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Development of periodic disturbances on free surface of water �lm falling down vertical

plane for Reynolds' number Re ∈ [5; 10] is investigated. The investigation is implemented

in a scope of the nonlinear di�erential equation for evolution of free surface of falling

down liquid �lm. The equation is solved by a �nite di�erencies method at rectangular

uniformly spaced grid. By researching the growth of unit inaccuracy, the conditions on

parameters of computation grid for inaccuracies to be not increasing are obtained. As a

result, waveforms of water �lm, time spent to form the regular wave mode and amplitudes

of periodic disturbances are calculated. Calculated amplitudes and experimental ones are

compared.
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Introduction

Liquid �lm �ows (thin layers of viscous �uids) are implemented in many industries such
as chemical, oil, energy and others. Advantages of liquid �lm �ows are energy e�ciency,
greater product purity etc. These advantages are determined by highly extended contact
line between streams moving and interacting each other. The contact line is formed by
waves on free surface of liquid �lm.

Wavy �ows of liquid �lms have been investigated since the middle of the 20th century [1,
2]. Nevertheless they are still interesting [3�10]. Their study is requiered by both practical
(due to variety of environments where liquid �lm �ows are realised) and theoretical reasons
(since �lm �ows are described by nonlinear partial di�erential equations).

1. The Model

Consider a thin layer of wavy liquid �lm falling down a vertical smooth plane under
the action of gravity. The liquid is supposed to be viscous, uniform and incompressible.
It is interacting with a gas streaming in parallel to the plane. The gas creates constant
tangential stress τ̄ on the free surface of the liquid �lm (Fig. 1). If the liquid and the
gas are moving in one direction, cocurrent mode is implemented, otherwise countercurrent
mode is realised.

The equation

∂ψ

∂t
= b1

∂4ψ

∂x4
+ b2

∂2ψ

∂x2
+ b3

∂ψ

∂x
+ b4

∂2ψ

∂x∂t
+ b5ψ

∂ψ

∂x
+ b6ψ

∂2ψ

∂x2
+ b7ψ

∂4ψ

∂x4
+ b8ψ

∂2ψ

∂x∂t
+

+ b9
∂ψ

∂x

∂ψ

∂t
+ b10

(
∂ψ

∂x

)2

+ b11
∂ψ

∂x

∂3ψ

∂x3
+ b12ψ

2∂ψ

∂x
+ b13ψ

2∂
2ψ

∂x2
+ b14ψ

∂ψ

∂x

∂3ψ

∂x3

(1)

30 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2015, vol. 8, no. 4, pp. 30�39



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

Fig. 1. De�nition sketch

describes evolution of liquid �lm free surface [10�12]. Here b1 = −σRe
3

, b2 =
3
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Re3F 2, b14 = 6b1, Re is the Reynolds number, F is the Froude number, σ is the surface

tension (unitless), τ is the shear stress (unitless). The required function ψ(x, t) denotes
the displacement of free surface (Fig. 1) from its undisturbed position δ0 (ψ ≪ δ0). We
assume τ > 0 for countercurrent mode and τ < 0 for cocurrent one. If τ = 0, free mode is
implemented.

2. Searching for Periodical Solution to the Governing Equation

A periodical solution to (1) is searched numerically by �nite de�erencies method. We
consider a rectangular domain Ω = {(x, t) : xbegin 6 x 6 xend, 0 6 t < tend}. Let us cover
Ω by a uniform grid (xi, tj). The grid has a step ∆x =

xend − xbegin
Nx

along the spacial

variable x and has a step ∆t along the time variable t. In this case xi = xbegin + i∆x,
tj = j∆t (i = 0, 1, . . . Nx; j = 0, 1, 2, . . .). By ψj

i denote ψ(xi, tj). The derivatives in (1)
are approximated as follows
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Substituting (2) � (7) in to (1) and modifying it, we obtain
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Thus, in order to search a solution to (1) it is necessary to solve the system of equations
(10).

Further, consider how computational inaccuracies behave while transferring from the
jth 'time layer' to the (j + 1)th one. We will do that using a method of a unit inaccuracy
growth as described in [13].

So, we assume that in any node (i, j) the function ψj
i contains inaccuracy εji (we

suppose εji ≪ ψj
i ). But for the other nodes on the jth 'time layer', we assume that the

function ψj
i does not contain any inaccuracies (viz it is calculated exactly). For the node

(i, j), it can be written that ψj
i = ψ̄j

i + εji , here ψ̄
j
i marks exactly calculated part of the

function ψ (further, we denote by 'bar' any variable calculated exactly).
The inaccuracy εji leads to appearing of inaccuracies in the �nite di�erencies (2) � (7)

for the nodes (i− 2, j), (i− 1, j), (i, j), (i+ 1, j), (i+ 2, j) as follows
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Fig. 2. The sketch of Ω

And then, inaccuracies (11) being on the jth 'time layer' lead to inaccuracies on the
(j + 1)th 'time layer' as depicted on Fig. 2. For example, Equation (10) written for the
node (i+ 2, j + 1) has the form(
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By εj+1
i+2 we denote the inaccuracy in the node (i+ 2, j + 1).

Taking into account ψj
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Similarly, missing manipulations due to their tedious, we �nd constants of
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Thus,
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The formulae (13) � (18) connect the unit inaccuracy εji with ones appearing on the
(j + 1)th "time layer". Obviously, the inaccuracies on the (j + 1)th 'time layer' will not
increase if parameters η and ∆x are chosen so that |κq| < 1, 0 6 q 6 i + 2. According
to the formula (18), we get |κ0| < · · · < |κl| < · · · < |κi−3| < |κi−2|. Therefore we may
require only

|κq| < 1, i− 2 6 q 6 i+ 2. (19)
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Finally, we obtain the next condition

η < min(η1, η2, η3, η4, η5). (20)

3. Results

Considere an initial periodical disturbance

ψ(x, 0) = a0 · cos(kx) (21)
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Table

Grid parameters

Re k ∆x η × 10−3

5 0,07246 0,270 1,11
6 0,08311 0,273 0,94
7 0,09332 0,276 0,78
8 0,10211 0,273 0,62
9 0,10976 0,282 0.49
10 0,11629 0,274 0,37

that is developed on free surface of water �lm falling down a vertical plane. Disturbance
(21) has the amplitude a0 = 10−4 ≪ 1 and the wave number k (see Table). We consider
Re ∈ [5; 10] and τ = 0.

Put η =
1

3
min(η1, η2, η3, η4, η5). The grid parameters are placed in Table. The length

of [xmin;xmax] is multiple of 30 wave lengths of (21). Calculations were carried out untill
tend = 1000.

Our calculations demonstrate, that the regular wavy �ows are formed on free surface of
vertical water �lm. The waveforms are shown on Fig. 3 (we illustrated only one period and

the x axes was scaled as
2π

k
). Similar waveforms are observed many times in experiments,

the reader may see them in [2, 7, 14, 15], for example.

Fig. 3. Waveforms on free surface of water �lm: � Re = 5; 2 � Re = 7; 3 � Re = 10

The higher Reynolds' number Re, the higher wave amplitude is (Fig. 4, 5). Wave
amplitudes depicted on Fig. 4 were calculated by formula [1, 2]

a =
δmax − δmin

δmax + δmin

. (22)

We used the formula [14, 16]

A =
δmax − ⟨δ⟩

⟨δ⟩
(23)
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to calculate wave amplitudes depicted on Fig. 5. By ⟨δ⟩ in (23) the mean liquid �lm
thickness is denoted.

Fig. 4. Amplitudes (water) calculated by
(22): • � [2]; × � our results

Fig. 5. Amplitudes (water) calculated by
(23): � � [14]; � � [16]; × � our results

Fig. 6. Amplitude time dependence for
water �lm: 1 � Re = 5; 2 � Re = 7; 3
� Re = 10

Fig. 7. Duration of regular wave forming
for water �lm

Fig. 6 shows how amplitudes change while regular wavy �ows are forming. On Fig. 6
we marked the times tp1 = 823, 2, tp2 = 364, 3, tp3 = 185, 7 when the regular wave �ows
had already formed. As shown on Fig. 7, the higher Reynolds' number Re, the less time
tp is required.
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÂÎËÍÎÂÎÉ ÏÎÂÅÐÕÍÎÑÒÈ
ÂÅÐÒÈÊÀËÜÍÎÉ ÆÈÄÊÎÉ ÏËÅÍÊÈ
ÏÐÈ ÓÌÅÐÅÍÍÛÕ ×ÈÑËÀÕ ÐÅÉÍÎËÜÄÑÀ

Ë.À. Ïðîêóäèíà, Å.À. Ñàëàìàòîâ

Â ðàìêàõ ìîäåëüíîãî íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, êîòîðîå îïè-

ñûâàåò ýâîëþöèþ ñâîáîäíîé ïîâåðõíîñòè âåðòèêàëüíîé æèäêîé ïëåíêè, èññëåäîâàíî

ðàçâèòèå ïåðèîäè÷åñêèõ âîçìóùåíèé íà âåðòèêàëüíîé ïëåíêå âîäû â äèàïàçîíå ÷èñåë

Ðåéíîëüäñà Re ∈ [5; 10]. Ìîäåëüíîå óðàâíåíèå ðåøàëîñü ìåòîäîì êîíå÷íûõ ðàçíîñòåé

íà ïðÿìîóãîëüíîé ðàâíîìåðíîé ñåòêå. Èññëåäîâàíèåì ðîñòà åäèíè÷íîé ïîãðåøíîñòè

ïîëó÷åíû óñëîâèÿ, êîòîðûì äîëæíû óäîâëåòâîðÿòü ïàðàìåòðû ðàñ÷åòíîé ñåòêè, ÷òî-

áû ïîãðåøíîñòè íå óâåëè÷èâàëèñü â õîäå âû÷èñëåíèé. Â ðåçóëüòàòå ðàññ÷èòàíû ïðî-

ôèëè âîëí íà ñâîáîäíîé ïîâåðõíîñòè âåðòèêàëüíîé ïëåíêè âîäû, âðåìÿ ôîðìèðîâàíèÿ

ðåæèìà ñòåêàíèÿ ñ ðåãóëÿðíûì ïðîôèëåì âîëíû, õàðàêòåð èçìåíåíèÿ àìïëèòóäû ïå-

ðèîäè÷åñêîãî âîçìóùåíèÿ ïðè ôîðìèðîâàíèè ðåæèìà ñ ðåãóëÿðíûì ïðîôèëåì âîëíû.

Îñóùåñòâëåíî ñðàâíåíèå ðàññ÷èòàííûõ àìïëèòóä ñ ðåçóëüòàòàìè ýêñïåðèìåíòîâ.

Êëþ÷åâûå ñëîâà: æèäêàÿ ïëåíêà; àìïëèòóäà; ïðîôèëü âîëíû; íåëèíåéíîå ðàçâè-

òèå âîçìóùåíèé.
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