
G2 = . . . = Gi = . . .}. Ðàçëè÷àþòñÿ òîëüêî óñëîâèÿ (4) � (8), ïðè÷åì òîëüêî â òåõ âåðøèíàõ,
êîòîðûå ñîîòâåòñòâóþò ïåðåêðåñòêàì ñî ñâåòîôîðàìè.

Ïåðåéäåì ê ðàññìîòðåíèþ íà÷àëüíûõ óñëîâèé â íàøåé ìîäåëè. Îãîâîðèìñÿ ñðàçó, ÷òî
â äàííîé çàìåòêå ìû îãðàíè÷èìñÿ ðàññìîòðåíèåì òîëüêî óñëîâèé Êîøè. Äðóãèå æå óñëî-
âèÿ, êàê íàïðèìåð, óñëîâèå Øîóîëòåðà � Ñèäîðîâà èëè íà÷àëüíî-êîíå÷íûå óñëîâèÿ [7],
õàðàêòåðíûå äëÿ óðàâíåíèé ñîáîëåâñêîãî òèïà, ìû íàìåðåâàåìñÿ ðàññìîòðåòü ïîçæå. Èòàê
ðàññìîòðèì îòðåçîê âðåìåíè [0, τ ], â òå÷åíèå êîòîðîãî ôóíêöèîíèðóåò íàøà ìîäåëü. (Ýòî
ìîæåò áûòü íåñêîëüêî ÷àñîâ, ðàáî÷èé èëè âûõîäíîé äåíü, ñóòêè, íåäåëÿ è ò.ä.) Òî÷êàìè {τi}
ðàçîáüåì [0, τ ] íà êîëè÷åñòâî îòðåçêîâ [τi−1, τi] ðàâíîå êîëè÷åñòâó ãðàôîâ Gi âî ìíîæåñòâå
Γ è ñîïîñòàâèì êàæäîìó ãðàôóGi îòðåçîê [τi−1, τi]. (Ïåðâîìó ãðàôóG1 ñîïîñòàâèì îòðåçîê
[0, τ1], à ïîñëåäíåìó, äîïóñòèì ñ íîìåðîì n, � îòðåçîê [τn−1, τ ]). Â êîíòåêñòå íàøåé ìîäåëè
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ñâåòîôîðû ìîãóò ìåíÿòü ñâîå ñîñòîÿíèå òîëüêî â ìîìåíòû âðåìåíè {τi}, îòêðûâàÿ òåì ñà-
ìûì äâèæåíèå ïî îäíèì äîðîãàì è çàêðûâàÿ ïî äðóãèì. Ïîýòîìó íà÷àëüíûìè óñëîâèÿìè
áóäóò

u1k(x, 0) = u0k(x), x ∈ (0, l1k). (9)

Îñíîâíîé ðåçóëüòàò. Ïðèñòóïèì ê ïîèñêó îòâåòà íà âîïðîñ � êàêèì äîëæíû áûòü
íà÷àëüíûå äàííûå u0k(x), ÷òîáû íàøà ìîäåëü îäíîçíà÷íî ñóùåñòâîâàëà â òå÷åíèå âñåãî
ïðîìåæóòêà âðåìåíè [0, τ ]? Äðóãèìè ñëîâàìè, êàêèìè äîëæíû áûòü u0k(x), x ∈ [0, l1k],
÷òîáû ðåøåíèÿ óðàâíåíèé (1) ñóùåñòâîâàëè è áûëè åäèíñòâåííûìè íà ïðîìåæóòêå âðåìå-
íè [τi−1, τi]. Ïîä÷åðêíåì åùå ðàç, ÷òî ìû áóäåì èñïîëüçîâàòü èäåè è ìåòîäû [6], êîòîðûå
îêàçàëèñü óñïåøíûìè â àíàëîãè÷íûõ ñëó÷àÿõ [5, 7].

Èòàê, àíàëîãè÷íî [5, 7] ââåäåì â ðàññìîòðåíèå ãèëüáåðòîâû ïðîñòðàíñòâà
L2(Gi) = {gi = (gi1, gi2, . . . , gik, . . .) : gik ∈ L2(0, lik)}, U(Gi) = {ui = (ui1, ui2, . . . , uik, . . .) :
uik ∈ W 1

2 (0, lik), è âûïîëíåíû ëèáî óñëîâèÿ (2), (4), ëèáî óñëîâèÿ (4), (5), (6), (8) â êàæäîé

âåðøèíå Vij ∈ Vi} ñî ñêàëÿðíûìè ïðîèçâåäåíèÿìè ⟨g, h⟩i =
∑

Eik∈Ei

bik

∫ lik

0
uikvikdx,

[u, v]i =
∑

Eik∈Ei

bik

∫ lik

0
(uikxvikx + uikvik) dx ñîîòâåòñòâåííî. Îòîæäåñòâèì L2(Gi) ñî ñâîèì

ñîïðÿæåííûì è ÷åðåç F(Gi) îáîçíà÷èì ñîïðÿæåííîå ê U(Gi) îòíîñèòåëüíî äâîéñòâåííîñòè
⟨·, ·⟩ ïðîñòðàíñòâî. Îòìåòèì ïëîòíûå è íåïðåðûâíûå âëîæåíèÿ U(Gi) ↪→ L2(Gi) ↪→ F(Gi)
è çàìåòèì, ÷òî â ñèëó òåîðåì âëîæåíèÿ Ñîáîëåâà ôóíêöèè èç W 1

2 (0, lik) ï.â. íà [0, lik] ñîâ-
ïàäàþò ñ àáñîëþòíî íåïðåðûâíûìè ôóíêöèÿìè, ïîýòîìó ïðîñòðàíñòâà U(Gi) îïðåäåëåíû
êîððåêòíî. Âîçüìåì λi ∈ R+ è ôîðìóëîé

⟨Liui, vi⟩i =
∑

Eik∈Ei

bik

∫ lik

0
(uikxvikx + λiuikvik)dx, ui, vi ∈ U(Gi),

çàäàäèì îïåðàòîð Li ∈ L(U(Gi);F(Gi)). Ðàññìîòðèì ïðîñòðàíñòâî A(Gi) = {ui = (ui1, ui2,
. . . , uik, . . .) : uik ∈ C2(0, lik) ∩ C1[0, lik], è âûïîëíåíû ëèáî óñëîâèÿ (2) � (4), ëèáî óñëîâèÿ
(4) � (8) â êàæäîé âåðøèíå Vij ∈ Vi}. Î÷åâèäíû ïëîòíûå è íåïðåðûâíûå âëîæåíèÿ
A(Gi) ↪→ U(Gi), ïðè÷åì ⟨(λiui − uixx), vi⟩i = ⟨Liui, vi⟩i ïðè âñåõ ui, vi ∈ A(Gi). Òàêèì
îáðàçîì, óñëîâèÿ áàëàíñà ïîòîêîâ ((3) èëè (7) ≪ñïðÿòàíû≫ â ñìûñëå Î.À. Ëàäûæåí-
ñêîé â îïðåäåëåíèå îïåðàòîðîâ Li. Âîçüìåì νi ∈ R+, ïîëîæèì Mi = νi(λiIi − Li)
(Ii : U(Gi) → F(Gi) � îïåðàòîð âëîæåíèÿ) è ðàññìîòðèì óðàâíåíèå

Liuit = Miui + fi. (10)

Âåêòîð-ôóíêöèþ ui ∈ C1((τi−1, τi);U(Gi)), óäîâëåòâîðÿþùóþ (10) ïðè íåêîòîðîì fi ∈ F(Gi),
íàçîâåì ðåøåíèåì óðàâíåíèÿ (10). Ðåøåíèå ui ∈ C1((τi−1, τi);U(Gi)) ∩ C([τi−1, τi)];U(Gi))
óðàâíåíèÿ (10), óäîâëåòâîðÿþùåå óñëîâèþ Êîøè

ui(τi−1) = u0i (11)

ïðè íåêîòîðîì u0i ∈ U(Gi), íàçîâåì ðåøåíèåì çàäà÷è (10), (11). Ñïðàâåäëèâà

Ëåììà 1. [7] Ïðè ëþáûõ λi, νi ∈ R+, fi ∈ F(Gi) è u0i ∈ U(Gi) ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå çàäà÷è (10), (11).

Òåïåðü óñëîâèÿìè um+1(τm) = um(τm), m = 1, 2, . . ., i, . . ., ≪ñêëåèì≫ðåøåíèÿ çàäà÷
(10), (11), ñóùåñòâîâàíèå è åäèíñòâåííîñòü êîòîðûõ âûòåêàåò èç ëåììû 1. Ñ îäíîé ñòîðîíû,
ïî îïðåäåëåíèþ um(τm) ∈ U(Gm); ñ äðóãîé ñòîðîíû, ëåììà 1 òðåáóåò, ÷òîáû um(τm) ∈
U(Gm+1). Ñôîðìóëèðóåì ñëåäóþùåå óòâåðæäåíèå:

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2015. Ò. 8, � 3. Ñ. 148�154
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Òåîðåìà 1. Ïðè ëþáûõ λi, νi ∈ R+, fi ∈ F(Gi) è

u0 ∈ U(G1) òàêèõ, ÷òî um(τm) ∈ U(Gm+1),m = 1, 2, . . . , i, . . . , (12)

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1), ((2), (4)) èëè ((4), (5), (6), (8)), (9).

Äîêàçàòåëüñòâî òåîðåìû 1 â ñèëó ëåììû 1 òðèâèàëüíî. Îäíàêî ïðîâåðêà óñëîâèé (12)
ìîæåò îêàçàòüñÿ ÷åðåñ÷óð ñëîæíîé. Â ñâîå îïðàâäàíèå çàìåòèì, ÷òî îíè îáÿçàòåëüíî âû-
ïîëíÿþòñÿ, åñëè, íàïðèìåð, âñå âåðøèíû ãðàôà àññîöèèðîâàíû ñ íåðåãóëèðóåìûìè ïåðå-
êðåñòêàìè. Èëè â ñëó÷àå fi = u0 = 0, êîãäà âñå ðåøåíèÿ òîæäåñòâåííî ðàâíû íóëþ. Ýòî
ñîîòâåòñòâóåò äâóì ñèòóàöèÿì: ëèáî íà äîðîãàõ âîîáùå íåò òðàíñïîðòíûõ ñðåäñòâ, ëèáî âñå
òðàíñïîðòíûå ñðåäñòâà íà äîðîãàõ íåïîäâèæíû (íàïðèìåð, âåçäå ïðîáêè).
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Currently there arose a necessity of creation of adequate mathematical model describing

the �ow of tra�c. The mathematical tra�c control theory is now actively developing in the

works of A.B. Kurzhanski and his school, where the transport �ow is considered to be

similar to the �ow of an incompressible �uid, and consequently the hydrodynamic model,

for example based on the system of Navier � Stokes Equations, is used. In addition to the

obvious properties of tra�c �ow covered previously, such as viscosity and incompressibility,

the authors of this article propose to take into consideration its elasticity. Indeed, when you

turn on a forbidding signal of a tra�c light vehicles do not stop instantly and smoothly

reduce their speed up to stop accumulating before the stop line. Similarly, if you turn on an

allowing signal of the tra�c light vehicles do not start instantaneously and simultaneously,

they start driving one after another, gradually raising up the speed. Thus the transport �ow

has an e�ect of retardation, which is typical for viscoelastic incompressible �uids described

by a system of Oskolkov equations.

The �rst part of the article substantiates a linear mathematical model, i.e. the model

without convective terms in the Oskolkov equations. In the context of the model this means

that transposition of vehicles can be neglected. In the second part the model is investigated

on a qualitative level, i.e. we formulate the existence of a unique solution theorem for the

stated problem and provide an outline of its proof.

Keywords: Oskolkov equation; geometric graph; Cauchy problem; tra�c �ows.
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