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The application of methods of theory of experiment design for the identification
of dynamic systems allows the researcher to gain more qualitative mathematical model
compared with the traditional methods of passive identification. In this paper, the authors
summarize results and offer the algorithms of active identification of the Gaussian linear
discrete systems based on the design inputs and initial states. We consider Gaussian linear
discrete systems described by state space models, under the assumption that unknown
parameters are included in the matrices of the state, control, disturbance, measurement,
covariance matrices of system noise and measurement. The original software for active
identification of Gaussian linear discrete systems based on the design inputs and initial states
are developed. Parameter estimation is carried out using the maximum likelihood method
involving the direct and dual procedures for synthesizing A- and D- optimal experiment
design. The example of the model structure for the control system of submarine shows the
effectiveness and appropriateness of procedures for active parametric identification.
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Introduction

Mathematical modelling is one of intensively developing scientific directions.
Identification is an important element and the most difficult stage of the solution of the
applied problem in various industries, transport, at calculation of systems of automatic
control. In this regard development of software for parametrical identification models
becomes especially important for fundamental science and practice.

In terms of way of behavior present methods of identification can be divided into
passive and active. In passive identification of dynamic systems only real operating signals
and initial state are used in the modes of not disturbed operation [1-4].

On the contrary, active identification assumes violation of technological mode and uses
some special synthesized designs [5-9]. So, in a frequency method of parameter estimation
of linear stationary models [10, 11| the signal represents the sum of harmonics which
number doesn’t exceed dimension of space. In this work optimal plan of experiment is
searched during the extreme problem solution for some preliminary chosen functional of
information (or covariance) vector-matrix of parameters to be estimated. The difficulties
connected with necessity of violation of a technological mode are provided by increase
of efficiency and correctness of research. Methods of active identification give to the
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experimenter considerably greater possibilities in the design of qualitative model in
comparison with methods of passive identification. These possibilities are caused by the
ideology of the active identification based on a combination of traditional parameter
estimation techniques with the concept of experiment design.

Works [12-15] are devoted to theoretical and applied aspects of the problem of active
parametric identification of stochastic linear discrete systems based on design of input
signals and initial states.

The authors tried to generalize the results obtained in these papers and constructed
new algorithms connected with the simultaneous design inputs and initial states.

The questions of estimating the unknown parameters that we considered, together
with the developed methods for designing experiments, enable us to achieve a general
understanding of active identification.

1. Problem Definition

Consider the following model of controllable, observable and identifiable stochastic
linear discrete system in the state space:

2 () = F (6) 2 (t) + 0 (t) w (t) + T (t) w (t), (1)

Yy (tk+1) = H(tk+1)$ (tk+1) + v (tk+1) 5 k= 0, ]., cevy N —1. (2)

Here x(t;) is the state n-vector; u(tx) is the deterministic control (input) r-vector; w(ty)
is the process noise p-vector; y(tx+1) is the measurement (output) m-vector; v(tx41) is the
measurement noise m-vector.

Suppose that

e the random vectors w(tx) and v(t,y1) form stationary white Gaussian sequences with
Efw(ty)] =0,E [w(tp) w" (t;)] = Qb
E v (tgs1)] = 0, E [0 (tgs1) v7 (tig1)] = R,
Elv(t)w" )] =0,k i=0,1,..,N—1
(E[-] denotes the mathematical expectation, dx; is the Kronecker symbol);

e the initial state z(¢y) is normally distributed with parameters

Bl (to)] = & (to) , B {[& (o) = & (to)] [& (to) — & (t0)]" } = P (to)
and is uncorrelated with w (t;) and v (tx41) for all values of k;

e matrices F'(ty), V(tx), I'(tx), H(tgr1), @, R depend on unknown parameters
@ — (61792,...,93) GQ@.

For the mathematical model (1), (2) taking the listed a priori assumptions into account,
we need to develop an active parametric identification procedure based on optimal design of
the input signals and initial states and study its efficiency and reasonability of application.
In such mathematical statement this problem is considered and solved for the first time.
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2. Procedure of Active Parametric Identification

Procedure of active parametric identification of systems with preliminary chosen
model structure assumes performance of following stages: calculation of parameters
estimates with use of measuring data corresponding to some experiment design (stage 1,
fig. 1); synthesis of experiment design based on the received estimates and chosen criterion
optimality (stage 2, fig. 1) and recalculation of estimates of unknown parameters on the
measuring data corresponding to the optimal design (stage 3, fig. 1).

‘ m =0 ‘

Restrictions on the Building of the
conditions of the pidentification experimentq—' m =1
experiment Sy A
Preparation of the Rounding continuous
measuring data = to discrete plan
Critericn oF . ) Construction
d ’t'f' e p| Darameter estimation 8 continuous experiment
wdentitication stage 1 or stage 3 3
X (stag age 3) plan & (stage 2)

I 3

‘ Built model ‘

Fig 1. Scheme of active parametric identification

We will give more detailed description of stages of active parametric identification for
model (1), (2) on the basis of design of the input signals and initial states.

Stage 1. Estimation of unknown parameters of mathematical model is carried out
according to observation data using the criterion of identification x. Gathering of numerical
data occurs during the identification experiments which are carried out under some design
&

Assume that experimenter can make v system starts. He gives signal U; on the input
of the system with initial state z'(to) for k; times, signal U, with initial state z2(ty) for
ko times etc., at last, signal U, with initial state z%(to) for k, times. In this case discrete

q
normalized experiment design ¢, (Z ki = 1/) is

i=1
1 2 q
a ,o ..., i .
§y={k1 ko kq},CM EQQ,Z:1,2,...,C], (3)
AT

where the point of design spectrum « has the following structure:

a=[U"z" (to)] = [u” (to) ,u" (t1),...,u" (ty-1);Z" (to)]
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and restrictions on the conditions of carrying out experiment are defined by the bounded
set
Qa = QU X Qi(to) - RNr-l—rr

Designate through Y;" = [(yi’j(tl))T, (v (t2))", ..., (yi’j(tN))T} the j-th output realization
(j = 1,2,...,k;), corresponding to input signal U; with initial state Z'(y). Then as a
result of carrying out an identification experiment for design &, the following set will be

generated
E={(a"Y;), j=1,2, ..k, i=1,2..q}.

The apriori assumptions stated in section II allow to use maximum likelihood (ML)
method for parameter estimation. It’s known that when performing certain conditions
(regularity conditions), ML estimates possess such properties, important for practice, as
asymptotic unbiasedness, consistency, asymptotic efficiency and asymptotic normality.
According to this method it is necessary to find such values of parameters © for which

~

© = arg min x (6; ) = arg min [~In L (6;E)] (4)

and (see, for example, [12, 14, 15])

N AL B N-1
X(0;E)= T 10 27?—1—5 ZZZ [e"7 (tk‘*‘l)}TB_l(tk-i-l) e (tk+1)]+g % Indet B(tg1),

2 — £
i=1 j=1k=0

where €% (tx11) and B (tx41) are defined according to corresponding recursive equations
of discrete Kalman filter:

2 (e |te) = F(te)z™ (tite) + Ute)u’ (t) ;

P (trg|te) = F(te) P (ti|ty) FT(tx) + T(t) QT T (t1);
7 (thralte) = H(tr)T (thgalts) ;
£ (th1) = Y™ (than) = ¥ (bt
B (thy1) = H(tera) P (bega[tn) H (trar) + R
K (trsr) = P (tegaltr) H (tea) B (trgr) ;
" (te1lthss) = 7 (tealte) + K (trr1) €7 (tr) ;
P (tealtesr) = [I = K (tgg1) H(tes1)] P (B |te)

fork=0,1,...N—1,i=1,2,....k;, j = 1,2, ..., ¢ with initial conditions 7" (tolto) = T (to),
P (to|to) = P (to).
Stage 2. Under continuous normalized design £ we will understand the collection

1,2 q q
a a7, ..., i .
£ = ,piZO,E pi=1a"€Qyi=12,...,q. (5)
P1,P2; -5 Pq -
i=1
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For design (5) normalized information matrix M (§) is defined by
q .
M (&) =) _piM (o:0). (©)
i=1

where (Fisher) information matrices for one-point designs M (a’;6) depend on unknown
parameters (this fact allows us to speak further only about locally optimal design) and
are calculated in accordance with the algorithm from [16].

The quality of parameter estimation can be improved by construction of experiment
design which optimizes some convex functional X of information matrix M (£), i.e. we
should solve the extreme problem

§" = arg min X[M(S)]. (7)

We will use criterion of D- and A- optimality for which, respectively, X[M(§)] =
—1Indet M (£) and X[M(£)] = —SpM~1(£). Solving the problem of design experiments,
we act in a certain way on lower bound in the Rao— Cramer inequality: for a D-optimal
design we minimize the volume, and for an A-optimal design we minimize the sum of the
squares of axis lengths of the concentration ellipsoid of the estimates for the parameters.

We can solve the optimization problem of finding the minimum of (7) using the general
numerical methods for finding extrema. The two approaches are possible.

The first (direct) approach is to seek the minimum of the functional X [M (&)] taking
into account that design spectrum (5) consist of ¢ = @—H points. Another approach (it
is called dual) to solving the optimal problem (7) is based on the equivalence theorem [5,
14]. In this case the problem under the study is no longer a convex programming problem,
but the size of the parameter vector being varied can turn out substantially smaller than
in the direct approach.

Applying of the gradients in the direct or dual procedures leads to the significant
improve ment of the speed of problem solving. It is impossible without calculation of
derivatives of (Fisher) information matrix by the components of input signal and initial
state. In this case, the gradient of the optimality criterion for points of the spectrum plan
has the following structure:

OX[M(g)]
) gurtto)
(9X[M(§)]_ U, _ = 1.9
oot = |ax[M(9)]\| T | oX[M(E©] | st = 444
o 9z (to) ) u'(tn 1)
OX[M(¢))]
8571(150)

The algorithms for the calculation of gradients

OXIM@©] 41 ‘92(_[]” (5))} for D —optimality

ul(ty,) 7 (to
and A —optimality criterions are given in [17, 18].

Stage 3. Recalculation of estimates of unknown parameters on the measuring data
corresponding to the optimal design.

Practical application of the constructed continuous optimum design is complicated
because the weights p; are, generally speaking, arbitrary real numbers in the range from
zero to one. It is easy to notice that in case of given number of possible starts of the
system v values k7 = vp; can be noninteger numbers. Carrying out of experiment demands
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a rounding off of values £k} to integers. It is obvious that the design received as a result
of such rounding off will differ from the optimum continuous design. An approach to the
optimum continuous design is better when the number of possible starts is larger.

The possible algorithm of "rounding off" of the continuous design to the discrete design
is given in [19].

Next, we make a discrete design

1 2 q
. A, O, ..., 0
ézl_ ki k5 kg )
TR

conduct the identification experiment and recalculate estimation of unknown parameters.

3. Experimental Results

Consider the following mathematical model of Gaussian linear discrete control systems
of the submarine making the movement with an angular speed w and longitudinal speed
of the course in the vertical plane at an angle of trim p, taking into account a deviation
of fodder horizontal wheels at an angle § from neutral position (see fig. 2) [20]:

W(t) 91 92 93 w(t) 0 h
)] = (1 0 0 p(t) | + 0] u()+ 0 Jw(t), (8)
5(15) 0 0 O 5(t) 1 0.01h

y(tk+1) = u(tk+1)+v(tk+1), k=0,1,...,N —1. (9)

The discrete model of a state (8) with discretization step AT = 0,5 is given by

w (t+1) w(tr)
U(terr) | = Fplte) | +Yu(te) + Tw (t) (10)
0 (trt1) o(tx)

Fig 2. The submarine in the vertical plane

\/9%+492*A791 *B __6:%B ___03*B

24/02+40, \/02+40; \/02+40;
F = _B \/ 034402 A+01%B  034/07+402+(A—2)+0103%B

/034402 2,/03+40; 24/03+40,
0 0 1
Bectuuk FOYpI'Y. Cepusa «MaTteMaTudecKoe MoJejinpoBaHUe 95

u nporpammupoBanues (Becrunk FOYpI'Y MMII). 2016. T. 9, Ne 2. C. 90-102



V.M. Chubich, O.S. Chernikova, E.A. Beriket

0 C—D —h*xB _ 93h _|_ 93hA 9193]1*3
390,/02+ 46, /0346, 1000 T 20002 T 9000, /67 +40,
— | 0s60.(D-C) _p C+D _ 6s | .7 — R(C—=D)  63h _ 63h(C+D)  6163h(C—D)
462/02+40, 37403 7 202 | 2024/02+40, 20002 40003 40002/02+40, |
2 1 1 2 1
h
0,5 300

Y

A 60,25(91—\/9%492) n 60,25(91+\/9f+492)] B {60,25(91—\/9%492) B 60725<91+,/9§+492)
— . B=

c— (91 n /9% +492) (60725(91—#9%492) _ 1) ;
D= (el — /602 + 492) (60725(91+v9f+4"2) - 1) .

Assume that —0,16 < 6; < —0,06, —0,006 < 6, < —0,001, —0,006 < 03 < —0,001,
N =40 and all listed a priori assumptions are satisfied so that

Elw (ty) w ()] = 5,50k = Qdi;

0
0

E {[""C (to) — 2 (to)] [z (o) — 7 (to)]T} -

o
o oo
—_

Choose the design area €, = Qu X Qz,), where

QU:{—6§u(tk) SG,kIO,l,...,N—l},
0 1
Qo) =4 | O] <zlto) < (4] ¢
0 4

and D-optimality criterion.

In order to weaken the dependence of estimation results on measurement data we will
make five independent starts of system, i.e. (v = 5) and then we will average the received
estimates of unknown parameters. Realizations of output signal we get by the computer
modelling with true values of parameters 07 = —0, 1253, 65 = —0, 004631, 05 = —0,002198.

The quality of identification in the parameter space and response space will be judged
by values of factors dy, d; and dy, d3 accordingly. These factors are calculated by following
formulas:

ed B @-a) e

a ki N-1 .. e 2 q ki N-1 .. ] 2
220 2 (W (k) = 999 (B [t ) 2220 2 (W (thea) — 97 (b [tr)
5 i=1j=1 k=0 56 | i=Li=L k=0
Yy = q ki N—1 ) Y T q ki N-1 ) )
> (Y™ (trs1)) > (5™ (tr+1))
i=1j=1 k=0 i=1j=1 k=0
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where 0% are true values of parameters; Aé are estimates of unknown parameters values
based on the initial experiment design; 0* are estimates of unknown parameters values
based on the synthesized input signal and (or) initial states; §% (t;.1|tx) and 9% (tr11|tx)
are calculated on using the equations of Kallman filter at 0 and 6* respectively.

Results of the active parametric identification procedure based on D-optimal design
of input signals and (or) initial state are presented in Table.

Table

Result of active identification procedures based on design of
input signals and (or) initial state

) . . Values of parameters estimates
Discrete experiment design . .
and errors of estimation
1 2
Initial design #, = —0, 1600
¢ _{ ot } 0, = —0,0059
=1 6, = —0,0015
orf = [UT;z"(to)], input signal UT =
[(6,—6)2, —64, 63, —6,6, —62, —6, 6, —64, 62, —6, 63, o9 = 0,2770,
—6,6,—63, (6, —6)3, —6, 6, —63], initial  state 0y =0, 1488
Z(to) = (0,4,0)"
Design of initial states 0, = —0,1372
e { ol o? } by = —0,0052
B =2 B fy = —0,0019
of = [UT;(z'(tx)")], input signal UT =
[(6,—6)2, —64, 63, —6,6, —65, —6, 6, —64, 62, —6, 63, 09 = 0,0953,
—6,6,—63, (6, —6)3,—6,6,—63], initial states dy = 0,1049
Ty(t ) (0,4,07, *Q(to) (1,4,0)".
Design of input signals 0, = —0,1301
. [ et ot b, = —0,0049
g”_{g %%%k—f:%%:%} f; = —0,0019
al 2: [(UHT; 2L (t0)], inpug sTignals (UhHT 4[640] , 5y = 0,030,
( *) = [6157 _625]7 (U*> = [640]7 (U*> = S&v = 0.0908
620, —620], initial state Z, (to) = (0,4,0)". yeu
Design input signals and initial states 0, = —0,1248
B e L e L ¢ 0y = —0, 0042
v ﬁ—é?Z%’“—J:é%:%} f; = —0,0024
of = [(UHT;(Z(to)T)], input signals (UHT =
[640], (UHT = [624, —616), (UHT = [612, —60g], o9 = 0,0055,
(UHT = [6s, 615] initial states Tl(ty)) = dy = 0,0750
(1,4,0)", #2(to) = #3(to) = L(to) = (1,4,4)".
'Record [ak, by, - . .| means that the number a repeats k times, number b — m times.
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The calculations were performed using the interactive software system of the active
parametric identification (APIS). APIS was developed by the authors at the Department
of the theoretical and applied informatics NSTU and allows to solve problems of active
parametric identification of nonlinear stochastic discrete and discrete-continuous systems
based on planning of A- and D- optimal input signals using statistical and temporal
linearization. Furthermore, the software system allows optimal estimation of model
parameters for Gaussian linear dynamic systems based on the design of the input signals
and (or) the initial states [21].

We executed five starts of system, given a pseudorandom binary signal U.
For each start at ¢ = 0 we simulate data measurements using equations (8),
(10) Y = {y(t1),y(t2),....y(tn)}, write down Y = {g(t:[t1), 9(talta), ..., 9(tn[tn)},
U*(talta), ..., U* (tnltn)}, Y* = {g*(t1]t1)} in accordance with 6 = 0, and 0 = 0} ; average
the results Yo, ch, Y (see fig. 3-6).

cp?

70 T T T T 70

60

50

40

301

—e— Y, (k+1) —a— Y, (k+1)

—a— Y (k+1]k+1)
cp

10 L L L L 10 L L L L L L
5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40

208

—a— Y (k+1[k+1)
cp

Fig 3. Graphical representation of Y,,, ch Fig 4. Graphical representation of Y, ffc;
(passive identification) (design of the initial states)

70

70

60
60
50
50

40
40

30+ g
30
o —o— Y (k+1) |
—a— Y (k+1]k+1)
cp’
10 I 1 . . . .

5 10 15 20 25 30 35 40

—e— Y (k+1)

208 N
—a— Y (ke 1k+1)

10 L L L L L L L
5 10 15 20 25 30 35 40

Fig 6. Graphical representation ofY,,, v

R . . Or % cp
Fig 5 Graphlc'al rep@sentatwn of Yop, Yoy (design of the input signals and initial
(design of the input signals)

states)

The results presented in Table, show that design of the initial states led to better
estimation only by 18,2% in the parameter space, and 4,4% in the space of responses,
while design of the input signals contributed to the improvement of evaluation results
only by 23,9% and 5,9%, respectively. The most successful results were obtained for the
case of design of the inputs and initial states (improvement by 27,2% and 7,4%).

Thus, the authors consider that applying of the active parametric identification
procedures based on optimal design of input signals and initial states is helpful and
advisable.
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Conclusion

For the first time we considered and solved the problem of active parametric

identification of the Gaussian linear discrete systems in the case when the unknown
parameters are contained in the state and control equations as in well as the covariance
matrices of the system and measurement noise. The original gradient algorithms for active
identification based on optimal design of input signals and initial states were developed.

It was shown that design of the input signals and the initial states has a significant

impact on the functional dependence of state variables and model parameters.

The work is executed under the auspices of the Ministry of education and science of

the Russian Federation (N 2014/138, project Ao 1689).
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AKTUBHAA ITAPAMETPUYECKAA NWIEHTUOPUKAIINA
T'AYCCOBCKUX JIMHENHBIX JUCKPETHHBIX CUCTEM
HA OCHOBE IIJIAHNPOBAHUA SKCIIEPUMEHTA

B.M. Yyb6uu, O.C. Yepruxosa, E.A. Bepuxem

IIpumenenre METONOB TEOPUY TLTAHUPOBAHUS SKCIEPUMEHTA TIPU HASHTU(UKAINN TU-
HAMUYECKHUX CHCTEM IIO3BOJISIET MCCIIEIOBATEIIO MTONIYIUTh O0Jiee Ka9eCTBEHHYI0 MATeMaTH-

9eCKYI0 MOJEb [0 CPABHEHUIO C TPATUIMOHHBIME METOJAMHU TTACCUBHON MICHTU(MDUKAIINHN.
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MATEMATNYECKOE MOJIE/INPOBAHUE

B pabore obobmmaiorca pamee MOMyIeHHBIE aBTOPCKNE PE3yIbTATHI M MPEAIaraloTCsa aaro-
PUTMBL AKTUBHOI ITAPAMETPUUICCKON UACHTH(MDUKAIUN TayCCOBCKUX JIMHEHHBIX JTUCKPETHDBIX
CUCTEM HA OCHOBE COBMECTHOTO TJIAHWPOBAHWS BXOIHBIX CUTHAJIOB W HAYAJIBHBIX YCJIOBUN.
PaccmarpuBaroTcs MaTeMaTudecKue MOJIETN B TPOCTPAHCTBE COCTOSTHUN, B IIPEINIOI0KEHNH,
9TO TOMJIEKAIINE ONEHUBAHUIO TTAPAMETPHI COMEPIKATCS B MATPHUIAX COCTOSHUS, YIIPABJIE-
HUsI, BO3MYIIEHUsI, U3MEPEHNsI, B KOBAPUAIIMOHHBIX MATPUIIAX IIIyMOB CHCTEMbBI U H3Mepe-
Huit. PazpaboraHo mporpaMMHO-MaTEMATHIECKOE 00ECIIeIeHIE, TIO3BOJIAIOIIEE PEITaTh 3a,/1a-
91 AKTUBHON MapaMeTpUIecKoil WaeHTH(DUKAIMN C UCTOIB30BAHUEM METOAA MAKCUMAJIbHO-
T'0 IPABIOONOOMS, a TAKYKE TPSMOM W JBOMCTBEHHOM IPAIUEHTHBIX MPOIEAYD MOCTPOSHUS
A- u D- onrumanpabix mianos. Ha npuMepe MOTENBHON CTPYKTYPBI CUCTEMBI YIIPABJICHS
TIOABOIHBIM ANTIAPATOM MOKA3aHa 3P PEKTUBHOCTD U 1e1€CO00PA3HOCTD MPUMEHEHHsT IIPOTIe-
JypbI AKTUBHOI TapaMeTPUIecKOi naeHTu(UKAINA HA OCHOBE COBMECTHOTO TLTAHUPOBAHUS
BXOJIHBIX CHUTHAJIOB W HAYAJBHBIX YCIOBUM.

Karonesvie ca06a: ouenusanue napemempos; Memod Maxcumarbhozo npasdonodobus;

Ppuavmp Kaamarna, naaHuposaHue sKCNEPUMEHMA; UHPOPMAUUOHHAL MATNPULG.
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