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Êàê èçâåñòíî, äèôôåðåíöèàëüíûå âêëþ÷åíèÿ ÿâëÿþòñÿ î÷åíü óäîáíûì ìàòåìà-

òè÷åñêèì àïïàðàòîì, ìîäåëèðóþùèì íåëèíåéíûå óïðàâëÿåìûå ñèñòåìû ñ îáðàòíîé

ñâÿçüþ, ñèñòåìû àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ, ñèñòåìû ñ ðàçðûâíûìè è èìïóëüñ-

íûìè õàðàêòåðèñòèêàìè è äðóãèå îáúåêòû ñîâðåìåííîé èíæåíåðèè, ìåõàíèêè, ôèçè-

êè. Â íàñòîÿùåé ðàáîòå ïðåäëàãàþòñÿ íîâûå ìåòîäû ðåøåíèÿ çàäà÷è î ïåðèîäè÷åñêèõ

êîëåáàíèÿõ óïðàâëÿåìûõ îáúåêòîâ, îïèñûâàåìûõ äèôôåðåíöèàëüíûì âêëþ÷åíèåì ñ

êàóçàëüíûì îïåðàòîðîì. Âïåðâûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ êàóçàëüíûì îïåðà-

òîðîì, èëè óðàâíåíèÿ òèïà Âîëüòåððà, áûëè ðàññìîòðåíû Ë. Òîíåëëè è À.Í. Òèõîíî-

âûì. À.Í. Òèõîíîâ èñïîëüçîâàë èõ â êà÷åñòâå ìîäåëè ïðè èçó÷åíèè ðÿäà çàäà÷ òåï-

ëîïðîâîäíîñòè, â ÷àñòíîñòè, çàäà÷è îá îñòûâàíèè òåëà ïðè ëó÷åèñïóñêàíèè ñ ïîâåðõ-

íîñòè. Â ïåðâîé ÷àñòè ðàáîòû ïðåäïîëàãàåòñÿ, ÷òî ïðàâàÿ ÷àñòü âêëþ÷åíèÿ ÿâëÿåòñÿ

ìíîãîçíà÷íûì îòîáðàæåíèåì, èìåþùèì âûïóêëûå çàìêíóòûå çíà÷åíèÿ. Äàëåå ïðåä-

ïîëàãàåòñÿ, ÷òî ïðàâàÿ ÷àñòü âêëþ÷åíèÿ íåâûïóêëîçíà÷íà è ïîëóíåïðåðûâíà ñíèçó. Â

ñèëó ñïåöèôèêè ðàññìàòðèâàåìîãî îáúåêòà â êà÷åñòâå îñíîâíîãî èíñòðóìåíòà èññëå-

äîâàíèÿ ðàññìàòðèâàåìîé çàäà÷è â îáîèõ ñëó÷àÿõ èñïîëüçóåòñÿ ìîäèôèöèðîâàííûé

ìåòîä êëàññè÷åñêîé íàïðàâëÿþùåé ôóíêöèè. À èìåííî, ìåòîä íåãëàäêîé èíòåãðàëü-

íîé íàïðàâëÿþùåé ôóíêöèè. Ïðèìåíåíèå òåîðèè òîïîëîãè÷åñêîé ñòåïåíè è óêàçàí-

íîãî ìåòîäà ïîçâîëÿåò óñòàíîâèòü ðàçðåøèìîñòü ïåðèîäè÷åñêîé çàäà÷è â êàæäîì èç

ðàññìàòðèâàåìûõ ñëó÷àåâ.

Êëþ÷åâûå ñëîâà: âêëþ÷åíèå; êàóçàëüíûé îïåðàòîð; íåãëàäêàÿ èíòåãðàëüíàÿ íà-

ïðàâëÿþùàÿ ôóíêöèÿ; ïåðèîäè÷åñêèå ðåøåíèÿ; òîïîëîãè÷åñêàÿ ñòåïåíü ñîâïàäåíèÿ.

Ââåäåíèå

Èçó÷åíèå ñèñòåì, îïèñûâàåìûõ äèôôåðåíöèàëüíûìè è ôóíêöèîíàëüíûìè óðàâ-
íåíèÿìè ñ êàóçàëüíûìè îïåðàòîðàìè, ââåäåííûìè Ë. Òîíåëëè [1] è À.Í. Òèõîíî-
âûì [2], ïðèâëåêàåò âíèìàíèå ìíîãèõ èññëåäîâàòåëåé. Îòìåòèì, ÷òî â ñâîå âðåìÿ äëÿ
èññëåäîâàíèÿ âëèÿíèÿ èçëó÷åíèÿ íà òåìïåðàòóðíûé ðåæèì çåìíîé êîðû À.Í. Òèõî-
íîâûì áûëè èçó÷åíû çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ïðè íåëèíåéíûõ êðà-
åâûõ óñëîâèÿõ. Èì áûëà ïðåäëîæåíà ðåäóêöèÿ, ñâîäÿùàÿ ýòè çàäà÷è ê íåëèíåéíûì
èíòåãðàëüíûì óðàâíåíèÿì òèïà Âîëüòåððà. Â êà÷åñòâå ïðèëîæåíèé ïîëó÷åííûõ ðå-
çóëüòàòîâ ê çàäà÷àì ìàòåìàòè÷åñêîé ôèçèêè áûë ðàññìîòðåí ðÿä çàäà÷ òåïëîïðîâîä-
íîñòè, â ÷àñòíîñòè, çàäà÷à îá îñòûâàíèè òåëà ïðè ëó÷åèñïóñêàíèè ñ ïîâåðõíîñòè.

Ïîíÿòèå êàóçàëüíîãî îïåðàòîðà îêàçàëîñü ìîùíûì èíñòðóìåíòîì äëÿ óíè-
ôèêàöèè çàäà÷ â òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé, ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ êî-
íå÷íûì èëè áåñêîíå÷íûì çàïàçäûâàíèåì, èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà,
ôóíêöèîíàëüíûõ óðàâíåíèé íåéòðàëüíîãî òèïà è äð. [3]. Ðàçëè÷íûå çàäà÷è äëÿ
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ êàóçàëüíûìè îïåðàòîðàìè áûëè
ðàññìîòðåíû â ðàáîòàõ [4�10]. Â ÷àñòíîñòè, ãðàíè÷íàÿ è ïåðèîäè÷åñêàÿ ïðîáëåìû
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èçó÷àëèñü â [5, 7]. Â íàñòîÿùåé ðàáîòå ïðèìåíÿåòñÿ ìåòîä íåãëàäêèõ èíòåãðàëüíûõ
íàïðàâëÿþùèõ ôóíêöèé â èññëåäîâàíèè ïåðèîäè÷åñêîé çàäà÷è äëÿ äèôôåðåíöèàëü-
íîãî âêëþ÷åíèÿ ñ ìíîãîçíà÷íûì êàóçàëüíûì îïåðàòîðîì.

Îñíîâíûå èäåè ìåòîäà íàïðàâëÿþùèõ ôóíêöèé áûëè ñôîðìóëèðîâàíû
Ì.À. Êðàñíîñåëüñêèì è À.È. Ïåðîâûì åùå â ñåðåäèíå ïðîøëîãî âåêà [11, 12].
Áóäó÷è ãåîìåòðè÷åñêè íàãëÿäíûì, ýòîò ìåòîä ïåðâîíà÷àëüíî ïðèìåíÿëñÿ ê èçó-
÷åíèþ ïåðèîäè÷åñêèõ è îãðàíè÷åííûõ ðåøåíèé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé (ñì., íàïðèìåð, [13�15]. Ïîçæå ýòîò ìåòîä áûë ðàñïðîñòðàíåí íà
ñëó÷àé äèôôåðåíöèàëüíûõ âêëþ÷åíèé (ñì., íàïðèìåð, [16, 17]), ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûõ óðàâíåíèé è âêëþ÷åíèé (ñì., íàïðèìåð, [18, 19]) è äðóãèå
îáúåêòû. Êàê èçâåñòíî, äèôôåðåíöèàëüíûå âêëþ÷åíèÿ - äîñòàòî÷íî óäîáíûé ìàòå-
ìàòè÷åñêèé àïïàðàò, îïèñûâàþùèé íåëèíåéíûå óïðàâëÿåìûå ñèñòåìû ñ îáðàòíîé
ñâÿçüþ, ñèñòåìû àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ, ñèñòåìû ñ ðàçðûâíûìè è èì-
ïóëüñíûìè õàðàêòåðèñòèêàìè è äðóãèå îáúåêòû ñîâðåìåííîé èíæåíåðèè, ìåõàíèêè,
ôèçèêè (ñì., íàïðèìåð, [16,17]). Ñôåðà ïðèìåíåíèÿ ìåòîäà íàïðàâëÿþùèõ ôóíêöèé
áûëà ðàñøèðåíà íà èçó÷åíèå êà÷åñòâåííîãî ïîâåäåíèÿ è áèôóðêàöèè ðåøåíèé
(ñì., íàïðèìåð, [20]), àñèìïòîòèêè ðåøåíèé (ñì., íàïðèìåð, [21, 22]). Ýòè è äðóãèå
àñïåêòû ìåòîäà íàïðàâëÿþùèõ ôóíêöèé è åãî ïðèëîæåíèé, à òàêæå äîïîëíèòåëüíóþ
áèáëèîãðàôèþ, ìîæíî íàéòè â íåäàâíî âûøåäøåé ìîíîãðàôèè [23].

Ðàáîòà îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Ïîñëå ïðåäâàðèòåëüíûõ ñâåäåíèé
(ï. 1), ãäå îïðåäåëÿåòñÿ, â òîì ÷èñëå, ïîíÿòèå ìíîãîçíà÷íîãî êàóçàëüíîãî îïåðàòîðà,
ôîðìóëèðóåòñÿ ïåðèîäè÷åñêàÿ çàäà÷à äëÿ äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ ñ êàóçàëü-
íûì ìóëüòèîïåðàòîðîì, ïðèâîäèòñÿ îñíîâíîé ðåçóëüòàò ðàáîòû êàê äëÿ âêëþ÷åíèé
ñ âûïóêëîçíà÷íûì è çàìêíóòûì êàóçàëüíûì ìóëüòèîïåðàòîðîì (ï. 2.1), òàê è äëÿ
ñëó÷àÿ, êîãäà ïðàâàÿ ÷àñòü âêëþ÷åíèÿ ÿâëÿåòñÿ ïîëóíåïðåðûâíûì ñíèçó êàóçàëüíûì
ìóëüòèîïåðàòîðîì ñ íåâûïóêëûìè çíà÷åíèÿìè (ï 2.2).

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â äàëüíåéøåì èñïîëüçóþòñÿ èçâåñòíûå ïîíÿòèÿ è òåðìèíîëîãèÿ èç àíàëèçà è
òåîðèè ìíîãîçíà÷íûõ îòîáðàæåíèé (ìóëüòèîòîáðàæåíèé) [16,17,24,25].

Ïóñòü (X, dX) è (Y, dY ) � ìåòðè÷åñêèå ïðîñòðàíñòâà. Ñèìâîëàìè P (Y ), C(Y ),
K(Y ) îáîçíà÷àþòñÿ ñîâîêóïíîñòè âñåõ, ñîîòâåòñòâåííî, íåïóñòûõ, çàìêíóòûõ èëè
êîìïàêòíûõ ïîäìíîæåñòâ ïðîñòðàíñòâà Y. Åñëè Y � íîðìèðîâàííîå ïðîñòðàíñòâî,
òî ñèìâîëàìè Cv(Y ) è Kv(Y ) îáîçíà÷àþòñÿ ñîâîêóïíîñòè âñåõ íåïóñòûõ âûïóêëûõ
çàìêíóòûõ è, ñîîòâåòñòâåííî, êîìïàêòíûõ ïîäìíîæåñòâ ïðîñòðàíñòâà Y.

Îïðåäåëåíèå 1. Ìóëüòèîòîáðàæåíèå F : X → P (Y ) íàçûâàåòñÿ ïîëóíåïðåðûâ-
íûì ñâåðõó (ïí. ñâ.) â òî÷êå x0 ∈ X, åñëè äëÿ ëþáîãî ε > 0 íàéäåòñÿ δ > 0 òàêîå,
÷òî èç òîãî, ÷òî dX(x0, x) < δ ñëåäóåò, ÷òî F (x) ⊂ Uε(F (x0)), ãäå ñèìâîë Uε îáî-
çíà÷àåò ε-îêðåñòíîñòü ìíîæåñòâà.

Îïðåäåëåíèå 2. Ìóëüòèîòîáðàæåíèå F : X → P (Y ) íàçûâàåòñÿ ïí. ñâ., åñëè îíî
ïí. ñâ. â êàæäîé òî÷êå x ∈ X.

Îïðåäåëåíèå 3. Ìóëüòèîòîáðàæåíèå F : X → P (Y ) íàçûâàåòñÿ ïîëóíåïðåðûâ-
íûì ñíèçó (ïí. ñí.) â òî÷êå x0 ∈ X, åñëè äëÿ ëþáîãî ε > 0 íàéäåòñÿ δ > 0 òàêîå,
÷òî èç òîãî, ÷òî dX(x0, x) < δ ñëåäóåò, ÷òî F (x0) ⊂ Uε(F (x)).

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2016. Ò. 9, � 2. Ñ. 46�59
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Îïðåäåëåíèå 4. Ìóëüòèîòîáðàæåíèå F : X → P (Y ) íàçûâàåòñÿ ïí. ñí., åñëè îíî
ïí. ñí. â êàæäîé òî÷êå x ∈ X.

Îïðåäåëåíèå 5. Åñëè ìóëüòèîòîáðàæåíèå F ïîëóíåïðåðûâíî è ñâåðõó è ñíèçó,
òî îíî íàçûâàåòñÿ íåïðåðûâíûì.

Îïðåäåëåíèå 6. Ïóñòü F : X → P (Y ) � íåêîòîðîå ìóëüòèîòîáðàæåíèå. Ìíîæå-
ñòâî ΓF â äåêàðòîâîì ïðîèçâåäåíèè X × Y,

ΓF = {(x, y) | (x, y) ∈ X × Y, y ∈ F (x)}

íàçûâàåòñÿ ãðàôèêîì ìóëüòèîòîáðàæåíèÿ F.

Îïðåäåëåíèå 7. Ìóëüòèîòîáðàæåíèå F : X → P (Y ) íàçûâàåòñÿ çàìêíóòûì,
åñëè åãî ãðàôèê ΓF åñòü çàìêíóòîå ìíîæåñòâî â ïðîñòðàíñòâå X × Y.

Ìóëüòèîòîáðàæåíèå áóäåì íàçûâàòü ìóëüòèôóíêöèåé, åñëè îíî îïðåäåëåíî íà
ïîäìíîæåñòâå ÷èñëîâîé ïðÿìîé.

Îïðåäåëåíèå 8. Ìóëüòèîòîáðàæåíèå F : X → P (Y ) íàçûâàåòñÿ êîìïàêòíûì,
åñëè îáðàç F (X) ÿâëÿåòñÿ îòíîñèòåëüíî êîìïàêòíûì â Y.

Îïðåäåëåíèå 9. Îäíîçíà÷íîå îòîáðàæåíèå f : X → Y íàçûâàåòñÿ ñå÷åíèåì
ìóëüòèîòîáðàæåíèÿ F, åñëè f(x) ∈ F (x) äëÿ êàæäîãî x ∈ X.

Ïóñòü E � ñåïàðàáåëüíîå áàíàõîâî ïðîñòðàíñòâî; L1([a, b];E) îáîçíà÷àåò áàíà-
õîâî ïðîñòðàíñòâî (êëàññîâ ýêâèâàëåíòíîñòè) ñóììèðóåìûõ ïî Áîõíåðó ôóíêöèé
f : [a, b] → E.

Îïðåäåëåíèå 10. Íåïóñòîå ìíîæåñòâî M ⊂ L1([a, b];E) íàçûâàåòñÿ ðàçëîæè-
ìûì, åñëè äëÿ ëþáûõ f, g ∈ M è ëþáîãî èçìåðèìîãî ïî Ëåáåãó ìíîæåñòâà m ⊂ [a, b]
âûïîëíåíî

fκm + gκ([a,b]\m) ∈ M,

ãäå κm � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà m.

Â äàëüíåéøåì áóäåò èñïîëüçîâàòüñÿ ñëåäóþùàÿ òåîðåìà Áðåññàíà � Êîëîìáî �
Ôðûøêîâñêîãî î íåïðåðûâíîì ñå÷åíèè (ñì., íàïðèìåð, [24]).

Ëåììà 1. Ïóñòü X � ñåïàðàáåëüíîå ìåòðè÷åñêîå ïðîñòðàíñòâî. Òîãäà ëþáîå ïí.
ñí. ìóëüòèîòîáðàæåíèå F : X ( L1([a, b];E) ñ çàìêíóòûìè ðàçëîæèìûìè çíà÷å-
íèÿìè èìååò íåïðåðûâíîå ñå÷åíèå.

Ïóñòü I � çàìêíóòîå ïîäìíîæåñòâî R, ñíàáæåííîå ìåðîé Ëåáåãà.

Îïðåäåëåíèå 11. Ìóëüòèôóíêöèÿ F : I → K(Y ) íàçûâàåòñÿ èçìåðèìîé, åñëè äëÿ
ëþáîãî îòêðûòîãî ïîäìíîæåñòâà W ⊂ Y åãî ïðîîáðàç

F−1(W ) = {t ∈ I : F (t) ⊂ W}

� èçìåðèìîå ïîäìíîæåñòâî I.

Çàìå÷àíèå 1. Âñÿêàÿ ïí. ñí. ìóëüòèôóíêöèÿ èçìåðèìà.
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Çàìå÷àíèå 2. Âñÿêàÿ èçìåðèìàÿ ìóëüòèôóíêöèÿ F : I → K(Y ) îáëàäàåò èç-
ìåðèìûì ñå÷åíèåì, òî åñòü ñóùåñòâóåò òàêàÿ èçìåðèìàÿ ôóíêöèÿ f : I → Y, ÷òî
f(t) ∈ F (t) ïî÷òè äëÿ âñåõ (ï.â.) t ∈ I.

Îïðåäåëåíèå 12. Ìóëüòèîòîáðàæåíèå F : I×X → K(Y ) óäîâëåòâîðÿåò óñëîâèþ
ïîäëèíåéíîãî ðîñòà, åñëè ñóùåñòâóåò íåîòðèöàòåëüíàÿ ñóììèðóåìàÿ ïî Ëåáåãó íà
I ôóíêöèÿ α(·) òàêàÿ, ÷òî ï.â. t ∈ I

∥F (t, x)∥ := max
y∈F (t,x)

∥y∥ ≤ α(t)(1 + ∥x∥).

Â äàëüíåéøåì ìû áóäåì èñïîëüçîâàòü îïðåäåëåíèÿ è ýëåìåíòàðíûå ñâîéñòâà òî-
ïîëîãè÷åñêîé ñòåïåíè îäíîçíà÷íûõ è ìíîãîçíà÷íûõ âåêòîðíûõ ïîëåé (ñì., íàïðè-
ìåð, [11,17,24,25]).

Ïóñòü T > 0 è σ ≥ 0 � äàííûå ÷èñëà. Ñèìâîëàìè C([kT − σ, (k + 1)T ];Rn) è
L1((kT, (k + 1)T );Rn), ãäå k ∈ Z, îáîçíà÷àåì ñîîòâåòñòâóþùèå ïðîñòðàíñòâà íåïðå-
ðûâíûõ è ñóììèðóåìûõ ôóíêöèé ñ îáû÷íûìè íîðìàìè. Äëÿ ïîäìíîæåñòâà N ⊂
L1 ((kT, (k + 1)T );Rn) è τ ∈ (kT, (k + 1)T ) ñóæåíèå N íà (kT, τ) îïðåäåëÿåòñÿ êàê
N |(kT,τ)= {f |(kT,τ): f ∈ N}.

Îïðåäåëåíèå 13. Áóäåì ãîâîðèòü, ÷òî Q � êàóçàëüíûé ìóëüòèîïåðàòîð, åñëè
äëÿ êàæäîãî k ∈ Z ìóëüòèîòîáðàæåíèå

Q : C([kT − σ, (k + 1)T ];Rn) ( L1((kT, (k + 1)T );Rn)

çàäàíî òàêèì îáðàçîì, ÷òî äëÿ êàæäîãî τ ∈ (kT, (k + 1)T ) è äëÿ ëþáûõ

u(·), v(·) ∈ C ([kT − σ, (k + 1)T ];Rn)

óñëîâèå u |[kT−σ,τ ]= v |[kT−σ,τ ] âëå÷åò Q(u) |(kT,τ)= Q(v) |(kT,τ) .

Ðàññìîòðèì ïðèìåðû êàóçàëüíûõ ìóëüòèîïåðàòîðîâ. Îáîçíà÷èì C áàíàõîâî ïðî-
ñòðàíñòâî C([−σ, 0];Rn).

Ïðèìåð 1. Ïóñòü ìóëüòèîòîáðàæåíèå F : R× C → Kv (Rn) óäîâëåòâîðÿåò ñëåäóþ-
ùèì óñëîâèÿì:

(F1) ìóëüòèôóíêöèÿ F (·, c) : R → Kv (Rn) äîïóñêàåò èçìåðèìîå ñå÷åíèå äëÿ êàæäî-
ãî c ∈ C;

(F2) ìóëüòèîòîáðàæåíèå F (t, ·) : C → Kv (Rn) ïîëóíåïðåðûâíî ñâåðõó äëÿ ï.â. t ∈ R;

(F3) äëÿ ëþáîãî r > 0 íàéäåòñÿ ëîêàëüíî ñóììèðóåìàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ
ηr(·) ∈ L1

loc (R) òàêàÿ, ÷òî

∥F (t, c)∥ := sup{∥y∥ : y ∈ F (t, c)} ≤ ηr (t) ï.â. t ∈ R ,

äëÿ âñåõ c ∈ C, ∥c∥ ≤ r.

Èçâåñòíî (ñì., íàïðèìåð, [24, 25]), ÷òî ïðè óñëîâèÿõ (F1) − (F3) äëÿ êàæäîãî
k ∈ Z, îïðåäåëåí ìóëüòèîïåðàòîð ñóïåðïîçèöèè

PF : C ([kT − σ, (k + 1)T ];Rn) ( L1 ((kT, (k + 1)T );Rn) ,
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PF (u) =
{
f ∈ L1 ((kT, (k + 1)T ];Rn) : f (t) ∈ F (t, ut) ï.â. t ∈ (kT, (k + 1)T )

}
.

Çäåñü ut ∈ C îïðåäåëåíî êàê ut(θ) = u(t+θ), θ ∈ [−σ, 0]. Ìóëüòèîïåðàòîð PF ÿâëÿåòñÿ
êàóçàëüíûì.

Ïðèìåð 2. Ïóñòü F : R × C → Kv(Rn) � ìóëüòèîòîáðàæåíèå, óäîâëåòâîðÿþùåå
óñëîâèÿì (F1)− (F3) ïðèìåðà 1. Ïóñòü {K(t, s) : −∞ < s ≤ t < +∞} � íåïðåðûâíîå
ñåìåéñòâî ëèíåéíûõ îïåðàòîðîâ â Rn è m ∈ L1

loc(R;Rn) � äàííàÿ ëîêàëüíî ñóììèðó-
åìàÿ ôóíêöèÿ. Äëÿ êàæäîãî k ∈ Z ðàññìîòðèì èíòåãðàëüíûé ìóëüòèîïåðàòîð òèïà
Âîëüòåððà G : C ([kT − σ, (k + 1)T ];Rn) ( L1 ((kT, (k + 1)T );Rn) , îïðåäåëåííûé êàê

G(u)(t) = m(t) +

t∫
kT

K(t, s)F (s, us)ds,

ò.å.

G(u) =
{
y ∈ L1 ((kT, (k + 1)T );Rn) : y(t) = m(t) +

t∫
kT

K(t, s)f(s)ds : f ∈ PF (u)
}
.

Ìóëüòèîïåðàòîð G òàêæå ÿâëÿåòñÿ êàóçàëüíûì.

Ïðèìåð 3. Ïóñòü ìóëüòèîòîáðàæåíèå F : R×C → K(Rn) óäîâëåòâîðÿåò ñëåäóþùåìó
óñëîâèþ ïî÷òè ïîëóíåïðåðûâíîñòè ñíèçó:

(FL) íàéäåòñÿ ïîñëåäîâàòåëüíîñòü íåïåðåñåêàþùèõñÿ çàìêíóòûõ ìíîæåñòâ {Jn},
Jn ⊆ R n = 1, 2, ... òàêàÿ, ÷òî: (i) meas (R \

∪
n Jn) = 0; (ii) ñóæåíèå F íà

êàæäîå ìíîæåñòâî Jn × C ïîëóíåïðåðûâíî ñíèçó.

Ïðè óñëîâèÿõ (FL), (F3) (ñì., íàïðèìåð, [24, 25]) äëÿ êàæäîãî k ∈ Z ìóëüòèîïå-
ðàòîð ñóïåðïîçèöèè

PF : C ([kT − σ, (k + 1)T ];Rn) ( L1 ((kT, (k + 1)T );Rn)

òàêæå îïðåäåëåí è êàóçàëåí.

2. Ìàòåìàòè÷åñêàÿ ìîäåëü

Ïðèíèìàÿ çà îñíîâó ñõåìó, ïðåäëîæåííóþ â [3], ðàññìîòðèì ñëåäóþùóþ ìîäåëü
óïðàâëÿåìîãî ÿäåðíîãî ðåàêòîðà. Áóäåì ñ÷èòàòü, ÷òî åãî äèíàìèêà îïèñûâàåòñÿ ñëå-
äóþùåé ñèñòåìîé ôóíêöèîíàëüíî-îïåðàòîðíûõ óðàâíåíèé:

x′(t) =
m∑
k=1

βkΛ
−1[x(t)− yk(t)]− PΛ−1[1 + x(t)]ν(t), (1)

y′k(t) = λk[x(t)− yk(t)], k = 1, 2, ...,m, (2)

ν ∈ U(x). (3)

Çäåñü x îáîçíà÷àåò ìîùíîñòü ðåàêòîðà; yk � ïîòîêè ìåäëåííûõ íåéòðîíîâ; βk, P,Λ è
λk, k = 1, 2, ...,m � íåêîòîðûå êîíñòàíòû; ν � ôóíêöèÿ óïðàâëåíèÿ, óäîâëåòâîðÿþùàÿ
óñëîâèþ îáðàòíîé ñâÿçè (3) ñ êàóçàëüíûì ìóëüòèîïåðàòîðîì U.

Êîíêðåòíûé âèä ìóëüòèîïåðàòîðà U çàâèñèò îò óñëîâèé çàäà÷è. Â ÷àñòíîñòè, îí
ìîæåò áûòü âûáðàí â ñëåäóþùåé ôîðìå (ñì. [3]):
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U(x) =

ν : ν(t) = α0x(t) +
∞∑
j=1

αjx(t− tj) +

t∫
−∞

γ(t− s)f(s)ds, f ∈ PF (x)

 ,

ãäå tj � ïîëîæèòåëüíûå êîíñòàíòû,
∑∞

j=1 |αj| < ∞, |γ| ∈ L1(0,∞), PF � ìóëüòèîïå-
ðàòîð ñóïåðïîçèöèè, ïîðîæäåííûé ìóëüòèîòîáðàæåíèåì F (t, c), óäîâëåòâîðÿþùèì
óñëîâèÿì (F1)− (F3) èëè (FL), (F3).

Çàìåòèì, ÷òî ïîäñòàíîâêà âêëþ÷åíèÿ (3) â óðàâíåíèå (1) âåäåò ê òîìó, ÷òî îò-
íîñèòåëüíî ïåðåìåííîé z(t) = (x(t), y1(t), ..., ym(t)) çàäà÷à ïðèâîäèòñÿ ê êàóçàëüíîìó
âêëþ÷åíèþ òèïà

z′(t) ∈ Q(z)(t). (4)

Îòìåòèì, ÷òî ñóùåñòâîâàíèå ïåðèîäè÷åñêèõ ðåøåíèé âêëþ÷åíèÿ (4), à òàêæå èñ-
ñëåäîâàíèå óñòîé÷èâîñòè åãî ðåøåíèé ïðåäñòàâëÿåò çíà÷èòåëüíûé èíòåðåñ ñ ôèçèêî-
òåõíè÷åñêîé òî÷êè çðåíèÿ.

3. Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ âêëþ÷åíèé
ñ êàóçàëüíûìè ìóëüòèîïåðàòîðàìè

Îáîçíà÷èì CT ïðîñòðàíñòâî íåïðåðûâíûõ T -ïåðèîäè÷åñêèõ ôóíêöèé x : R → Rn

ñ íîðìîé ∥x∥C = sup
t∈[0,T ]

∥x(t)∥. ×åðåç ∥x∥2 îáîçíà÷èì íîðìó â ïðîñòðàíñòâå L2:

∥x∥2 =

 T∫
0

∥x(s)∥2 ds


1
2

.

Äëÿ îïðåäåëåíèÿ ïîíÿòèÿ ïåðèîäè÷åñêîãî êàóçàëüíîãî ìóëüòèîïåðàòîðà ðàñ-
ñìîòðèì äëÿ k ∈ Z ñëåäóþùèé îïåðàòîð ñäâèãà jk : L1 ((kT, (k + 1)T );Rn) →
L1 ((0, T );Rn) : jk(f)(t) = f(t+ kT ).

Îïðåäåëåíèå 14. Êàóçàëüíûé ìóëüòèîïåðàòîð Q íàçûâàåòñÿ T -ïåðèîäè÷åñêèì,
åñëè äëÿ êàæäûõ x ∈ CT è k ∈ Z âûïîëíåíî jk(Q(x |[kT−τ,(k+1)T ])) = Q(x |[−τ,T ]).

Äëÿ îáåñïå÷åíèÿ ïåðèîäè÷íîñòè êàóçàëüíûõ ìóëüòèîïåðàòîðîâ â âûøåóêàçàííûõ
ïðèìåðàõ äîñòàòî÷íî ïîëàãàòü, ÷òî ìóëüòèîòîáðàæåíèÿ F ÿâëÿþòñÿ T -ïåðèîäè÷íûìè
ïî ïåðâîìó àðãóìåíòó: F (t + T, c) = F (t, c) äëÿ âñåõ (t, c) ∈ R × C è â ïðèìåðå 2
äîïîëíèòåëüíî ñ÷èòàòü, ÷òî ôóíêöèÿ m(t) è ñåìåéñòâî K(t, s) òàêæå T -ïåðèîäè÷íû:

m(t+ T ) = m(t) äëÿ âñåõ t ∈ R;
K(t+ T, s+ T ) = K(t, s) äëÿ âñåõ −∞ < s ≤ t < +∞.

ßñíî, ÷òî óñëîâèå T -ïåðèîäè÷íîñòè êàóçàëüíîãî ìóëüòèîïåðàòîðà ïîçâîëÿåò ðàññìàò-
ðèâàòü åãî òîëüêî íà ïðîñòðàíñòâå C([−τ, T ];Rn).

Ñôîðìóëèðóåì òåïåðü îñíîâíóþ çàäà÷ó:
Äëÿ çàäàííîãî T -ïåðèîäè÷åñêîãî êàóçàëüíîãî ìóëüòèîïåðàòîðà Q íàéòè ðåøåíèå

ñëåäóþùåãî îïåðàòîðíîãî âêëþ÷åíèÿ:

x′ ∈ Q(x), (5)

ãäå x ∈ CT � àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ.
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3.1. Ñëó÷àé âûïóêëîçíà÷íîãî êàóçàëüíîãî ìóëüòèîïåðàòîðà

Îáîçíà÷èì L1
T ïðîñòðàíñòâî ñóììèðóåìûõ T -ïåðèîäè÷åñêèõ ôóíêöèé f : R →

Rn. Â ýòîì ðàçäåëå ïðåäïîëàãàåì, ÷òî T -ïåðèîäè÷åñêèé êàóçàëüíûé ìóëüòèîïåðàòîð
Q : CT → Cv(L1

T ) èìååò âûïóêëûå çíà÷åíèÿ è óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

(Q1) äëÿ ëþáîãî îãðàíè÷åííîãî ëèíåéíîãî îïåðàòîðà A : L1
T → E, ãäå E � áàíàõîâî

ïðîñòðàíñòâî, êîìïîçèöèÿ A ◦ Q : CT → Cv(E) - çàìêíóòûé ìóëüòèîïåðàòîð;

(Q2) ñóùåñòâóåò íåîòðèöàòåëüíàÿ T -ïåðèîäè÷åñêàÿ ñóììèðóåìàÿ ôóíêöèÿ α(t) òà-
êàÿ, ÷òî

∥Q(x)(t)∥ ≤ α(t)(1 + ∥x(t)∥) ï.â. t ∈ R,
äëÿ êàæäîé ôóíêöèè x ∈ CT .

Äëÿ îáåñïå÷åíèÿ óñëîâèÿ (Q1) â ïðèìåðàõ 1 è 2 äîñòàòî÷íî ïðåäïîëàãàòü, ÷òî ïî-
ìèìî âûøåóêàçàííûõ óñëîâèé ïåðèîäè÷íîñòè, ìóëüòèîòîáðàæåíèå F óäîâëåòâîðÿåò
óñëîâèÿì (F1) � (F3) (ñì. [16], òåîðåìà 1.5.30), à äëÿ âûïîëíåíèÿ óñëîâèÿ (Q2) ìîæíî
ïðåäïîëîæèòü â ïðèìåðå 1 âûïîëíåííûì óñëîâèå ïîäëèíåéíîãî ðîñòà, à â ïðèìåðå 2
ñëåäóþùåå óñëîâèå ãëîáàëüíîé èíòåãðàëüíîé îãðàíè÷åííîñòè

∥F (t, c)∥ ≤ γ(t) ï.â. t ∈ [0, T ]

äëÿ íåêîòîðîé íåîòðèöàòåëüíîé ñóììèðóåìîé ôóíêöèè γ(t).
Äëÿ èçó÷åíèÿ ïåðèîäè÷åñêîé çàäà÷è (5) èñïîëüçóåòñÿ òåîðåìà î òî÷êå ñîâïàäå-

íèÿ äëÿ ëèíåéíîãî ôðåäãîëüìîâà îïåðàòîðà è ìíîãîçíà÷íîãî îòîáðàæåíèÿ. Ââåäåì
íåîáõîäèìûå îáîçíà÷åíèÿ.

Ïóñòü E1, E2 � áàíàõîâû ïðîñòðàíñòâà; U ⊂ E1 � îãðàíè÷åííîå îòêðûòîå ìíî-
æåñòâî; l : Dom l ⊆ E1 → E2 � ëèíåéíûé ôðåäãîëüìîâ îïåðàòîð íóëåâîãî èíäåêñà
òàêîé, ÷òî Im l ⊂ E2 çàìêíóòî.

Ðàññìîòðèì íåïðåðûâíûå ëèíåéíûå îïåðàòîðû ïðîåêòèðîâàíèÿ p : E1 → E1 è
q : E2 → E2 òàêèå, ÷òî Im p = Ker l, Im l = Ker q. Ñèìâîëîì lp îáîçíà÷èì ñóæåíèå
îïåðàòîðà l íà Dom l ∩Ker p.

Äàëåå, ïóñòü íåïðåðûâíûé îïåðàòîð kp,q : E2 → Dom l ∩ Ker p îïðåäåëåí ñîîò-
íîøåíèåì kp,q(y) = l−1

p (y − q(y)), y ∈ E2; êàíîíè÷åñêèé îïåðàòîð ïðîåêòèðîâàíèÿ
π : E2 → E2/ Im l èìååò âèä π(y) = y + Im l, y ∈ E2; è ϕ : Coker l → Ker l -
íåïðåðûâíûé ëèíåéíûé èçîìîðôèçì.

Ïóñòü G : U → Kv(E2) çàìêíóòîå ìóëüòèîòîáðàæåíèå òàêîå, ÷òî

(a) G(U) � îãðàíè÷åííîå ïîäìíîæåñòâî E2;

(b) ìóëüòèîòîáðàæåíèå kp,q ◦ G : U → Kv(E1) êîìïàêòíî è ïîëóíåïðåðûâíî ñâåðõó.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå [24, ëåììà 13.1].

Ëåììà 2. Ïóñòü

(i) l(x) /∈ λG(x) äëÿ âñåõ λ ∈ (0, 1], x ∈ Dom l ∩ ∂U ;

(ii) 0 /∈ πG(x) äëÿ âñåõ x ∈ Ker l ∩ ∂U ;

(iii) degKer l(ϕπG|UKer l
, UKer l) ̸= 0, ãäå ñèìâîë degKer l îáîçíà÷àåò òîïîëîãè÷åñêóþ

ñòåïåíü ìíîãîçíà÷íîãî âåêòîðíîãî ïîëÿ, âû÷èñëÿåìóþ â ïðîñòðàíñòâå Ker l,
è UKer l = U ∩Ker l.
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Òîãäà l è G èìåþò òî÷êó ñîâïàäåíèÿ â U , ò.å. íàéäåòñÿ x ∈ U òàêîå, ÷òî l(x) ∈
G(x).

Íàïîìíèì òåïåðü íåêîòîðûå ïîíÿòèÿ íåãëàäêîãî àíàëèçà (ñì., íàïðèìåð, [27]).
Ïóñòü â Rn çàäàíà ëîêàëüíî ëèïøèöåâà ôóíêöèÿ V : Rn → R.Äëÿ x ∈ Rn è ν ∈ Rn

îáîáùåííàÿ ïðîèçâîäíàÿ Êëàðêà V 0(x; ν) ôóíêöèè V (·) â òî÷êå x ïî íàïðàâëåíèþ ν
çàäàåòñÿ âûðàæåíèåì

V 0(x; ν) = lim
z → x
t → 0+

V (z + tν)− V (z)

t
,

ãäå z ∈ Rn. Òîãäà îáîáùåííûé ãðàäèåíò Êëàðêà ∂V (x) ôóíêöèè V (·) â òî÷êå x îïðå-
äåëÿåòñÿ ñëåäóþùèì îáðàçîì:

∂V (x) =
{
y ∈ Rn : ⟨y, ν⟩ ≤ V 0(x; ν) äëÿ âñåõ ν ∈ Rn

}
.

Èçâåñòíî, ÷òî ìóëüòèîòîáðàæåíèå ∂V : Rn ( Rn èìååò âûïóêëûå êîìïàêòíûå
çíà÷åíèÿ è ïîëóíåïðåðûâíî ñâåðõó (ñì., íàïðèìåð, [27]). Â ÷àñòíîñòè, ýòî îçíà÷à-
åò, ÷òî äëÿ êàæäîé íåïðåðûâíîé ôóíêöèè x : [0, T ] → Rn ìíîæåñòâî ñóììèðóåìûõ
ñå÷åíèé ìóëüòèôóíêöèè t ( ∂V (x(t)) íåïóñòî.

Íàïîìíèì, ÷òî ëîêàëüíî ëèïøèöåâà ôóíêöèÿ V : Rn → R íàçûâàåòñÿ ðåãóëÿðíîé,
åñëè äëÿ êàæäîãî x ∈ Rn è ν ∈ Rn ñóùåñòâóåò ïðîèçâîäíàÿ ïî íàïðàâëåíèþ V ′(x, ν) è
îíà ñîâïàäàåò ñ V 0(x, ν). Èçâåñòíî, â ÷àñòíîñòè, ÷òî âûïóêëûå ôóíêöèè ðåãóëÿðíû.

Ðàçâèâàÿ ïîíÿòèÿ, ââåäåííûå â [11,17,19], äàäèì ñëåäóþùèå îïðåäåëåíèÿ.

Îïðåäåëåíèå 15. Ëîêàëüíî ëèïøèöåâà ôóíêöèÿ V íàçûâàåòñÿ íåâûðîæäåííûì
ïîòåíöèàëîì, åñëè íàéäåòñÿ K > 0 òàêîå, ÷òî 0 /∈ ∂V (x) äëÿ âñåõ x ∈ Rn : ∥x∥ ≥ K.

Åñëè ôóíêöèÿ V ÿâëÿåòñÿ íåâûðîæäåííûì ïîòåíöèàëîì, òî òîïîëîãè÷åñêàÿ ñòå-
ïåíü ìíîãîçíà÷íîãî âåêòîðíîãî ïîëÿ ∂V îäíà è òà æå íà âñåõ øàðàõ BK′ ñ öåíòðîì
â íóëå ðàäèóñà K ′ ≥ K. Ýòî îáùåå çíà÷åíèå íàçûâàåòñÿ òîïîëîãè÷åñêèì èíäåêñîì V
è îáîçíà÷àåòñÿ Ind V .

Îïðåäåëåíèå 16. Ðåãóëÿðíàÿ ôóíêöèÿ V : Rn → R íàçûâàåòñÿ ñòðîãîé íåãëàäêîé
èíòåãðàëüíîé íàïðàâëÿþùåé ôóíêöèåé äëÿ âêëþ÷åíèÿ (5), åñëè íàéäåòñÿ N > 0
òàêîå, ÷òî ∫ T

0

⟨υ(s), f(s)⟩ ds > 0 äëÿ âñåõ f ∈ Q(x), (6)

äëÿ âñåõ ñóììèðóåìûõ ñå÷åíèé υ(s) ∈ ∂V (x(s)) è êàæäîé àáñîëþòíî íåïðåðûâíîé
ôóíêöèè x ∈ CT òàêîé, ÷òî ∥x∥2 ≥ N è ∥x′(t)∥ ≤ ∥Q(x)(t)∥ ï.â. t ∈ [0, T ].

Òåîðåìà 1. Ïóñòü V : Rn → R � ñòðîãàÿ íåãëàäêàÿ èíòåãðàëüíàÿ íàïðàâëÿþùàÿ
ôóíêöèÿ çàäà÷è (5) ñ T -ïåðèîäè÷åñêèì êàóçàëüíûì îïåðàòîðîì Q, óäîâëåòâîðÿþ-
ùèì óñëîâèÿì (Q1) � (Q2) òàêàÿ, ÷òî Ind V ̸= 0. Òîãäà çàäà÷à (5) èìååò ðåøåíèå.

Çàìå÷àíèå 3. Îòìåòèì, ÷òî óñëîâèÿ òåîðåìû âûïîëíåíû, åñëè, íàïðèìåð, ôóíêöèÿ
V ÷åòíà èëè óäîâëåòâîðÿåò óñëîâèþ êîýðöèòèâíîñòè, ò.å. lim

∥x∥→+∞
V (x) = ±∞.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2016. Ò. 9, � 2. Ñ. 46�59
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Äëÿ äîêàçàòåëüñòâà òåîðåìû ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå (ñì. [22]).

Ëåììà 3. Ïóñòü V : Rn → R � ðåãóëÿðíàÿ ôóíêöèÿ, x : [a, b] → Rn � àáñîëþòíî
íåïðåðûâíàÿ ôóíêöèÿ. Òîãäà ôóíêöèÿ V (x(t)) òàêæå ÿâëÿåòñÿ àáñîëþòíî íåïðå-
ðûâíîé, è ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî:

V (x(t))− V (x(0)) =

∫ t

0

V 0(x(s), x′(s))ds, t ∈ [0, T ].

Äîêàçàòåëüñòâî. Ñâåäåì çàäà÷ó ê ëåììå 2, îáîñíîâàâ ðàçðåøèìîñòü ñëåäóþùåãî
îïåðàòîðíîãî âêëþ÷åíèÿ

lx ∈ Q(x), (7)

ãäå l : Dom l := {x ∈ CT : x àáñîëþòíî íåïðåðûâíà} ⊂ CT → L1
T � ëèíåéíûé

ôðåäãîëüìîâ îïåðàòîð íóëåâîãî èíäåêñà. Òîãäà Ker l = Rn, ïðîåêöèÿ π : L1
T →

Rn ìîæåò áûòü çàäàíà ôîðìóëîé πf = 1
T

T∫
0

f(s) ds, è ìóëüòèîïåðàòîðû πQ è kp,qQ
âûïóêëîçíà÷íû è êîìïàêòíû íà îãðàíè÷åííûõ ïîäìíîæåñòâàõ.

Ïóñòü äëÿ íåêîòîðîãî λ ∈ (0, 1] ôóíêöèÿ x ∈ Dom l ÿâëÿåòñÿ ðåøåíèåì âêëþ÷å-
íèÿ

l(x) ∈ λQ(x).

Ýòî îçíà÷àåò, ÷òî x(·) ÿâëÿåòñÿ àáñîëþòíî íåïðåðûâíîé ôóíêöèåé òàêîé, ÷òî x′(t) =
λf(t) ï.â. t ∈ [0, T ], äëÿ íåêîòîðîãî f ∈ Q(x). Ïðåäïîëîæèì, ÷òî ∥x∥2 ≥ N.

Òîãäà, ñ îäíîé ñòîðîíû, èñïîëüçóÿ (6), èìååì∫ T

0

⟨υ(s), λf(s)⟩ ds > 0

äëÿ êàæäîãî ñóììèðóåìîãî ñå÷åíèÿ υ(s) ∈ ∂V (x(s)).
Ñ äðóãîé ñòîðîíû, ïðèìåíÿÿ ëåììó 3, ïîëó÷àåì

T∫
0

⟨υ(s), λf(s)⟩ ds = 1
λ

T∫
0

⟨υ(s), x′(s)⟩ ds ≤

≤ 1
λ

T∫
0

V 0(x(s), x′(s)) ds = 1
λ
(V (x(T ))− V (x(0))) = 0,

äëÿ êàæäîãî ñóììèðóåìîãî ñå÷åíèÿ υ(s) ∈ ∂V (x(s)).
Èç ïîëó÷åííîãî ïðîòèâîðå÷èÿ ñëåäóåò, ÷òî ∥x∥2 < N. Íî òîãäà íàéäåòñÿ è M > 0

òàêîå, ÷òî ∥x∥C < M. Â êà÷åñòâå U âîçüìåì øàð Br ⊂ CT ñ öåíòðîì â íóëå è ðàäèóñà
r = max{M,NT−1/2}. Òîãäà èìååì

l(x) /∈ λQ(x)

äëÿ âñåõ x ∈ ∂U, λ ∈ (0, 1).
Ïóñòü òåïåðü u ∈ ∂U ∩Ker l ïðîèçâîëüíî. Ïîñêîëüêó ∥u∥ ≥ NT−1/2, èç îïðåäåëå-

íèÿ ñòðîãîé íåãëàäêîé èíòåãðàëüíîé íàïðàâëÿþùåé ôóíêöèè ïîëó÷àåì, ÷òî∫ T

0

⟨υ(s), f(s)⟩ds > 0
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äëÿ êàæäîãî ñóììèðóåìîãî ñå÷åíèÿ υ(s) ∈ ∂V (u) è f(s) ∈ Q(u). Íî, ïîëàãàÿ υ(s) ≡ υ,
ïîëó÷àåì ∫ T

0

⟨υ, f(s)⟩ds = ⟨υ,
∫ T

0

f(s)ds⟩ = T ⟨υ, πf⟩ > 0

è, ñëåäîâàòåëüíî, ⟨υ, y⟩ > 0 äëÿ âñåõ υ ∈ ∂V (u), y ∈ πQ(u).
Ýòî îçíà÷àåò, ÷òî 0 /∈ πQ(u) è ìóëüòèïîëÿ ∂V (u) è πQ(u) íå äîïóñêàþò ïðîòè-

âîïîëîæíûõ íàïðàâëåíèé äëÿ u ∈ ∂U ∩ Ker l è, ñëåäîâàòåëüíî, îíè ãîìîòîïíû íà
∂U ∩Ker l. Ïî ñâîéñòâó ãîìîòîïè÷åñêîé èíâàðèàíòíîñòè òîãäà èìååì

deg(πQ
∣∣
UKer l

, UKer l) = deg(∂V, UKer l) ̸= 0,

ãäå UKer l = U ∩Ker l. Òàêèì îáðàçîì, âñå óñëîâèÿ ëåììû 2 âûïîëíåíû è çàäà÷à (7),
à, ñëåäîâàòåëüíî, è çàäà÷à (5) èìåþò ðåøåíèå.

3.2. Ñëó÷àé ïîëóíåïðåðûâíîãî ñíèçó êàóçàëüíîãî ìóëüòèîïåðàòîðà

Òåïåðü ðàññìîòðèì ïåðèîäè÷åñêóþ çàäà÷ó äëÿ êëàññà âêëþ÷åíèé ñ íåâû-
ïóêëîçíà÷íûìè ïîëóíåïðåðûâíûìè ñíèçó êàóçàëüíûìè ìóëüòèîïåðàòîðàìè. Èìåí-
íî, áóäåì ïðåäïîëàãàòü, ÷òî T -ïåðèîäè÷åñêèé êàóçàëüíûé ìóëüòèîïåðàòîð Q : CT →
P (L1

T ) óäîâëåòâîðÿåò óñëîâèþ

(QL) Q ïîëóíåïðåðûâåí ñíèçó è èìååò çàìêíóòûå ðàçëîæèìûå çíà÷åíèÿ

è óñëîâèþ (Q2).
Â êà÷åñòâå ïðèìåðà êàóçàëüíîãî ìóëüòèîïåðàòîðà, óäîâëåòâîðÿþùåãî óñëîâèÿì

(QL) è (Q2) ìîæíî ðàññìîòðåòü ñóïåðïîçèöèîííûé ìóëüòèîïåðàòîð PF , ïîðîæäåí-
íûé T -ïåðèîäè÷åñêèì ïî ïåðâîìó àðãóìåíòó ìóëüòèîòîáðàæåíèåì F : R×C → K(Rn),
óäîâëåòâîðÿþùèì óñëîâèþ ïî÷òè ïîëóíåïðåðûâíîñòè ñíèçó (FL) è óñëîâèþ ïîäëè-
íåéíîãî ðîñòà.

Òåîðåìà 2. Ïóñòü Q : CT → P (L1
T ) � T -ïåðèîäè÷åñêèé êàóçàëüíûé îïåðàòîð, óäî-

âëåòâîðÿþùèé óñëîâèÿì (QL) è (Q2) è V : Rn → R � ñòðîãàÿ íåãëàäêàÿ èíòåãðàëü-
íàÿ íàïðàâëÿþùàÿ ôóíêöèÿ äëÿ ñîîòâåòñòâóþùåé çàäà÷è (5) òàêàÿ, ÷òî

Ind V ̸= 0.

Òîãäà çàäà÷à (5) èìååò ðåøåíèå.

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ ëåììó 2, íàéäåì íåïðåðûâíîå ñå÷åíèå q : CT → L1
T ìóëü-

òèîïåðàòîðà Q. Äëÿ îòîáðàæåíèÿ q èìååì ñîîòíîøåíèå∫ T

0

⟨υ(s), q(x)(s)⟩ ds > 0

äëÿ âñåõ ñóììèðóåìûõ ñå÷åíèé υ(s) ∈ ∂V (x(s)) è äëÿ êàæäîé àáñîëþòíî íåïðåðûâíîé
ôóíêöèè x ∈ CT òàêîé, ÷òî ∥x∥2 ≥ N è ∥x′(t)∥ ≤ ∥Q(x)(t)∥ ï.â. t ∈ [0, T ].

Òåïåðü, ïðèìåíÿÿ ≪îäíîçíà÷íóþ≫ âåðñèþ ëåììû 2 (ò.å. çàìåíÿÿ ìóëüòèîòîáðàæå-
íèå G íåïðåðûâíûì îòîáðàæåíèåì g) è ïðèìåíÿÿ àíàëîãè÷íûå ïðèâåäåííûì âûøå
ðàññóæäåíèÿ, ïîëó÷èì ðåøåíèå x ñëåäóþùåãî óðàâíåíèÿ

l(x) = q(x),

êîòîðîå ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (5).

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2016. Ò. 9, � 2. Ñ. 46�59
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4. Ïðèìåð

Ðàññìîòðèì ïåðèîäè÷åñêóþ çàäà÷ó äëÿ óïðàâëÿåìîé ñèñòåìû, îïèñûâàåìîé ïî-
ëóëèíåéíûì ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûì âêëþ÷åíèåì ñëåäóþùåãî âèäà:

x′(t) ∈ Ax(t) + F (t, xt) (8)

x(0) = x(T ). (9)

Çäåñü A : Rn → Rn � ëèíåéíûé îïåðàòîð, à ìóëüòèîòîáðàæåíèå F : R×C → Kv(Rn)
óäîâëåòâîðÿåò óñëîâèþ T -ïåðèîäè÷íîñòè ïî ïåðâîìó àðãóìåíòó è óñëîâèÿì (F1) �
(F3) ïðèìåðà 1 ïóíêòà 1. Òîãäà îïðåäåëåí ìóëüòèîïåðàòîð ñóïåðïîçèöèè

PF : C ([kT − σ, (k + 1)T ];Rn) ( L1 ((kT, (k + 1)T );Rn) ,

óäîâëåòâîðÿþùèé óñëîâèþ (Q1) (ñì. [16, òåîðåìà 1.5.10]). Äëÿ âûïîëíåíèÿ óñëîâèÿ
(Q2) ïðåäïîëàãàåòñÿ ñïðàâåäëèâîñòü óñëîâèÿ ïîäëèíåéíîãî ðîñòà äëÿ ìóëüòèîòîáðà-
æåíèÿ F.

Ïóñòü ôóíêöèÿ V : Rn → R èìååò ñëåäóþùèé âèä: V (x) = ∥x∥2
2

+ Ṽ (x), ãäå Ṽ :
Rn → R � ðåãóëÿðíàÿ ôóíêöèÿ òàêàÿ, ÷òî V óäîâëåòâîðÿåò óñëîâèþ êîýðöèòèâíîñòè.
ßñíî, ÷òî V ÿâëÿåòñÿ ðåãóëÿðíîé ôóíêöèåé è

∂V (x) = x+ ∂Ṽ (x)

(ñì. [27, ñëåäñòâèå 3 èç òåîðåìû 2.3.3]).
Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîãîN > 0 è êàæäîé àáñîëþòíî íåïðåðûâíîé ôóíê-

öèè x ∈ CT òàêîé, ÷òî ∥x∥2 ≥ N è ∥x′(t)∥ ≤ ∥PF (x)∥, äëÿ âñåõ y ∈ PF (x), υ̃ ∈
∂Ṽ (x), t ∈ [0, T ] âûïîëíåíû óñëîâèÿ:

H1) ⟨Ax, υ̃⟩ ≥ ⟨υ̃, x⟩ ;

H2) ⟨υ̃, y⟩ ≥ ⟨υ̃, x⟩ .

Ïðèìåíåíèå òåîðåìû 1 ïîçâîëÿåò ïîëó÷èòü ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3. Ïóñòü êâàäðàòè÷íàÿ ôîðìà ⟨Ax, x⟩ óäîâëåòâîðÿåò äëÿ íåêîòîðîãî
ε > 0 óñëîâèþ

⟨Ax, x⟩ ≥ ε∥x∥2

äëÿ âñåõ x ∈ Rn. Åñëè

lim
∥x∥2→+∞

∥PF (x)∥2
∥x∥2

<
1

3
ε, lim

∥x∥2→+∞

∥∂Ṽ (x)∥2
∥x∥2

<
1

3
ε,

äëÿ âñåõ àáñîëþòíî íåïðåðûâíûõ x ∈ CT , ãäå

∥PF (x)∥2 = sup
y∈PF (x)

∥y∥2, ∥∂Ṽ (x)∥2 = sup
υ̃∈∂Ṽ (x)

∥υ̃∥2,

òî çàäà÷à (8), (9) èìååò ðåøåíèå.
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Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî ôóíêöèÿ V ÿâëÿåòñÿ ñòðîãîé íåãëàäêîé èíòåãðàëü-
íîé íàïðàâëÿþùåé ôóíêöèåé äëÿ âêëþ÷åíèÿ (8). Îòìåòèì, ÷òî êàæäîå υ ∈ ∂V (x)
èìååò âèä

υ = x+ υ̃,

ãäå υ̃ ∈ ∂Ṽ (x).
Äåéñòâèòåëüíî, äëÿ ïðîèçâîëüíûõ y ∈ PF (x), υ ∈ ∂V (x) ñîãëàñíî (H1), (H2)

èìååì
T∫

0

⟨υ(s), Ax(s) + y(s)⟩ ds =
∫ T

0

⟨x(s) + υ̃(s), Ax(s) + y(s)⟩ ds =

=

T∫
0

⟨Ax(s), x(s)⟩ ds+
T∫

0

⟨Ax(s), υ̃(s)⟩ ds+
T∫

0

⟨x(s), y(s)⟩ ds+
T∫

0

⟨υ̃(s), y(s)⟩ ds ≥

≥
T∫

0

⟨Ax(s), x(s)⟩ ds+
T∫

0

⟨υ̃(s), x(s)⟩ ds+
T∫

0

⟨x(s), y(s)⟩ ds+
T∫

0

⟨υ̃(s), x(s)⟩ ds ≥

≥ ε∥x∥22 − ∥x∥2∥∂Ṽ (x)∥2 − ∥x∥2∥PF (x)∥2 − ∥x∥2∥∂Ṽ (x)∥2 > 0

äëÿ äîñòàòî÷íî áîëüøèõ çíà÷åíèé ∥x∥2.

Àâòîð èñêðåííå áëàãîäàðåí ïðîôåññîðó Â.Â. Îáóõîâñêîìó çà ïîëåçíûå îáñóæäå-
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Method of Nonsmooth Integral Guiding Functions in Periodic
Solutions Problem for Inclusions with Causal Multioperators

S.V. Kornev, Voronezh State Pedagogical University, Voronezh, Russian Federation,
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As it is known, di�erential inclusions are very useful mathematical tools to describe

nonlinear control systems with feedback, automatic control systems, discontinuous systems,

impulse response and other objects of modern engineering, mechanics, physics. In the

present paper the new method to solving the problem of periodic oscillations of controlled

systems described by a di�erential inclusion with a causal multioperator is introduced.

Firstly di�erential equations with causal operator, or Volterra type equations where

considered by L. Tonelli and A.N. Tikhonov. A.N. Tikhonov used them as the model in

study of some thermal conductivity problems, in particular the problem of body coding

when there is radiation from its surface. At �rst we consider the case when the multioperator

is closed and convex-valued. Then the case of a non-convex-valued and lower semicontinu-

ous right-hand part is considered. As the main research tool of the problem in both cases

a modi�ed method of the classical guiding function is applied. Namely, the method of

nonsmooth integral guiding function is considered. Application of topological degree theory

and this method allows to establish the solvability of periodic problem in each of the cases.

Keywords: inclusion; causal multioperator; periodic solutions; nonsmooth integral

guiding function; topological degree.
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