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Ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü êîíâåêòèâíîãî òåïëîîáìåíà â ïëîñêîì ïîðè-

ñòîì êàíàëå ïðè ëàìèíàðíîì òå÷åíèè íüþòîíîâñêîé ñðåäû â âèäå êðàåâîé çàäà÷è äëÿ

ñîïðÿæåííûõ óðàâíåíèé Äàðñè � Áðèíêìàíà � Ôîð÷õåéìåðà â ïðèáëèæåíèè Äàðñè �

Áðèíêìàíà è ïåðåíîñà òåïëîòû â ôîðìå Øóìàííà ïðè òåïëîâûõ ãðàíè÷íûõ óñëîâèÿõ

âòîðîãî ðîäà. Ìåòîäîì èíòåãðàëüíûõ ïðåîáðàçîâàíèé ïîëó÷åíî àíàëèòè÷åñêîå ðåøå-

íèå óðàâíåíèé ìîäåëè äëÿ ðàñ÷åòà òåðìè÷åñêèõ è ãèäðîäèíàìè÷åñêèõ ïîëåé. Ýòî ïîç-

âîëèëî íàéòè òî÷íûå ñîîòíîøåíèÿ äëÿ äëèíû íà÷àëüíîãî ãèäðîäèíàìè÷åñêîãî ó÷àñò-

êà, êîýôôèöèåíòà ãèäðàâëè÷åñêîãî ñîïðîòèâëåíèÿ òðåíèÿ ïî Ôàííèíãó, èäåíòèôèöè-

ðîâàòü ëîêàëüíûå õàðàêòåðèñòèêè òåìïåðàòóðíûõ ïîëåé æèäêîé ôàçû è ïîðèñòîãî

ñêåëåòà â çàâèñèìîñòè îò ïîðèñòîñòè, à òàêæå îöåíèòü ëîêàëüíûå ÷èñëà Íóññåëüòà è

îïðåäåëèòü îáëàñòü ýôôåêòèâíîãî òåïëîîáìåíà. Ïîëó÷åííûå äàííûå íå ïðîòèâîðå÷àò

êëàññè÷åñêèì ðåçóëüòàòàì.

Êëþ÷åâûå ñëîâà: ïîðèñòûå ñðåäû; òåïëîîáìåí; ïëîñêèé êàíàë; ãèäðàâëè÷åñêîå

ñîïðîòèâëåíèå; íà÷àëüíûé ãèäðîäèíàìè÷åñêèé ó÷àñòîê.

Ââåäåíèå

Ïîÿâëåíèå êîìïàêòíûõ ýíåðãîíàïðÿæåííûõ ýëåìåíòîâ ñèñòåì ðàçëè÷íîãî ïðåä-
ìåòíîãî íàçíà÷åíèÿ âûçâàëî íåîáõîäèìîñòü èõ ýôôåêòèâíîãî îõëàæäåíèÿ ñ öåëüþ
ñòàáèëèçàöèè òåìïåðàòóðíîãî ðåæèìà, îáåñïå÷èâàþùåãî çàäàííûå ýêñïëóàòàöèîí-
íûå õàðàêòåðèñòèêè [1]. Ðåøåíèå ýòîé ïðîáëåìû áàçèðóåòñÿ íà èñïîëüçîâàíèè ðàç-
ëè÷íûõ ìåòîäîâ èíòåíñèôèêàöèè òåïëîîáìåíà [2], íî íàèáîëüøåå ïðèìåíåíèå íàøëè
ïîðèñòûå ñðåäû [3] â ñèëó âûñîêèõ çíà÷åíèé êîýôôèöèåíòà òåïëîïåðåäà÷è.

Ôèçè÷åñêàÿ ìîäåëü ïîðèñòûõ ñðåä, êàê ïðàâèëî, ïðåäñòàâëÿåòñÿ â âèäå ïëîòíîé
óïàêîâêè ñôåð [4], ïóñòîòû êîòîðîé ñîåäèíåíû ìåæäó ñîáîé è çàïîëíåíû æèäêîñòüþ,
ïðè÷åì ïðèñóòñòâóþò òîëüêî äâå ôàçû � æèäêîñòü è ïîðèñòûé íåäåôîðìèðóåìûé
ñêåëåò.

Ãèäðîäèíàìèêà ïîðèñòîãî ñëîÿ îïèñûâàåòñÿ îáîáùåííîé ôåíîìåíîëîãè÷åñêîé ìî-
äåëüþ Äàðñè � Áðèíêìàíà � Ôîð÷õåéìåðà â ôîðìå Êñó � ×åíãà [5]:

∇ · V = 0; (1)

ρf
ε

[
∂V

∂τ
+

(
V · ∇

)
V

ε

]
= ρfg −∇p+ µf∇2V −

[
µf

V

K
+ ρf

bV
∣∣V ∣∣

√
K

]
; (2)

ãäå τ � âðåìÿ; ρf , µf � ïëîòíîñòü è äèíàìè÷åñêàÿ âÿçêîñòü æèäêîñòè; ε � äîëÿ ñâî-
áîäíîãî îáúåìà (ïîðèñòîñòü); V � âåêòîð ñêîðîñòè æèäêîñòè; g � âåêòîð óñêîðåíèÿ
ñâîáîäíîãî ïàäåíèÿ; p � äàâëåíèå. Ïðîíèöàåìîñòü ïîðèñòîé ñðåäû îïðåäåëÿåòñÿ èç
ìîäèôèöèðîâàííîãî ñîîòíîøåíèÿ Êîçåíè � Êàðìàíà [6].

K = ε2d2p/ [150 (1− ε)] , (3)
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ôàêòîð òðåíèÿ Ôîð÷õåéìåðà ðàâåí

b ≈ 0, 0117dp/ (1− ε) , (4)

ãäå dp � ñðåäíå÷èñëåííûé äèàìåòð ñôåðè÷åñêèõ ÷àñòèö â ïîðèñòîì ñëîå.
Óðàâíåíèå ýíåðãèè îáû÷íî çàïèñûâàåòñÿ äëÿ êàæäîé ôàçû (äâóõòåìïåðàòóðíàÿ

ìîäåëü) â ôîðìå Øóìàííà [7]:
äëÿ æèäêîñòè

ε (ρcp)f
∂tf
∂τ

+ ε (ρcp)f V · ∇tf = ∇ ·
(
λf
e · ∇tf

)
± αsfasf (ts − tf ) ; (5)

äëÿ ñêåëåòà

(1− ε) (ρcp)s
∂ts
∂τ

= ∇ · (λs
e · ∇ts)∓ αsfasf (ts − tf ) , (6)

ãäå λf
e , λ

s
e � òåíçîðû ýôôåêòèâíûõ êîýôôèöèåíòîâ òåïëîïðîâîäíîñòè æèäêîñòè è ñêå-

ëåòà; tf , ts � òåìïåðàòóðû æèäêîñòè è ñêåëåòà; αsf � êîýôôèöèåíò òåïëîîòäà÷è ìåæäó
æèäêîé ôàçîé è ìàòðèöåé ïîðèñòîãî ñêåëåòà; asf � óäåëüíàÿ ïëîùàäü ñìî÷åííîé ïî-
âåðõíîñòè â ïîðèñòîì òåëå; ρs, cps � ïëîòíîñòü è óäåëüíàÿ ìàññîâàÿ òåïëîåìêîñòü
ñêåëåòà ïîðèñòîãî òåëà; cpf � óäåëüíàÿ ìàññîâàÿ òåïëîåìêîñòü æèäêîñòè.

Óðàâíåíèÿ (1), (2), (5) è (6) ïîëó÷åíû ìåòîäîì îáúåìíîãî îñðåäíåíèÿ [4].
Åñëè òåïëîôèçè÷åñêèå ïàðàìåòðû â (5) è (6) îäíîðîäíû ïî ïðîñòðàíñòâåííûì

êîîðäèíàòàì è íå çàâèñÿò îò òåìïåðàòóðû, òî èõ, êàê ïîêàçàíî â [8], ìîæíî âû÷èñëèòü
èç ñîîòíîøåíèé:

asf = b (1− ε) /dp; (7)

αsf = λf

[
2 + 1, 1Pr∗1/3

(
ρf
∣∣V ∣∣ dp/µf

)0,6]
/dp, (8)

ãäå Pr∗ = µfcpf/λf ; λf � òåïëîïðîâîäíîñòü æèäêîñòè;

λf
e =

[
ε+ (0, 1÷ 0, 5) Pr

(
ρf
∣∣V ∣∣ dp
µf

])
λf ; (9)

λs
e = (1− ε)λs, (10)

ãäå λs � òåïëîïðîâîäíîñòü ñêåëåòà ïîðèñòîãî òåëà.
Ó÷èòûâàÿ ôåíîìåíîëîãè÷åñêèé õàðàêòåð ìîäåëè â ïîðèñòîì ñëîå ïîñòàíîâêà ãðà-

íè÷íûõ óñëîâèé îñóùåñòâëÿåòñÿ â ðàìêàõ êëàññè÷åñêîãî àíàëèçà çàäà÷ òåïëîïåðåíîñà
äëÿ ãîìîãåííûõ ñðåä [9].

Ïëîñêàÿ ãåîìåòðèÿ îõëàæäàåìûõ òåïëîâûäåëÿþùèõ ýëåìåíòîâ êîíñòðóêòèâíî
îáóñëàâëèâàåò òàêóþ æå ãåîìåòðèþ ïîðèñòûõ òåïëîîáìåííèêîâ, ïîýòîìó áîëüøèí-
ñòâî èññëåäîâàíèé ñîñðåäîòî÷èëîñü íà àíàëèçå ïëîñêèõ òåïëîîáìåííèêîâ ñ òåïëîâû-
ìè ãðàíè÷íûìè óñëîâèÿìè ïåðâîãî è âòîðîãî ðîäà ñî ñòîðîíû îõëàæäàåìîé ïîâåðõ-
íîñòè [10]. Äàæå â òàêîé ïðîñòîé ãåîìåòðè÷åñêîé ïîñòàíîâêå èíòåãðèðîâàíèå ñèñòåìû
(1), (2) è (5), (6) âûçûâàåò òàêèå æå çàòðóäíåíèÿ, êàê è ïðè ñîâìåñòíîì èíòåãðèðî-
âàíèè óðàâíåíèé Íàâüå � Ñòîêñà è òåïëîïåðåíîñà [11]. Ïîäðîáíûé îáçîð ÷èñëåííûõ
è ïðèáëèæåííûõ àíàëèòè÷åñêèõ ñïîñîáîâ ðåøåíèÿ ñèñòåìû (1), (2) è (5), (6) ïðè
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ðàçëè÷íûõ ãðàíè÷íûõ óñëîâèÿõ äëÿ ïëîñêîé ãåîìåòðèè ïðèâåäåí â [12], ãäå àíàëèçè-
ðóåòñÿ ýôôåêòèâíîñòü ñïåêòðà êîíå÷íî-ðàçíîñòíûõ è êîíå÷íî-ýëåìåíòíûõ ìåòîäîâ,
à òàêæå íîâàÿ òåõíîëîãèÿ ïîëó÷åíèÿ ïðèáëèæåííûõ ðåøåíèé â àíàëèòè÷åñêîì âèäå
� ãîìîòîïíî-ïåðòóðáàöèîííûé ìåòîä.

Îäíàêî âî âñåõ êîíêðåòíûõ ôîðìóëèðîâêàõ îáúÿâëåííîé çàäà÷è ãèäðîäèíàìè÷å-
ñêèì íà÷àëüíûì ó÷àñòêîì ïðåíåáðåãàþò íà îñíîâàíèè ìåòîäà àíàëèçà ðàçìåðíîñòåé
áåç óêàçàíèÿ êîíêðåòíûõ çàâèñèìîñòåé, ñâÿçûâàþùèõ ãåîìåòðè÷åñêèå, ãèäðîäèíà-
ìè÷åñêèå è òåïëîôèçè÷åñêèå õàðàêòåðèñòèêè ïîðèñòîé ñðåäû [13]. Îòñóòñòâèå òàêèõ
äàííûõ ïðèâîäèò ê âûáîðó çàâåäîìî çàâûøåííûõ çíà÷åíèé äëèíû íà÷àëüíîãî ãèä-
ðîäèíàìè÷åñêîãî ó÷àñòêà, íàïðèìåð â [14]. Ïîýòîìó â äàííîé ðàáîòå òàêàÿ çàâèñè-
ìîñòü èäåíòèôèöèðóåòñÿ â øèðîêîì äèàïàçîíå îñíîâíûõ ïàðàìåòðîâ ïðè ëàìèíàð-
íîì òå÷åíèè òåïëîíîñèòåëÿ â ðàìêàõ Áðèíêìàíîâñêîãî ïðèáëèæåíèÿ ìîäåëè Äàðñè
� Áðèíêìàíà � Ôîð÷õåéìåðà è íàõîäÿòñÿ óñëîâèÿ, ïðè êîòîðûõ âëèÿíèåì äëèíû
ãèäðîäèíàìè÷åñêîãî íà÷àëüíîãî ó÷àñòêà íà òåïëîïåðåäà÷ó ìîæíî ïðåíåáðå÷ü.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Õàðàêòåðíîé îñîáåííîñòüþ ïðè îôîðìëåíèè êîíñòðóêöèè ïëîñêîãî ïîðèñòîãî
òåïëîîáìåííèêà ÿâëÿåòñÿ ñóùåñòâåííîå ïðåâûøåíèå øèðèíû íàä âûñîòîé åãî ïîïå-
ðå÷íîãî ñå÷åíèÿ, ÷òî ïîçâîëÿåò ðàññìàòðèâàòü ïðîòî÷íóþ îáëàñòü êàê ïëîñêèé êàíàë
â 2D äåêàðòîâîé ñèñòåìå êîîðäèíàò (ðèñ. 1).

Ðèñ. 1. Ðàñ÷åòíàÿ ñõåìà: 1 � ïîðèñòîå òåëî; 2 � òåïëîâûäåëÿþùèé ýëåìåíò

Ïóñòü îäíîðîäíûé ïî ñå÷åíèþ ïîòîê òåïëîíîñèòåëÿ ñ òåìïåðàòóðîé t0 è ñî ñêî-
ðîñòüþ u0 ïîäàåòñÿ íà âõîä òåïëîîáìåííèêà âûñîòîé h è äëèíîé l. Ïîëàãàåì ñòåíêè
òåïëîîáìåííèêà íåïðîíèöàåìûìè äëÿ òåïëîíîñèòåëÿ, ïðè÷åì âåðõíÿÿ � òåïëîèçîëè-
ðîâàíà, à íà íèæíåé çàäàí òåïëîâîé ïîòîê q0. Ñîãëàñíî ïðèíÿòîé ðàñ÷åòíîé ñõåìå
óðàâíåíèÿ (1), (2) è (5), (6) â áåçðàçìåðíîé ôîðìå çàïèñè èìåþò âèä:

∂U

∂X
+

∂V

∂Y
= 0; (11)

∂U
∂θ

+ U ∂U
∂X

+ V ∂U
∂Y

=

= − ∂P
∂X

+ 1
Re

(
∂2U
∂X2 +

∂2U
∂Y 2

)
−
(

1
Re·Da

U + B√
Da
U
√
U2 + V 2

)
;

(12)

∂V
∂θ

+ U ∂V
∂X

+ V ∂V
∂Y

=

= −∂P
∂Y

+ 1
Re

(
∂2V
∂X2 +

∂2V
∂Y 2

)
−
(

1
Re ·Da

V + B√
Da
V
√
U2 + V 2

)
;

(13)
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1

ε

∂Tf

∂θ
+ U

∂Tf

∂X
+ V

∂Tf

∂Y
=

1

Pr ·Re

(
∂2Tf

∂X2
+

∂2Tf

∂Y 2

)
+

Nup · Re
Pr ·Re 2

p

(ΛTs − Tf ) ; (14)

(1− ε)Asf · Pr ·Re
∂Ts

∂θ
=

∂2Ts

∂X2
+

∂2Ts

∂Y 2
− Nup ·

(
Re

Re p

)2

(ΛTs − Tf ) , (15)

ãäå θ = u0τ/ (εh); X = x/h; Y = y/h; U = u/u0; V = ν/u0; u, ν � êîìïîíåíòû
âåêòîðà ñêîðîñòè æèäêîñòè V ; P = ε2p/ (ρfu

2
0); B = ε2b; Tf = λf

e (tf − t0) / (q0h);
Ts = λs

e (ts − t0) / (q0h); Λ = λf
e/λ

s
e; Re = pfu0h/ (µfε

2) � ÷èñëî Ðåéíîëüäñà; Re p =
ρfu0dp/ [6 (1− ε)µf ] � ëîêàëüíîå ÷èñëî Ðåéíîëüäñà; Da = K/h2 � ÷èñëî Äàðñè; Pr =
ε (ρcp)f µf/

(
λf
eρf
)
� ÷èñëî Ïðàíäòëÿ; Nup = αsfdp

/
λf
e � ëîêàëüíîå ÷èñëî Íóññåëüòà;

Asf =
[
λf
e

/
(ρcp)f

]/ [
λf
e

/
(ρcp)s

]
� êðèòåðèé, õàðàêòåðèçóþùèé äèôôóçèþ òåïëîòû

â æèäêîñòè îòíîñèòåëüíî äèôôóçèè òåïëîòû â ñêåëåòå ïîðèñòîé ñðåäû.
Ëàìèíàðíîå òå÷åíèå òåïëîíîñèòåëÿ ïîçâîëÿåò ïðèíÿòü ãèïîòåçó îäíîíàïðàâëåí-

íîñòè (V ≡ 0, ∂P/∂Y = const), à òàêæå ïðåíåáðå÷ü èíåðöèîííûìè ýôôåêòàìè ïðè
ïàäåíèè äàâëåíèÿ â ïîðèñòîì ñëîå, ÷òî ýêñïåðèìåíòàëüíî ïîäòâåðæäåíî â [15]. Ïðè-
ìåíåíèå ïîãðàíñëîéíîé ëèíåàðèçàöèè [16] ñ ó÷åòîì ñâÿçè θ = X/ε ñâîäèò ãèäðîäè-
íàìè÷åñêóþ ïîäçàäà÷ó (11) � (13) ê íà÷àëüíî-êðàåâîé çàäà÷å äëÿ ïàðàáîëè÷åñêîãî
óðàâíåíèÿ

∂U

∂X
= −1

ε

dP

dX
+

1

εRe

∂2U

∂Y 2
− U

εRe ·Da
(16)

ñ ãðàíè÷íûìè óñëîâèÿìè

U (0, Y ) = 1;U (X, 0) = U (X, 1) = 0, (17)

ãäå dP/dX îïðåäåëÿåòñÿ èç ñîõðàíåíèÿ ðàñõîäà æèäêîñòè ÷åðåç ïîïåðå÷íîå ñå÷åíèå
ïîðèñòîãî êàíàëà

1∫
0

U (X, Y ) dY = 1. (18)

Èç (16) � (18) ñëåäóåò óïðîùåíèå òåïëîîáìåííîé ïîäçàäà÷è (14), (15) ñ ó÷åòîì
òîãî, ÷òî äèôôóçèÿ òåïëîòû â ïîïåðå÷íîì íàïðàâëåíèè ïîðèñòîãî ñëîÿ ñóùåñòâåííî
áîëüøå, ÷åì â ïðîäîëüíîì (∂2Tf,s/∂Y

2 ≫ ∂2Tf,s/∂X
2) [17]:

U
∂Tf

∂X
=

1

Pr · Re
∂2Tf

∂Y 2
+

Nup · Re
Pr · Re2p

(ΛTs − Tf ) ; (19)

∂2Tf

∂Y 2
= Nup ·

(
Re

Rep

)2

· (ΛTs − Tf ) , (20)

ñ òåïëîâûìè ãðàíè÷íûìè óñëîâèÿìè, îòâå÷àþùèìè ïîñòàíîâêå çàäà÷è

Tf (0, Y ) = 0; (21)

∂Tf (X, 0)

∂Y
=

∂Ts (X, 0)

∂Y
= −1; (22)

∂Tf (X, 1)

∂Y
=

∂Ts (X, 1)

∂Y
= 0. (23)

Çàìåòèì, ÷òî ïîëó÷åííàÿ ìîäåëü (16) � (23) ìîæåò áûòü ïðîàíàëèçèðîâàíà ïî-
ñëåäîâàòåëüíî, ò.å. ñíà÷àëà ãèäðîäèíàìè÷åñêàÿ ïîäçàäà÷à, à çàòåì òåïëîâàÿ.
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2. Ãèäðîäèíàìè÷åñêàÿ ïîäçàäà÷à

Ëèíåéíîñòü ñèñòåìû (16), (17) ïîçâîëÿåò èñïîëüçîâàòü îäíîñòîðîííåå ïðåîáðà-
çîâàíèå Ëàïëàñà [18] ïî ïåðåìåííîé Õ è ïîëó÷èòü àíàëèòè÷åñêîå âûðàæåíèå äëÿ
áåçðàçìåðíîé ñêîðîñòè

U (X, Y ) = CεRe ·Da
⟨
1−

{
sh
(
YDa−1/2

)
+ sh

[
(1− Y )Da−1/2

]}
/ shDa−1/2

⟩
+

+2
∞∑
n=1

(
CεRe

Da−1 + µ2
n

− 1

)
{sin (µnY ) + sin [µn (1− Y )]}×

× exp

(
−Da−1 + µ2

n

εRe
X

)/
(µn cosµn − sinµn), (24)

ãäå C = −ε−1dP/dX, µn = πn. Èç (18) ïðè X → ∞ (ïîëíîñòüþ ðàçâèòîå òå÷åíèå)
íàéäåì

C =

εRe ·Da

1− 2
(
chDa−1/2 − 1

)
Da−1/2shDa−1/2


−1

, (25)

îòêóäà êîýôôèöèåíò ãèäðàâëè÷åñêîãî ñîïðîòèâëåíèÿ ïî Ôàííèíãó [19] åñòü

ξ = 4

ε2Re ·Da

1− 2
(
chDa−1/2 − 1

)
Da−1/2shDa−1/2


−1

. (26)

Îòìåòèì, ÷òî ïðè îòñóòñòâèè ïîðèñòîãî ñêåëåòà (ε → 1, Da → ∞) êîýôôèöèåíò ñî-
ïðîòèâëåíèÿ ñîâïàäàåò ñî çíà÷åíèåì ïðè ëàìèíàðíîì òå÷åíèè íüþòîíîâñêîé æèäêî-
ñòè â ïëîñêîì êàíàëå [20].

Äëèíà íà÷àëüíîãî ãèäðîäèíàìè÷åñêîãî ó÷àñòêà îïðåäåëåíà èç óñëîâèÿ

U (∞, 1/2)− U (X, 1/2)

U (∞, 1/2)
= 0, 03,

îãðàíè÷èâàÿñü ïåðâûì ÷ëåíîì ðÿäà â (24)

X = − εRe

Da−1 + π2
ln


5 · 10−3CεRe ·Da

[
1− 2sh(Da−1/2/2)

shDa−1/2

]
CεRe

Da−1+π2 − 1

 , (27)

îòêóäà, ñ ó÷åòîì (25) ñëåäóåò, ÷òî äëèíà íà÷àëüíîãî ó÷àñòêà ïðè òå÷åíèè â ïîðèñòîé
ñðåäå ïðîïîðöèîíàëüíà ÷èñëó Ðåéíîëüäñà è øèðèíå ïëîñêîãî êàíàëà, à â ïðåäåëå,
êîãäà ε → 1, Da → ∞, ïîëó÷àåòñÿ êëàññè÷åñêèé ðåçóëüòàò X = 0, 18Re [21].

Êàê è ñëåäîâàëî îæèäàòü, ñíèæåíèå ÷èñëà Re ïðè Da = const è ε = const íèâå-
ëèðóåò âëèÿíèå óñëîâèé âõîäà íà ïîëå ñêîðîñòåé (ðèñ. 2), òàêæå êàê è óìåíüøåíèå
÷èñëà Da ïðè Re = const è ε = const (ðèñ. 3).

Â ïðàêòè÷åñêè âàæíîì äèàïàçîíå ïîðèñòîñòè ε = 0, 1÷ 0, 5 çàìåòíîãî èçìåíåíèÿ
ñòðóêòóðû ïîëÿ ñêîðîñòè ïðè ðàçëè÷íûõ Re è Da íå íàáëþäàåòñÿ. Îäíàêî âëèÿíèå
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Ðèñ. 2. Ïîëå ñêîðîñòåé â ïëîñêîì ïîðèñòîì êàíàëå ïðè ε=0,4; Da=1 è ðàçëè÷íûõ
÷èñëàõ Re: à � 100; á � 1; â � 0,01

Ðèñ. 3. Ïîëå ñêîðîñòåé â ïëîñêîì ïîðèñòîì êàíàëå ïðè ε = 0, 4; Re = 1 è ðàçëè÷íûõ
÷èñëàõ Da: à � 100; á � 0,01; â � 1 · 10−4

óìåíüøåíèÿ ïîðèñòîñòè ñòàíîâèòñÿ ñóùåñòâåííûì íà êîýôôèöèåíò ãèäðàâëè÷åñêî-
ãî ñîïðîòèâëåíèÿ, óâåëè÷èâàÿ åãî çíà÷åíèå áîëåå ÷åì íà ïîðÿäîê (ðèñ. 4) è óìåíü-
øàÿ äëèíó íà÷àëüíîãî ãèäðîäèíàìè÷åñêîãî ó÷àñòêà äî õàðàêòåðíîãî ðàçìåðà ïîð dp
(ðèñ. 5). Íà ðèñ. 6 ïðîèëëþñòðèðîâàíî ïîäòâåðæäåíèå êîëè÷åñòâåííîé àäåêâàòíîñòè
ïðèíÿòûõ äîïóùåíèé ïðè ñèíòåçå ìàòåìàòè÷åñêîé ìîäåëè ãèäðîäèíàìè÷åñêîé ïîäçà-
äà÷è. Ýôôåêòèâíîñòü ïîðèñòûõ òåïëîîáìåííèêîâ ïðîÿâëÿåòñÿ ïðè ðàçóìíîì óìåíü-
øåíèè âåëè÷èíû ïðîíèöàåìîñòè (Da → 0) â êîíòåêñòå ïîòåðü íàïîðà íà ïðåîäîëåíèå
ñèë ãèäðîäèíàìè÷åñêîãî ñîïðîòèâëåíèÿ è óâåëè÷åíèè ïëîùàäè ïîâåðõíîñòè òåïëî-
ïåðåäà÷è ìåæäó ôàçàìè. Íî â ýòîì ñëó÷àå ïðîôèëü ñêîðîñòè òå÷åíèÿ æèäêîñòè â
ïëîñêîì ñëîå ïî ñòðóêòóðå ñîîòâåòñòâóåò ðåæèìó èäåàëüíîãî âûòåñíåíèÿ (ðèñ. 3 â),
÷òî äàåò îñíîâàíèå óïðîñèòü òåïëîâóþ ïîäçàäà÷ó, ñ÷èòàÿ â êîíâåêòèâíîì ñëàãàåìîì
óðàâíåíèÿ (19) U ≈ 1.
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Ðèñ. 4. Êîýôôèöèåíò ãèäðàâëè÷å-
ñêîãî ñîïðîòèâëåíèÿ, ðàññ÷èòàí-
íûé ïî ôîðìóëå (26)

Ðèñ. 5. Äëèíà ãèäðîäèíàìè÷åñêî-
ãî íà÷àëüíîãî ó÷àñòêà, ðàññ÷èòàí-
íàÿ ïî ôîðìóëå (27)

Ðèñ. 6. Ïðîôèëè ñêîðîñòåé â ïëîñêîì ïîðèñòîì ñëîå ïðè X = 20 è Re = 1 è ðàçëè÷-
íûõ Da: 1 � 0,3; 2 � 0,01; 3 � 0,00033 (� ðàñ÷åò; ◦ äàííûå èç [17])

3. Òåïëîâàÿ ïîäçàäà÷à

Àíàëèç ãèäðîäèíàìè÷åñêîé ïîäçàäà÷è ïîçâîëèë ïîëó÷èòü àíàëèòè÷åñêèå âûðà-
æåíèÿ äëÿ Tf è Ts ïóòåì ïîñëåäîâàòåëüíîãî ïðèìåíåíèÿ îäíîñòîðîííåãî ïðåîáðà-
çîâàíèÿ Ëàïëàñà ïî ïåðåìåííîé Õ è êîíå÷íîãî êîñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå ïî
ïåðåìåííîé Y [22]:

Tf (X, Y ) =
2

Pr ·Re
1

af
[
1− exp

(
−afX

)]
+ 2

∞∑
k=1

cfk
bk

cos (πkY )
[
1− exp

(
−bfkX

)]
; (28)

Ts (X, Y ) =
1

Nup

·
(
Rep
Re

)2
1

Λ
+

2X

Pr ·Re · Λ
+
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+2
∞∑
k=1

{
dsk +

csk
bk

[1− exp (−bskX)]

}
cos (πkY ) ; (29)

ãäå

af =
Nup · Re
Pr ·Rep

(
1

Rep
− 1

)
; cfk =

2Nup·Re

Pr ·Re2p
Λ + π2k2

Pr ·Re

π2k2 +Nup ·
(

Re
Rep

)2
Λ
;

bk =
π2k2

Pr · Re
+

Nup · Re
Pr ·Re2p

−
Nu2

p

Pr

Re3

Re4p
Λ

[
π2k2 +Nup ·

(
Re

Rep

)2

Λ

]2
;

csk = Nup ·
(

Re

Rep

)2
(
2Nup · Re
Pr · Re2p

Λ +
π2k2

Pr · Re

)/[
π2k2 +Nup ·

(
Re

Rep

)2

Λ

]2
;

dsk =
1

π2k2 +Nup ·
(

Re
Rep

)2
Λ
.

Ðàñ÷åòíûé àíàëèç òåïëîâîé ïîäçàäà÷è âûïîëíåí äëÿ òåïëîíîñèòåëÿ ñ òåïëîôèçè-
÷åñêèìè ñâîéñòâàìè, áëèçêèìè ê âîäå: µf = 0, 5·10−3 Ïà·ñ; ρf = 1000 êã/ì3; λf = 0, 68
Âò/(ì·Ê); cpf = 4190 Äæ/(êã·Ê). Ïîðèñòûé ñêåëåò � àëþìèíèé ñ òåïëîïðîâîäíîñòüþ
λs = 211 Âò/(ì·Ê). Ãåîìåòðè÷åñêèå ïàðàìåòðû òàêîâû: h=0,01 ì; dp = 0, 5 · 10−3 ì.
Ñêîðîñòü òåïëîíîñèòåëÿ âûáðàíà ðàâíîé u0 = 0, 2 ì/ñ. Ïðè òàêèõ èñõîäíûõ äàííûõ
ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

Óìåíüøåíèå ïîðèñòîñòè ïðèâîäèò ê áîëåå èíòåíñèâíîìó îõëàæäåíèþ ñêåëåòà
(ðèñ. 7), ïðè÷åì ïîëå òåìïåðàòóð ñóùåñòâåííî íåîäíîðîäíî, ò.å. âáëèçè ≪ãîðÿ÷åé≫ ïî-
âåðõíîñòè òåìïåðàòóðà çíà÷èòåëüíî âûøå òåìïåðàòóðû îêîëî òåïëîèçîëèðîâàííîé
ïîâåðõíîñòè. Ýòî îáúÿñíÿåòñÿ òåì, ÷òî ñêîðîñòü òåïëîíîñèòåëÿ ïðè ìåíüøåé ïî-
ðèñòîñòè óâåëè÷èâàåòñÿ â ïîðîâîì ïðîñòðàíñòâå è, ñëåäîâàòåëüíî, åãî òåìïåðàòó-
ðà óìåíüøàåòñÿ (ðèñ. 8). Êðîìå òîãî, íàáëþäàåòñÿ îòíîñèòåëüíûé ëîêàëüíûé ïåðå-
ãðåâ òåïëîíîñèòåëÿ â ïîãðàíè÷íîì ñëîå íà ≪ãîðÿ÷åé≫ ñòåíêå, ÷òî ìîæåò âûçâàòü ïðè
îïðåäåëåííûõ óñëîâèÿõ ôàçîâûé ïåðåõîä â òåïëîíîñèòåëå. Ïðè çíà÷èòåëüíîé äëèíå
òåïëîîáìåííèêà ýòîò ïåðåãðåâ ïðèíèìàåò ïîñòîÿííóþ âåëè÷èíó (ðèñ. 9), ÷òî ñâèäå-
òåëüñòâóåò î íàñòóïëåíèè òåïëîâîãî ðàâíîâåñèÿ ìåæäó òåïëîíîñèòåëåì è ïîðèñòûì
ñêåëåòîì.

Âû÷èñëåííîå ëîêàëüíîå ÷èñëî Íóññåëüòà (ðèñ. 10)

Nu (X) =
[
Tf (X, 0)− T f (X)

]−1
,

ãäå

T f (X) =

∫ 1

0

Tf (X, Y ) dY,

ïîêàçûâàåò, ÷òî íàèáîëåå ýôôåêòèâíî ïîðèñòûé òåïëîîáìåííèê ôóíêöèîíèðóåò ïðè
îòíîñèòåëüíîé åãî äëèíå ≤ 100, ò.å. íà íà÷àëüíîì òåïëîâîì ó÷àñòêå, ãäå çíà÷åíèÿ
áåçðàçìåðíîãî êîýôôèöèåíòà òåïëîîòäà÷è áîëåå ÷åì íà ïîðÿäîê âûøå ïî ñðàâíåíèþ
ñ àíàëîãè÷íûì òåïëîîáìåííèêîì áåç ïîðèñòîãî ñêåëåòà [23].
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Ðèñ. 7. Ïîëå ñêîðîñòåé â ïëîñêîì ïîðèñòîì êàíàëå ïðè ε=0,4; Da=1 è ðàçëè÷íûõ
÷èñëàõ Re : à � 100; á � 1

Ðèñ. 8. Ïîëå òåìïåðàòóð òåïëîíîñèòåëÿ â ïîðèñòîì ïëîñêîì òåïëîîáìåííèêå: à �
ε = 0, 7; á � ε = 0, 5

Çàêëþ÷åíèå

Ïðåäëîæåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü, îòâå÷àþùàÿ óñëîâèÿì àäåêâàòíîñòè è
êîððåêòíîñòè, ïîçâîëÿåò ðàññìàòðèâàòü åå êàê èíñòðóìåíòàðèé ïðè âûáîðå ðàöèî-
íàëüíûõ ïàðàìåòðîâ ïëîñêîãî ïîðèñòîãî òåïëîîáìåííèêà ñ òðåáóåìûìè òåïëîôèçè-
÷åñêèìè õàðàêòåðèñòèêàìè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íà-
óêè Ðîññèéñêîé Ôåäåðàöèè â ðàìêàõ Ôåäåðàëüíîé öåëåâîé ïðîãðàììû (Ñîãëàøåíèå
� 14.577.21.0202, óíèêàëüíûé èäåíòèôèêàòîð RFMEFI57715X0202).
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Ðèñ. 9. Òåìïåðàòóðà ïåðåãðåâà òåïëîíîñèòåëÿ ó ≪ãîðÿ÷åé≫ ñòåíêè îòíîñèòåëüíî ñðåä-
íåé òåìïåðàòóðû ïî ñå÷åíèþ òåïëîîáìåííèêà: à � ε = 0, 7; á � ε = 0, 5

à á

Ðèñ. 10. Ëîêàëüíîå ÷èñëî Íóññåëüòà: à � ε = 0, 7; á � ε = 0, 5
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A mathematical model of convective heat transfer in a �at porous channel for the

laminar �ow of Newtonian medium in the form of a boundary value problem for conjugate
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equations of Darcy � Brinkman � Forchheymer in Darcy � Brinkman approximation and

heat transfer in the Schumann's form with the second kind thermal boundary conditions

is proposed. An analytical solution of the model equations to calculate the thermal and

hydrodynamic �elds is obtained by the method of integral transforms. It allowed to �nd

the exact ratios for the hydrodynamic entrance region length, Fanning's hydraulic friction

coe�cient, identify the local characteristics of the liquid phase and a porous skeleton

temperature �elds depending on the porosity, as well as to evaluate the local Nusselt

numbers and determine the e�ective heat exchange domain. The data obtained do not

contradict the classical results.

Keywords: porous media; heat transfer; �at channel; �ow resistance; initial

hydrodynamic region.
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