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ÍÀÕÎÆÄÅÍÈÅ ÇÍÀ×ÅÍÈÉ ÑÓÌÌ
ÔÓÍÊÖÈÎÍÀËÜÍÛÕ ÐßÄÎÂ ÐÅËÅß � ØÐÅÄÈÍÃÅÐÀ
ÂÎÇÌÓÙÅÍÍÛÕ ÑÀÌÎÑÎÏÐßÆÅÍÍÛÕ ÎÏÅÐÀÒÎÐÎÂ

Ñ.È. Êàä÷åíêî, Ñ.Í. Êàêóøêèí

Àâòîðàìè ñòàòüè áûë ðàçðàáîòàí íåèòåðàöèîííûé ìåòîä âû÷èñëåíèÿ çíà÷åíèé
ñîáñòâåííûõ ôóíêöèé âîçìóùåííûõ ñàìîñîïðÿæåííûõ îïåðàòîðîâ, íàçâàííûé ìåòî-
äîì ðåãóëÿðèçîâàííûõ ñëåäîâ (ÐÑ). Îí ïîçâîëÿåò íàéòè çíà÷åíèÿ ñîáñòâåííûõ ôóíê-
öèé âîçìóùåííûõ îïåðàòîðîâ, çíàÿ ñïåêòðàëüíûå õàðàêòåðèñòèêè íåâîçìóùåííîãî
îïåðàòîðà è ñîáñòâåííûå ÷èñëà âîçìóùåííîãî îïåðàòîðà. Â îòëè÷èå îò èçâåñòíûõ ìå-
òîäîâ íàõîæäåíèÿ ñîáñòâåííûõ ôóíêöèé, ìåòîä ÐÑ íå èñïîëüçóåò ìàòðèöû è çíà÷åíèÿ
ñîáñòâåííûõ ôóíêöèé íàõîäÿòñÿ ïî ëèíåéíûì ôîðìóëàì. Ýòî çíà÷èòåëüíî óâåëè÷èâà-
åò åãî âû÷èñëèòåëüíóþ ýôôåêòèâíîñòü ïî ñðàâíåíèþ ñ êëàññè÷åñêèìè ìåòîäàìè. Äëÿ
ïðèìåíåíèÿ ìåòîäà ÐÑ íà ïðàêòèêå íåîáõîäèìî óìåòü ñóììèðîâàòü ôóíêöèîíàëüíûå
ðÿäû Ðåëåÿ � Øðåäèíãåðà âîçìóùåííûõ äèñêðåòíûõ îïåðàòîðîâ. Ðàíåå áûëè ïîëó÷å-
íû ôîðìóëû íàõîæäåíèÿ ≪âçâåøåííûõ≫ ïîïðàâîê òåîðèè âîçìóùåíèé, ÷òî ïîçâîëÿëî
ïðèáëèæåííî íàõîäèòü ñóììû ôóíêöèîíàëüíûõ ðÿäîâ Ðåëåÿ � Øðåäèíãåðà, çàìåíÿÿ
èõ ÷àñòè÷íûìè ñóììàìè, ñîñòîÿùèìè èç ýòèõ ïîïðàâîê. Â ñòàòüå âïåðâûå ïîëó÷åíû
ôîðìóëû íàõîæäåíèÿ çíà÷åíèé ñóìì ôóíêöèîíàëüíûõ ðÿäîâ Ðåëåÿ � Øðåäèíãåðà
âîçìóùåííûõ äèñêðåòíûõ îïåðàòîðîâ â óçëîâûõ òî÷êàõ. Ïðîâåäåíû âû÷èñëèòåëüíûå
ýêñïåðèìåíòû ïî íàõîæäåíèþ çíà÷åíèé ñîáñòâåííûõ ôóíêöèé âîçìóùåííîãî îäíîìåð-
íîãî îïåðàòîðà Ëàïëàñà. Ðåçóëüòàòû ýêñïåðèìåíòà ïîêàçàëè âûñîêóþ âû÷èñëèòåëüíóþ
ýôôåêòèâíîñòü ðàçðàáîòàííîãî ìåòîäà ñóììèðîâàíèÿ ðÿäîâ Ðåëåÿ � Øðåäèíãåðà.

Êëþ÷åâûå ñëîâà: âîçìóùåííûå îïåðàòîðû; ñîáñòâåííûå ÷èñëà; ñîáñòâåííûå

ôóíêöèè; êðàòíûé ñïåêòð; ñóììû ôóíêöèîíàëüííûõ ðÿäîâ Ðåëåÿ � Øðåäèíãåðà,

≪âçâåøåííûå≫ ïîïðàâêè òåîðèè âîçìóùåíèé.

Ââåäåíèå

Ðàññìîòðèì äèñêðåòíûé ïîëóîãðàíè÷åííûé ñíèçó îïåðàòîð T è îãðàíè÷åííûé
îïåðàòîð P , çàäàííûå â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H ñ îáëàñòüþ
îïðåäåëåíèÿ â D. Ïðåäïîëîæèì, ÷òî èçâåñòíû ñîáñòâåííûå ÷èñëà {λn}∞n=1 îïåðà-
òîðà T , çàíóìåðîâàííûå â ïîðÿäêå íåóáûâàíèÿ èõ âåëè÷èí, è îðòîíîðìèðîâàííûå
ñîáñòâåííûå ôóíêöèè {vn(x)}∞n=1 (x ∈ D), îòâå÷àþùèå ýòèì ñîáñòâåííûì ÷èñëàì
è îáðàçóþùèå áàçèñ â H. Îáîçíà÷èì ÷åðåç νn êðàòíîñòü ñîáñòâåííîãî ÷èñëà λn, à
êîëè÷åñòâî âñåõ íåðàâíûõ äðóã äðóãó λn, ëåæàùèõ âíóòðè îêðóæíîñòè Tn0 ðàäèó-

ñà ρn0 =
|λn0+1 + λn0 |

2
ñ öåíòðîì â íà÷àëå êîîðäèíàò êîìïëåêñíîé ïëîñêîñòè, ÷åðåç

n0. Ïóñòü {µn}∞n=1 � ñîáñòâåííûå ÷èñëà îïåðàòîðà T + P , çàíóìåðîâàííûå â ïîðÿäêå
íåóáûâàíèÿ èõ äåéñòâèòåëüíûõ ÷àñòåé, à {un(x)}∞n=1 (x ∈ D) � ñîîòâåòñòâóþùèå èì
ñîáñòâåííûå ôóíêöèè.

Â ðàáîòàõ [1�3] áûëà ïîëó÷åíà ñèñòåìà óðàâíåíèé:

m0∑
j=1

µp
juj(x)uj(y) =

m0∑
j=1

λp
jvj(x)vj(y) +

∞∑
k=1

α
(p)
k (m0, x, y), x, y ∈ D, p = 1,m0. (1)
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Çäåñü α
(p)
k (m0, x, y) = (−1)k

2πi

∫
Tn0

λp[KT (x, zk, λ) ◦ Pzk ]
k ◦ KT (zk, y, λ)dλ � k-òûå ïîïðàâ-

êè òåîðèè âîçìóùåíèé ê ≪âçâåøåííîé≫ ñïåêòðàëüíîé ôóíêöèè îïåðàòîðà T + P
öåëîãî ïîðÿäêà p. Îïåðàöèÿ ≪◦≫ ââîäèòñÿ ïî ïðàâèëó (K ◦ P ◦ Q)(x, y, λ) =∫
D

K(x, z, λ)PzQ(z, y, λ)dz, ãäå KT (x, y, λ) � ÿäðî ðåçîëüâåíòû Rλ(T ) îïåðàòîðà T .

Ñèñòåìà óðàâíåíèé (1) ïîçâîëÿåò íàéòè ñîáñòâåííûå ôóíêöèè uj(x) âîçìóùåííîãî
îïåðàòîðà T+P , èñïîëüçóÿ ñïåêòðàëüíûå õàðàêòåðèñòèêè íåâîçìóùåííîãî îïåðàòîðà
T è ñîáñòâåííûå ÷èñëà îïåðàòîðà T + P . Ðàíåå àâòîðàìè áûëè äîêàçàíû òåîðåìû, â
êîòîðûõ ïîëó÷åíû ôîðìóëû äëÿ íàõîæäåíèÿ ≪âçâåøåííûõ≫ ïîïðàâîê òåîðèè âîçìó-
ùåíèé α

(p)
k (m0, x, y) äèñêðåòíûõ îïåðàòîðîâ, íàéäåíû îöåíêè èõ ïîãðåøíîñòåé, äîêà-

çàíà ñõîäèìîñòü ñîîòâåòñòâóþùèõ ôóíêöèîíàëüíûõ ðÿäîâ Ðåëåÿ � Øðåäèíãåðà [4].
Â ðÿäå ñëó÷àåâ ñóììû ôóíêöèîíàëüíûõ ðÿäîâ Ðåëåÿ � Øðåäèíãåðà

∞∑
k=1

α
(p)
k (m0, x, y) óäàåòñÿ ïðèáëèçèòü, ñ íåîáõîäèìîé ñòåïåíüþ òî÷íîñòè, ïåðâû-

ìè ≪âçâåøåííûìè≫ ïîïðàâêàìè òåîðèè âîçìóùåíèé. Îäíàêî, ïðè íàõîæäåíèè k-îé
≪âçâåøåííîé≫ ïîïðàâêè α

(p)
k (m0, x, y) ïî ýòèì ôîðìóëàì, íåîáõîäèìî âû÷èñëÿòü

k + 1 êðàòíûå ÷èñëîâûå ðÿäû, ÷òî çíà÷èòåëüíî îñëîæíÿåò èõ âû÷èñëåíèå. Ïîýòîìó
âîçíèêëà íåîáõîäèìîñòü ïîñòðîèòü àëãîðèòì íàõîæäåíèÿ ñóìì ôóíêöèîíàëüíûõ
ðÿäîâ Ðåëåÿ � Øðåäèíãåðà.

1. Íàõîæäåíèå ñóìì ôóíêöèîíàëüíûõ ðÿäîâ
≪âçâåøåííûõ≫ ïîïðàâîê òåîðèè âîçìóùåíèé

Â ñëåäóþùåé òåîðåìå ïîëó÷åíû ôîðìóëû, óäîáíûå äëÿ íàõîæäåíèÿ ñóìì ôóíê-
öèîíàëüíûõ ðÿäîâ Ðåëåÿ � Øðåäèíãåðà.

Òåîðåìà 1. Ïóñòü T � äèñêðåòíûé ïîëóîãðàíè÷åííûé ñíèçó îïåðàòîð, P � îãðà-

íè÷åííûé îïåðàòîð, äåéñòâóþùèå â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H
ñ îáëàñòüþ îïðåäåëåíèÿ â D. Åñëè ôóíêöèè {vn(x)}∞n=1 (x ∈ D) îáðàçóþò îðòî-

íîðìèðîâàííûé áàçèñ â H, òî ñóììû ôóíêöèîíàëüíûõ ðÿäîâ Ðåëåÿ � Øðåäèíãåðà

íàõîäÿòñÿ ïî ôîðìóëàì

∞∑
n=1

α
(p)
n (m0, x, y) =

m0∑
k=1

[
µp
kvm(x)vm(y)− λp

kvk(x)vk(y)−

−µp
k

m−1∑
j,i=1

{V imĂ
(k)
ij

det Ă
(k)

vm(x)vj(y) +
VimĂ

(k)
ij

det Ă(k)
vj(x)vm(y)

}
+

+µp
k

m−1∑
j1,j2,i1,i2=1

Vi1mV i2mĂ
(k)
i1j1

Ă
(k)
i2j2

det Ă(k)det Ă(k)
vj1(x)vj2(y)

]
+ δ

(p)
m (m0, x, y).

(2)

Çäåñü ∣∣∣δ(p)m (m0, x, y)
∣∣∣ ≤ m0∑

k=1

|µk|p
[
2|C| · |ε(m)

k |
m∑
j=1

|x(k)
j |+ |ε(m)

k |2
]
,

x
(k)
l =

 − 1

det Ă(k)

m−1∑
i=1

VimĂ
(k)
il , l = 1,m− 1;

1, l = m.
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C = max
i=1,m

|vi(x)|, |δ(p)m (m0, x, y)|
m→∞−→ 0, ε

(m)
k = uk(x) − u

(m)
k (x), u

(m)
k (x) � ïðèáëèæåíèå

ñîáñòâåííîé ôóíêöèè uk(x), Ă
(k) = (aij)

m
i,j=1, m ∈ N, aij = Vij + (λi − µk)δij, Vij =

(Pvi, vj), δij � ñèìâîë Êðîíåêêåðà, Ă
(k)
ij � àëãåáðàè÷åñêèå äîïîëíåíèÿ ê ýëåìåíòàì

ìàòðèöû Ă(k). ×åðòà îçíà÷àåò êîìïëåêñíîå ñîïðÿæåíèå.

Äîêàçàòåëüñòâî. Ïóñòü ñèñòåìà ñîáñòâåííûõ ôóíêöèé {vn(x)}∞n=1 îïåðàòîðà T îá-
ðàçóþò îðòîíîðìèðîâàííûé áàçèñ â H. Òîãäà ñîáñòâåííûå ôóíêöèè uk(x) îïåðàòîðà
T + P ìîæíî ïðåäñòàâèòü â âèäå

uk(x) =
∞∑
i=1

c
(k)
i vi(x). (3)

Îáîçíà÷èì ε
(m)
k = uk(x)−u

(m)
k (x), ãäå u

(m)
k (x) � m-íàÿ ÷àñòè÷íàÿ ñóììà ôóíêöèîíàëü-

íîãî ðÿäà (3).

Ïðåîáðàçóåì ýëåìåíòû ìàòðèöû Am×m = (aij)
m
i,j=1, ãäå aij =

(
(T + P )vi, vj

)
.

Â ñèëó óðàâíåíèé Tvn = λnvn è îðòîíîðìèðîâàííîñòè ñèñòåìû ôóíêöèé {vn}∞n=1

çàïèøåì öåïî÷êó ðàâåíñòâ:

aij =
(
(T + P )vi, vj

)
= (Tvi, vj) + (Pvi, vj) =

= (λivi, vj) + (Pvi, vj) = λi(vi, vj) + (Pvi, vj) = λiδij + Vij,

ãäå δij =

{
1, i = j,
0, i ̸= j

� ñèìâîë Êðîíåêåðà, i, j = 1,m, m ∈ N.

Ñîáñòâåííûé âåêòîð X
(m)
k = (x

(k)
1 , x

(k)
2 , . . . , x

(k)
m )T ìàòðèöû Am×m (k = 1,m), ñîîò-

âåòñòâóþùèé ñîáñòâåííîìó ÷èñëó µk, äîëæåí óäîâëåòâîðÿòü ìàòðè÷íîìó óðàâíåíèþ:

(Am×m − µkE)X
(m)
k = 0. (4)

Òàê êàê ñîáñòâåííûé âåêòîð X
(m)
k çàäàåòñÿ ñ òî÷íîñòüþ äî ìíîæèòåëÿ, òî ïîëî-

æèì êîìïïàíåíòó x
(k)
m âåêòîðà X

(m)
k ðàâíîé åäèíèöå. Îòáðîñèì ïîñëåäíåå èç óðàâíå-

íèé ñèñòåìû (4), ïðè ýòîì îñòàâøèåñÿ óðàâíåíèÿ áóäóò ëèíåéíî íåçàâèñèìû. Ïîëó-
÷åííóþ ñèñòåìó óðàâíåíèé ïåðåïèøåì â ìàòðè÷íîé ôîðìå:

Ă(k)X
(m)
k = B ∼

∼


a11 − µk a12 ... a1,m−1

a21 a22 − µk ... a2,m−1

...
am−1,1 am−1,2 ... am−1,m−1 − µk




x
(k)
1

x
(k)
2

...

x
(k)
m−1

 =


−a1m
−a2m
...

−am−1,m

 .
(5)

Èç âèäà ìàòðèöû Am×m − µkE ñëåäóåò, ÷òî aim = Vim, i = 1,m− 1.
Íåîäíîðîäíóþ ñèñòåìó óðàâíåíèé (5) ðåøèì ìåòîäîì îáðàòíîé ìàòðèöû:

(x
(k)
1 , x

(k)
2 , ..., x

(k)
m−1)

T = [Ă(k)]−1B =
1

det Ă(k)



−
m−1∑
i=1

VimĂ
(k)
i1

−
m−1∑
i=1

VimĂ
(k)
i2

...

−
m−1∑
i=1

VimĂ
(k)
i,m−1


.
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Çäåñü Ă
(k)
ij � àëãåáðàè÷åñêèå äîïîëíåíèÿ ê ýëåìåíòàì ìàòðèöû Ă(k) (i, j = 1,m− 1).

Òàêèì îáðàçîì, êîìïàíåíòû âåêòîðà X
(m)
k (k = 1,m) ïðèìóò âèä

x
(k)
l =

 − 1

det Ă(k)

m−1∑
i=1

VimĂ
(k)
il , l = 1,m− 1;

1, l = m.
(6)

Ðàçðåøèì ñèñòåìó óðàâíåíèé (1) îòíîñèòåëüíî
∞∑
k=1

α
(p)
k (m0, x, y):

∞∑
k=1

α
(p)
k (m0, x, y) =

m0∑
k=1

[
µp
kuk(x)uk(y)− λp

kvk(x)vk(y)
]
=

=

m0∑
k=1

[
µp
ku

(m)
k (x)u

(m)
k (y)− λp

kvk(x)vk(y)
]
+

m0∑
k=1

µp
k

[
ε
(m)
k u

(m)
k (x) + ε

(m)
k u

(m)
k (y) + ε

(m)
k ε

(m)
k

]
=

=

m0∑
k=1

[
µp
ku

(m)
k (x)u

(m)
k (y)− λp

kvk(x)vk(y)
]
+ δ(p)m (m0, x, y).

Ðàçëîæèì êîìïàíåíòû ñîáñòâåííîãî âåêòîðà X
(m)
k ïî ýëåìåíòàì îðòîíîðìèðîâàí-

íîãî áàçèñà {vi(x)}mi=1 (x ∈ D), ñ ó÷åòîì ôîðìóë (6):

u
(m)
k (x) =

m∑
j=1

x
(k)
j vj(x) = vm(x)−

1

det Ă(k)

m−1∑
j=1

m−1∑
i=1

VimĂ
(k)
ij vj(x). (7)

Ïîäñòàâèì ôîðìóëû (7) â âûðàæåíèå äëÿ
∞∑
k=1

α
(p)
k (m0, x, y):

∞∑
k=1

α
(p)
k (m0, x, y) =

m0∑
k=1

[
µp
k

(
vm(x)−

1

det Ă(k)

m−1∑
j,i=1

VimĂ
(k)
ij vj(x)

)
×

×
(
vm(y)−

1

det Ă(k)

m−1∑
j,i=1

V imĂ
(k)
ij vj(y)

)
− λp

kvk(x)vk(y)
]
+ δ(p)m (m0, x, y) =

=

m0∑
k=1

[
µp
kvm(x)vm(y)−λp

kvk(x)vk(y)−µp
k

m−1∑
j,i=1

{V imĂ
(k)
ij

det Ă(k)
vm(x)vj(y)+

VimĂ
(k)
ij

det Ă(k)
vj(x)vm(y)

}
+

+µp
k

m−1∑
j1,j2,i1,i2=1

Vi1mV i2mĂ
(k)
i1j1

Ă
(k)
i2j2

det Ă(k)det Ă(k)
vj1(x)vj2(y)

]
+ δ(p)m (m0, x, y).

Îöåíèì îñòàòêè |δ(p)m (m0, x, y)|:∣∣∣δ(p)m (m0, x, y)
∣∣∣ ≤ m0∑

k=1

|µk|p
[
|Cε

(m)
k

m∑
j=1

x
(k)
j |+ |Cε

(m)
k

m∑
j=1

x
(k)
j |+ |ε(m)

k ε
(m)
k |

]
≤

≤
m0∑
k=1

|µk|p
[
2|C| · |ε(m)

k |
m∑
j=1

|x(k)
j |+ |ε(m)

k |2
]
.

Çäåñü C = max
i=1,m

|vi(x)|, à x
(k)
j âû÷èñëÿþòñÿ ïî ôîðìóäàì (6).
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2. Âû÷èñëèòåëüíûé ýêñïåðèìåíò

Äëÿ ïðîâåðêè ôîðìóë (2) áûë ïðîâåäåí âû÷èñëèòåëüíûé ýêñïåðèìåíò. Â êà÷åñòâå
íåâîçìóùåííîãî îïåðàòîðà T ðàññìàòðèâàëñÿ îäíîìåðíûé îïåðàòîð Ëàïëàñà, îïðå-
äåëåííûé íà îòðåçêå [0, l]. Åãî ñîáñòâåííûå ÷èñëà λn è ñîáñòâåííûå ôóíêöèè vn(x),
êàê èçâåñòíî, èìåþò âèä:

λn =
(πn

l

)2

, vn(x) = sin(
√

λnx).

Â êà÷åñòâå âîçìóùàþùåãî îïåðàòîðà P áðàëñÿ îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ p(x).
Èç ñèñòåìû óðàâíåíèé (1), ïðè m0 = n, âû÷òåì åå æå, íî ïðè m0 = n − 1. Ïîëó-

÷åííîå âûðàæåíèå ðàçðåøèì îòíîñèòåëüíî un(x)un(y):

un(x)un(y) =
1

µp
n

[
λp
nvn(x)vn(y) +

∞∑
k=1

α
(p)
k (n, x, y)−

∞∑
k=1

α
(p)
k (n− 1, x, y)

]
. (8)

Èñïîëüçóÿ ôîðìóëû (8) è (2), áûëè íàéäåíû çíà÷åíèÿ ïÿòîé è øåñòîé ñîáñòâåííûõ
ôóíêöèé âîçìóùåííîãî îïåðàòîðà T +P . Â òàáëèöàõ 1 è 2 ïðèâåäåíû çíà÷åíèÿ ëåâîé
è ïðàâîé ÷àñòåé óðàâíåíèÿ (T + P )un = µnun.

Òàáëèöà 1

Çíà÷åíèÿ (T + P )u5 è µ5u5 äëÿ âîçìóùåííîãî îïåðàòîðà Ëàïëàñà, âû÷èñëåííûõ ïðè
l = 1 è p(x) = x2

xj (T + P )u5(xj) µ5u5(xj) |(T + P )u5(xj)− µ5u5(xj)|
∣∣∣ (T + P )u5(xj)− µ5u5(xj)

µ5u5(xj)

∣∣∣× 100%

0, 142857 272, 83735198766 273, 18110548326 0, 34375 0, 125834
0, 285714 340, 30702671043 340, 65126665861 0, 34424 0, 101053
0, 428571 151, 51348751144 151, 60407602055 0, 09059 0, 059753
0, 571429 151, 60114526407 151, 60407602055 0, 00293 0, 001933
0, 714286 340, 89792225718 340, 65126665861 0, 24666 0, 072407
0, 857143 273, 62712104909 273, 18110548325 0, 44602 0, 163267

Òàáëèöà 2

Çíà÷åíèÿ (T + P )u6 è µ6u6 äëÿ âîçìóùåííîãî îïåðàòîðà Ëàïëàñà, âû÷èñëåííûõ ïðè

l = 1 è p(x) = sin
x

3
+ 1

xj (T + P )u6(xj) µ6u6(xj) |(T + P )u6(xj)− µ6u6(xj)|
∣∣∣ (T + P )u6(xj)− µ6u6(xj)

µ6u6(xj)

∣∣∣× 100%

0, 142857 218, 65994242645 218, 73206609730 0, 0721237 0, 0329735
0, 285714 394, 06411361875 394, 14156393128 0, 0774503 0, 0196504
0, 428571 491, 45509644760 491, 48649119961 0, 0313948 0, 0063877
0, 571429 491, 51983562427 491, 48649119961 0, 0333444 0, 0067844
0, 714286 394, 21974628211 394, 14156393128 0, 0781824 0, 0198361
0, 857143 218, 80367419419 218, 73206609730 0, 0716081 0, 0327378

Â òàáëèöå 3 ïðèâåäåíû çíà÷åíèÿ íåâÿçêè ∥(T + P )un − µnun∥ äëÿ ïåðâûõ 10 ñîá-
ñòâåííûõ ôóíêöèé un ïðè ðàçëè÷íûõ âîçìóùàþùèõ îïåðàòîðàõ P .
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Òàáëèöà 3

Çíà÷åíèÿ íåâÿçêè ∥(T + P )un − µnun∥ äëÿ âîçìóùåííîãî îïåðàòîðà Ëàïëàñà,
âû÷èñëåííûõ ïðè l = 1, m = n

n ∥(T + P )un − µnun∥ ïðè p(x) = sin
x

3
+ 1 ∥(T + P )un − µnun∥ ïðè p(x) = x2

1 0, 05933175453013449 0, 18486186946562712
2 0, 08722167298850077 0, 26982226399384459
3 0, 09141711850816346 0, 28555566913308841
4 0, 09283781270256698 0, 29106235945347709
5 0, 09348757188208574 0, 29361116877997433
6 0, 09383850642063260 0, 29499570545892765
7 0, 09404942961086482 0, 29583053561545063
8 0, 09418605494412680 0, 29637237064820354
9 0, 09427960126060587 0, 29674384907194357
10 0, 09434645249551450 0, 29700956347750404
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FINDING OF VALUES FOR SUMS OF FUNCTIONAL
RAYLEIGH � SCHREDINGER SERIES FOR PERTURBED
SELF-ADJOINT OPERATORS

S.I. Kadchenko, Nosov Magnitogorsk State Technical University, Magnitogorsk;
South Ural State University, Chelyabinsk, Russian Federation, kadchenko@masu.ru,
S.N. Kakushkin, Nosov Magnitogorsk State Technical University, Magnitogorsk,
Russian Federation, kakushkin-sergei@mail.ru

Authors of the article developed non-iteration method for calculating the values of
eigenfunctions for perturbed self-adjoint operators, namely the method of regularized traces
(RT). It allows to �nd the values of eigenfunctions of perturbed operators aware the spectral
characteristics of unperturbed operator and the eigenvalues of the perturbed operator. In
contrast to the known methods of �nding the eigenfunctions, the RT method does not use
the matrix, and the values of eigenfunctions are searched by linear formulas. This greatly
increases its computational e�ciency compared with classical methods. For application
of the RT method in practice one should be able to summarize the functional Rayleigh �
Schrodinger series of perturbed discrete operators. Previously authors obtained formulas for
�nding the "weighted" corrections of the perturbation theory, that allowed to approximate
the sum of functional Rayleigh � Schrodinger series, by partial sums consisting of these
corrections. In the article formulas for �nding the values of sums of functional Rayleigh �
Schrodinger series of perturbed discrete operators in the the nodal points were obtained.
Computational experiments for �nding the values of the eigenfunctions of the perturbed
one-dimensional Laplace operator were conducted. The results of the experiment showed
the high computational e�ciency of this method of summation of the Rayleigh � Schrodinger
series.

Keywords: perturbed operators; eigenvalues, eigenfunctions; multiple spectrum; the sum

of functional Rayleigh � Schrodinger series, "weighted" corrections of the perturbation

theory.
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