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Development of periodic disturbances on free surface of water film falling down vertical
plane for Reynolds’ number Re € [5;10] is investigated. The investigation is implemented
in a scope of the nonlinear differential equation for evolution of free surface of falling
down liquid film. The equation is solved by a finite differencies method at rectangular
uniformly spaced grid. By researching the growth of unit inaccuracy, the conditions on
parameters of computation grid for inaccuracies to be not increasing are obtained. As a
result, waveforms of water film, time spent to form the regular wave mode and amplitudes
of periodic disturbances are calculated. Calculated amplitudes and experimental ones are
compared.

Keywords: liquid film; amplitude; waveform; nonlinear evolution of disturbances.

Introduction

Liquid film flows (thin layers of viscous fluids) are implemented in many industries such
as chemical, oil, energy and others. Advantages of liquid film flows are energy efficiency,
greater product purity etc. These advantages are determined by highly extended contact
line between streams moving and interacting each other. The contact line is formed by
waves on free surface of liquid film.

Wavy flows of liquid films have been investigated since the middle of the 20*" century |1,
2]. Nevertheless they are still interesting [3-10|. Their study is requiered by both practical
(due to variety of environments where liquid film flows are realised) and theoretical reasons
(since film flows are described by nonlinear partial differential equations).

1. The Model

Consider a thin layer of wavy liquid film falling down a vertical smooth plane under
the action of gravity. The liquid is supposed to be viscous, uniform and incompressible.
It is interacting with a gas streaming in parallel to the plane. The gas creates constant
tangential stress 7 on the free surface of the liquid film (Fig. 1). If the liquid and the
gas are moving in one direction, cocurrent mode is implemented, otherwise countercurrent
mode is realised.

The equation

ap o Py Oy 0% oy 3% 0 32@/}
S = bigg F b F b b b be o+ b bt .
oY o 0 o &® 50 Noa o &
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Fig. 1. Definition sketch

R 3
describes evolution of liquid film free surface [10-12|. Here by = —%e, by = ERe?’F(F—
) 3 9
T), b3 = —Re(F — 7), by = ﬂRGQF, bs = —2ReF + Rert, bg = —gRe3FT + %Re?’Fz,

3
by = 3b1, bg = 4bs, by = bs, big = bg, biy = 3b1, big = —ReF, bz = _ZR€3F7+

9
—Re3F?, byy = 6by, Re is the Reynolds number, F is the Froude number, o is the surface

tension (unitless), 7 is the shear stress (unitless). The required function ¢ (z,t) denotes
the displacement of free surface (Fig. 1) from its undisturbed position dy (10 < dg). We
assume 7 > 0 for countercurrent mode and 7 < 0 for cocurrent one. If 7 = 0, free mode is
implemented.

2. Searching for Periodical Solution to the Governing Equation

A periodical solution to (1) is searched numerically by finite defferencies method. We
consider a rectangular domain Q = {(z,t) : Tpegin < T < Tena, 0 < t < tena}. Let us cover
Lend — Lbegin

Ny
variable x and has a step At along the time variable ¢. In this case x; = Tpegin + iAT,
t; =jJAt (i=0,1,...N,; j =0,1,2,...). By ¢/ denote 9(x;,t;). The derivatives in (1)
are approximated as follows

Q2 by a uniform grid (z;,t;). The grid has a step Az = along the spacial

0l ! ~ z]"+2 _ 4¢g+1 + wa — 4%?—1 + wf_2 _ di,i 9
ozt |, - Axt N (2)
oy | ~ zj+2 — 3¢zj+1 +30] , — ), _ dy; 3)
ox3 |, 2Ax3 A3’
821/} ’ ~ wzj—&-l _ 21/’1] + Qﬁzj—1 o d%,i 4
ox2|, Ax? N (4)
o Vi —vi i 5
ox |, 2Ax Az’
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Jj+1 J
O %ZJ (6)
825 At
O e A R @
Oxot |, ~ At Az Ax '
Substituting (2) — (7) in to (1) and modifying it, we obtain
a1 b bst!  bod), : b bet)!
g+ [ L 4 g¥; Dol S N A
v (At T Atar T AtAs  Aras ) TV TAiAr T Atas
& ] iy i, ] & &)
_blA44+ 2A2’ A A+ bt 1A74+b10(A2;:2+
&, &, dji i B Y
+bHA Aa: bi2 (W) + 013 (¢]) : 14¢5A1 A? + Kzt_
by ¢‘+1 B Q/JJ bsi/ﬂ' '+1 - W b9d]1 zwi .
= (] 7 _ 7 7 3 _ 5 g < Nx.
At Az At Az AtAe o US! (®)
Assume
At = Az, 1 >0, 9)

and, multiplying both sides of (8) by nAz?*, we get
(o = B)) o™ + Bl =l + (o = B1) ] + B,

where o = Az—byd];, 5 = —b4—b8¢1, v = bid;+bod  Ax? +bsd] ; Ax® + by df  Ax® +
bt Il Ax? + b3l + b (d1,)" Aa? + by d), + by (V) &, Az + by (07) & Aa? +
buatld] ;.

Thus, in order to search a solution to (1) it is necessary to solve the system of equations
(10).

Further, consider how computational inaccuracies behave while transferring from the
J™ ’time layer’ to the (j + 1) one. We will do that using a method of a unit inaccuracy
growth as described in [13].

So, we assume that in any node (i,j) the function Y/ contains inaccuracy £ (we
suppose € < 7). But for the other nodes on the j™ ’time layer’, we assume that the
function W does not contain any inaccuracies (viz it is calculated exactly). For the node
(i,7), it can be written that ¢/ = ¢/ + &/, here ¢/ marks exactly calculated part of the
function v (further, we denote by 'bar’ any variable calculated exactly).

The inaccuracy € leads to appearing of inaccuracies in the finite differencies (2) — (7)

0<i< N,  (10)

for the nodes (i — 2,7), (i —

1,7), (4,7), (i +1,7), (i+2,7) as follows

J J
_. . e _. o
] ] 1 ] 77 1 77
dy dl,i—2 dl i-1 T 3 dl,i dl i+1 5 dl 42
77 77 J ] J 7] J 77
dy dy; o dy; 1 +& |dy; —26 | dy, gt dyiyo (11)
J J J J
_. e _. 3e” _. _. 3¢’ _. e’
] ? ] ? ] ) 7 7 7
d3 | d3; o+ B d3; 4 2 d,; d3 ;1 + 5 T~
77 J 17 J 7 J 17 J 77 J
dy d4,i—2 +e& | dyq —4s d4,i + 6e; | dj i+l > d4,i+2 +¢&
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Fig. 2. The sketch of ()

And then, inaccuracies (11) being on the 7™ ’time layer’ lead to inaccuracies on the
(4 + 1)'™ ’time layer’ as depicted on Fig. 2. For example, Equation (10) written for the
node (i + 2, j + 1) has the form

_j 1 1 1
(@2 = Blin) (Wl +ell) + Bladlls =
» . . g
=1 <%J+2 +big] + b el —budy 7,+2 5 ‘f’ bt o iy 5 ) +
+ (04 — Blya) Vlio + BlLo¥l s (12)
By €Z+2 we denote the inaccuracy in the node (i 42,7 + 1).

Taking into account 1) < &y and &/ < W modify Equation (12) as follows

(A:C + b4) z+2 ~ 7761617
8g+21 R Riyad],
and
by
Ritg = ———.
+2 TIAI' + b4
Similarly, missing manipulations due to their tedious, we find constants of
proportionality for the nodes (i + 1,5+ 1), (4,5 + 1), i — 1,7+ 1), (i —2,5 4+ 1):

(13)

bs
— 2 _ 22 3
N _ 4b1 + bQA.T 9 Ax N b1b4 (14)
i n Az + b4 (A{L‘ + b4)2 ’
n (6()1 - ngAl‘Q) b4
i =1 i+1, 1
S v S I (15)
b
n (—41)1 + by Az? + EgAx‘q’) — by + byk;
i—1 = , 16
i1 Ax + b4 ( )
n (6b1 — 2b2AI2> -+ b4l€2‘_1
i—2 — . ]_
Fri—2 AJZ + b4 ( 7)

Equations in (10) for the nodes (I,j 4+ 1), 0 < < i — 3, have the form
(51— ) (G141 + ) + B (Bt + l2D) =i+ (- B) G4BT 0l is
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Thus,

. b .
+1 4 +1 ,
& zmwﬁ“’ 0<I<i—3,

i1 ba

/ NAx+b4/<;l+1eg, 0<i<i—3,
by
= — <i<i-3. 1
Ry Al‘+b4lﬂ+h 0 ] 3 ( 8)

The formulae (13) — (18) connect the unit inaccuracy &/ with ones appearing on the

(7 + 1) "time layer". Obviously, the inaccuracies on the (j + 1) ’time layer’ will not

increase if parameters 7 and Ax are chosen so that |k,| < 1, 0 < ¢ < i + 2. According

to the formula (18), we get |ko| < -+ < || < -+ < |Ki—s| < |Ki—2|. Therefore we may
require only

kgl <1, i—2<qg<i+2. (19)

Unequalities (19) can be written with respect to 7 as follows

Az + by
n < =1,
|1
Az + by)?
< ( - Db b -
3byby + 4by Az — bybyAa? + (4b1 + 374> Azs + EBAm‘l
2(Ax + by)?
n < ( 4) b b2 bab =13,
3byb2 + 8b1by Az + (6by — byb2)Ax? — (3b2b4 + %) Az3 — <2b2 + %) Az

Az + by)?

< ( bl . -
bib3 + 4bi b3 Az + 6b1byAx® + (451 + %) Ax® — (baby + bsb]) Az~
3 b
- (b2 + 5bgb4) Az’ — gmfi
Ax +by)d
n < ( 4) bab3 =1Ts.
5b1b; + 20103 Az + (300105 — 2byby) Ax® — (2051194 — 8byb — %) Ax’+
2 3 4 3 2 5 b3b4 6
+ (6b1 - 11bgb4 + b3b4>AI + §b3b4 - 7b2b4 Ax + T - 262 Az
Finally, we obtain the next condition
1 < min(n1, 72, M3, M4, 75)- (20)
3. Results
Considere an initial periodical disturbance
(x,0) = ag - cos(kx) (21)
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Table

Grid parameters

Re k Az nx 1073
5) 0,07246 0,270 1,11
6 0,08311 0,273 0,94
7 0,09332 0,276 0,78
8 0,10211 0,273 0,62
9 0,10976 0,282 0.49
10 0,11629 0,274 0,37

that is developed on free surface of water film falling down a vertical plane. Disturbance
(21) has the amplitude ag = 10™* < 1 and the wave number k (see Table). We consider
Re € [5;10] and 7 = 0.
1
Put n = 3 min(ny, 12, M3, N4, M5). The grid parameters are placed in Table. The length

Of [Zmin; Tmax| i multiple of 30 wave lengths of (21). Calculations were carried out untill
tena = 1000.

Our calculations demonstrate, that the regular wavy flows are formed on free surface of
vertical water film. The waveforms are shown on Fig. 3 (we illustrated only one period and

™ .. . . .
the x axes was scaled as ?) Similar waveforms are observed many times in experiments,

the reader may see them in |2, 7, 14, 15|, for example.

P

0.13 1

ol

-0.13 +

-0.26 -
Fig. 3. Waveforms on free surface of water film: — Re =5;2 - Re =7; 3 - Re =10

The higher Reynolds’ number Re, the higher wave amplitude is (Fig. 4, 5). Wave
amplitudes depicted on Fig. 4 were calculated by formula [1, 2]

o 5max - 6min

= . 22
(Smax + 5min ( )
We used the formula [14, 16]
6max - <5>
A = dmax —19) (23)
(9)
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to calculate wave amplitudes depicted on Fig. 5. By (J) in (23) the mean liquid film
thickness is denoted.

a A
®
0.30 ° . 0.30 ]
O
@
® )
)
0.25 0.25
0.20 0.20
3
0.15 : 0.15
0.10 0.10
5 6 7 8 9 10 Re 5 6 7 8 9 10 Re

Fig. 4. Amplitudes (water) calculated by Fig. 5. Amplitudes (water) calculated by

(22): @ —[2]; x — our results (23): W — [14]; O - [16]; x — our results
a f’p
0.20
700
0.15
500
0.10
300
0.05
0 100
0 tpy 250 tp2 500 750 tpy t 5 6 7 8 9 Re
Fig. 6. Amplitude time dependence for Fig. 7. Duration of regular wave forming
water film: 1 - Re = 5; 2 - Re = 7; 3 for water film
— Re =10

Fig. 6 shows how amplitudes change while regular wavy flows are forming. On Fig. 6
we marked the times t, = 823,2, t,, = 364,3, t,, = 185,7 when the regular wave flows
had already formed. As shown on Fig. 7, the higher Reynolds’ number Re, the less time
t, is required.
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MOJIEJIMPOBAHUE BOJIHOBOY ITOBEPXHOCTU
BEPTUKAJIBHON YKNJIKO! IIJIEHKU
I[IP1 VMEPEHHBIX YUCJIAX PEVHOJIB/ICA

JI.A. IIpoxyduna, E.A. Casramamos

B pamkax momenpHOro HesjuHelHOro mnuddepeHnalpbHOr0 ypaBHEHNs, KOTOPOE OITH-
CBIBAET HBOJIIONMIO CBOOOIHON TMOBEPXHOCTH BEPTUKAJILHOM IKUIKOH TJICHKH, HCCAEIOBAHO
Pa3BUTHE NEPUOIUYECKUX BO3MYIIEHUI HA BEPTUKAJIbHON IJIEHKE BOJbBI B JIUAIA30HE YUCET
Peitronbaca Re € [5;10]. MoaenbHoe ypaBHEHHE PEITATOCH METOMOM KOHEYHBIX PA3HOCTEMN
Ha MPAMOYTOJIbHON paBHOMEPHOI ceTke. MccmemoBanmeM pocTa €IMHUIHONW MTOTPEITHOCTH
TIOJIyY€eHBI YCJIOBHSI, KOTOPBIM JIOJIZKHBI YAOBJIETBOPATH NMapaMeTphl PACUETHON CEeTKU, ITO-
OBl MOIPENTHOCTH HE YBeJIWYWBAJINCH B XOIe BBIYUC/IeHU. B pe3yibrare pacCIuTaHbl MpoO-
dbunu BosH HA CBOOOTHOM MOBEPXHOCTY BEPTUKAIBHOM IJIEHKU BOMIBI, BpeMs (hOPMUDOBAHUS
PEeKUMa CTEKAHUSA C PEryISAPHBIM MPOoduIeM BOJTHBI, XAPAKTEP N3MEHEHU aMIUIUTYIbI TIe-
PHOINYECKOro BO3MYyIneHns npyu (OPMUPOBAHUY PEKUMA C PETYIIAPHBIM TPOMhUIEM BOIHBI.
OcyImecTBIeHO CPABHEHNE PACCUYNTAHHBIX AMILJIUTYI C PE3YABTATAMHU IKCIIEPUMEHTOB.

Katoueevie cro6a: scudkas nienra; amniumyoa; npoduib 60AHbL, HeAUHETHOE Pa36u-

mue 803MYyw,eHul.
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