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Î.Ñ. Ñòàðêîâà

Ðàáîòà ïîñâÿùåíà ñòîõàñòè÷åñêîé çàäà÷å Êîøè äëÿ íåëèíåéíîãî óðàâíåíèÿ ïåð-

âîãî ïîðÿäêà ñî çíà÷åíèÿìè â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå ñ ìóëüòèïëè-

êàòèâíûì øóìîì â íåêîòîðîì äðóãîì ãèëüáåðòîâîì ïðîñòðàíñòâå. Â ïåðâóþ î÷åðåäü â

ðàáîòå ïðåäñòàâëåíà ìîäåëü âðåìåííîé ñòðóêòóðû ïðîöåíòíîé ñòàâêè, êîòîðàÿ ÿâëÿåò-

ñÿ ìåðîé òåêóùåãî ðûíêà îáëèãàöèé. Ñëó÷àéíîñòü ïðîöåññà, îïèñûâàþùåãî âðåìåííûå

ñòðóêòóðó öåíû îáëèãàöèè, îáóñëîâëåíà òåì, ÷òî ýêîíîìè÷åñêèå ïîêàçàòåëè èçìåíÿ-

þòñÿ âî âðåìåíè è íåèçâåñòíû çàðàíåå. Ðàññìîòðåíû ìåòîäû âû÷èñëåíèÿ ôîðâàðäíîé

êðèâîé, îïèñûâàþùåé âðåìåííóþ ñòðóêòóðû öåíû îáëèãàöèè, è ïåðåõîä îò íèõ ê ðå-

øåíèþ çàäà÷è Êîøè óêàçàííîãî âèäà. Ïðèâåäåíû óñëîâèÿ íà èñõîäíûå îòîáðàæåíèÿ,

íåîáõîäèìûå äëÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ, è ïîñòðîåíû ïðèìåðû

îòîáðàæåíèé, óäîâëåòâîðÿþùèõ ýòèì óñëîâèÿì. Ðàññìîòðåíû ñëàáîå è ìÿãêîå ðåøå-

íèÿ çàäà÷è Êîøè, ïðèâåäåíû ðåçóëüòàòû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ìÿãêîãî

ðåøåíèÿ, ïîêàçàíà ñâÿçü ìÿãêîãî è ñëàáîãî ðåøåíèé, èç êîòîðîé ñëåäóåò ñóùåñòâîâà-

íèå è åäèíñòâåííîñòü ñëàáîãî ðåøåíèÿ çàäà÷è Êîøè.

Êëþ÷åâûå ñëîâà: ñòîõàñòè÷åñêàÿ çàäà÷à Êîøè; áåëûé øóì; âèíåðîâñêèé ïðîöåññ;

ñëàáîå ðåøåíèå; ìÿãêîå ðåøåíèå; öåíà îáëèãàöèè; ôîðâàðäíàÿ êðèâàÿ.

Ââåäåíèå

Ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíî-îïåðàòîðíûå óðàâíåíèÿ, â òîì ÷èñëå â àá-
ñòðàêòíûõ ïðîñòðàíñòâàõ, âîçíèêàþò ïðè ìîäåëèðîâàíèè ðàçëè÷íûõ ÿâëåíèé ïðè-
ðîäû è ÷åëîâå÷åñêîé äåÿòåëüíîñòè, êîãäà íåîáõîäèìî ó÷èòûâàòü ñëó÷àéíûå âîçäåé-
ñòâèÿ íà ñèñòåìó èëè íàëè÷èå øóìà â ñàìîé ìîäåëèðóåìîé ñèñòåìå. Â íàñòîÿùåé
ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ óðàâíåíèÿ ïåðâîãî ïîðÿäêà ñ îïåðàòîðîì
A, äåéñòâóþùåì â íåêîòîðîì ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H è ÿâëÿþ-
ùèìñÿ ãåíåðàòîðîì ïîëóãðóïïû êëàññà C0 (ñì., íàïðèìåð, [1�5]):

dX(t) = AX(t) dt+ F (t,X) dt+B(t,X) dW (t), t ∈ [0, T ], T ≤ ∞, X(0) = ζ, (1)

ãäå W (t) � âèíåðîâñêèé ïðîöåññ ñî çíà÷åíèÿìè â íåêîòîðîì äðóãîì ñåïàðàáåëüíîì
ãèëüáåðòîâîì ïðîñòðàíñòâå H, F (t,X) � îòîáðàæåíèå èç H â H è B(t,X) � îïåðà-
òîð, äåéñòâóþùèé èç H â ïðîñòðàíñòâî ëèíåéíûõ îïåðàòîðîâ Ãèëüáåðòà � Øìèäòà
LHS(HQ, H).

Â ïåðâóþ î÷åðåäü â ðàáîòå ïðåäñòàâëåíà ìîäåëü [8], âîçíèêàþùàÿ íà ôîíäîâîì
ðûíêå. Ðàññìàòðèâàåìûé ðûíîê îáëèãàöèé îòëè÷àåòñÿ îò ðûíêà öåííûõ áóìàã â îä-
íîì ôóíäàìåíòàëüíîì àñïåêòå: â òî âðåìÿ, êàê ðûíîê àêöèé ñòðîèòñÿ íà êîíå÷-
íîì ÷èñëå òîðãóåìûõ àêòèâîâ, îñíîâîïîëàãàþùèì áàçèñîì ðûíêà îáëèãàöèé ÿâëÿ-
åòñÿ åäèíàÿ âðåìåííàÿ ñòðóêòóðà ïðîöåíòíîé ñòàâêè � áåñêîíå÷íîìåðíàÿ âåëè÷èíà,
êîòîðóþ íåâîçìîæíî íàáëþäàòü. Âðåìåííàÿ ñòðóêòóðà öåíû îáëèãàöèè ñâîäèòñÿ ê
çàäà÷å íàõîæäåíèÿ âðåìåííîé ñòðóêòóðû ïðîöåíòíîé ñòàâêè èëè ôîðâàðäíîé êðè-
âîé, êîòîðàÿ, â ñâîþ î÷åðåäü, ñâîäèòñÿ ê çàäà÷å (1).

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2016. Ò. 9, � 4. Ñ. 63�72
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Äàëåå, äëÿ çàäà÷è (1) ïðèâåäåíû óñëîâèÿ íà îòîáðàæåíèÿ A, F è B, íåîáõîäèìûå
äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ, è, ÷òî âàæíî, ïîñòðîåíû ïðèìåðû îòîáðàæåíèé, óäî-
âëåòâîðÿþùèå ýòèì óñëîâèÿì. Â çàêëþ÷åíèè ïðèâåäåíû ðåçóëüòàòû ñóùåñòâîâàíèÿ
è åäèíñòâåííîñòè ìÿãêîãî ðåøåíèÿ çàäà÷è Êîøè (ñì. [1, 2]), à òàêæå ïîêàçàíà ñâÿçü
ìÿãêîãî è ñëàáîãî ðåøåíèé, èç êîòîðîé ñëåäóåò ñóùåñòâîâàíèå è åäèíñòâåííîñòü ñëà-
áîãî ðåøåíèÿ.

1. Ìîäåëè

Ñðåäè àêòèâíî èñïîëüçóåìûõ íà ôèíàíñîâîì ðûíêå öåííûõ áóìàã âàæíîå çíà-
÷åíèå èãðàþò îáëèãàöèè ñ íóëåâûì êóïîíîì èëè ïðîñòî îáëèãàöèè. Âëàäåëåö òàêîé
öåííîé áóìàãè èìååò ïðàâî ïîëó÷èòü â îãîâîðåííûé ñðîê T åå íîìèíàëüíóþ ñòîè-
ìîñòü (ïðèíèìàåìóþ çà åäèíèöó). Öåíà îáëèãàöèè â ìîìåíò âðåìåíè t îáîçíà÷àåòñÿ
P (t, T ). Òàêèì îáðàçîì, âðåìåííàÿ ñòðóêòóðà öåíû îáëèãàöèè {P (t, T ), T ≥ t}, ïîä-
ëåæàùàÿ èçó÷åíèþ â ìîìåíò âðåìåíè t (ñåãîäíÿ), ÿâëÿåòñÿ (ñ ðîñòîì T ïðè ôèêñèðî-
âàííîì t) äåòåðìèíèðîâàííîé, íåâîçðàñòàþùåé, ïîëîæèòåëüíîé êðèâîé ñ P (t, t) = 1;
ïðè ýòîì äëÿ ôèêñèðîâàííîãî ìîìåíòà âûïëàòû T ïðîöåññ P = {P (t, T ), t ≤ T} ÿâ-
ëÿåòñÿ ñòîõàñòè÷åñêèì. Ñëó÷àéíîñòü ïðîöåññà P îáóñëîâëåíà òåì, ÷òî ýêîíîìè÷åñêèå
ïîêàçàòåëè èçìåíÿþòñÿ âî âðåìåíè è íåèçâåñòíû çàðàíåå. Ñëåäóåò îòìåòèòü, ÷òî â
ðåàëüíîñòè ñòîèìîñòü îáëèãàöèè çàâèñèò åùå è îò íåêîòîðûõ äîïîëíèòåëüíûõ ôàê-
òîðîâ, òàêèõ êàê, íàïðèìåð, âåðîÿòíîñòü íåâûïîëíåíèÿ îáÿçàòåëüñòâ ýìèòåíòîì, íî
äàëåå ýòè ïðè÷èíû áóäóò îïóùåíû.

×àñòî èñïîëüçóåìîé èíôîðìàòèâíîé ìåðîé òåêóùåãî ðûíêà îáëèãàöèé â ìîìåíò
âðåìåíè t ÿâëÿåòñÿ âðåìåííàÿ ñòðóêòóðà ïðîöåíòíîé ñòàâêè èëè ôîðâàðäíàÿ êðèâàÿ
{f(t, T ), T ≥ t}, çàäàííàÿ ñëåäóþùèì îáðàçîì

P (t, T ) = exp

(
−
∫ T

t

f(t, s) ds

)
. (2)

Èç ðàâåíñòâà (2) ñëåäóåò, ÷òî ôîðâàðäíàÿ êðèâàÿ ñîäåðæèò âñþ èçíà÷àëüíóþ èíôîð-
ìàöèþ î öåíå îáëèãàöèè, êîòîðàÿ ìîæåò áûòü ïîëíîñòüþ âîññòàíîâëåíà. Áîëåå òîãî,
êðèâàÿ ÿâëÿåòñÿ âàæíûì ïîêàçàòåëåì äëÿ öåíòðàëüíûõ áàíêîâ äëÿ óñòàíîâëåíèÿ
äåíåæíîé ïîëèòèêè, òåì íå ìåíåå, â îòëè÷èå îò öåíû îáëèãàöèè, ôîðâàðäíàÿ êðè-
âàÿ ïðåäñòàâëÿåò ñêîðåå ìàòåìàòè÷åñêóþ ìîäåëü, íåæåëè ôàêòè÷åñêè íàáëþäàåìóþ
âåëè÷èíó.

Â êîðîòêèé ïðîìåæóòîê âðåìåíè â îêðåñòíîñòè T = t ïî ôîðâàðäíîé êðèâîé
ìîæåò îïðåäåëÿòüñÿ êðàòêîñðî÷íàÿ ïðîöåíòíàÿ ñòàâêà

R(t) := f(t, t). (3)

Ýòî ïðîöåíòíàÿ ñòàâêà äëÿ çàéìà íà áåñêîíå÷íî ìàëîì èíòåðâàëå [t−∆t, t] â ìîìåíò
âðåìåíè t. Òàê êàê ïðîöåññ {R(t), t ∈ R+} èçìåðèì è èíòåãðèðóåì ïî t, òî ìîæíî
îïðåäåëèòü íåêîòîðûé ïðîöåññ

B(t) = exp

(∫ t

0

R(s) ds

)
, t ∈ R+, (4)

êîòîðûé ìîæíî òðàêòîâàòü êàê ñóììó, íàêîïëåííóþ ê ìîìåíòó âðåìåíè t, íà÷èíàÿ ñ
ñóììû ðàâíîé åäèíèöå â ìîìåíò âðåìåíè 0, ñ íåïðåðûâíûì íà÷èñëåíèåì ïðîöåíòîâ
ïî êðàòêîñðî÷íîé ñòàâêå R(s), s ∈ [0, t].
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Ïîñêîëüêó ôîðâàðäíóþ êðèâóþ, íåîáõîäèìóþ ïðè âû÷èñëåíèè P (t, T ), íåëüçÿ
íàáëþäàòü íà ôîíäîâîì ðûíêå, íåîáõîäèìû ìåòîäû åå âû÷èñëåíèÿ. Íà ïðàêòèêå
ïðèìåíÿåòñÿ íåñêîëüêî àëãîðèòìîâ âû÷èñëåíèÿ òåêóùåé âðåìåííîé ñòðóêòóðû ïðî-
öåíòíîé ñòàâêè íà îñíîâå ðûíî÷íûõ äàííûõ. Ëþáîé èç ïðèìåíÿåìûõ ìåòîäîâ ìîæåò
áûòü ïðåäñòàâëåí êàê ïàðàìåòðèçîâàííîå ñåìåéñòâî {G(·, z), z ∈ Z} ãëàäêèõ êðè-
âûõ, ãäå Z ⊂ Rm � êîíå÷íîìåðíîå ìíîæåñòâî ïàðàìåòðîâ äëÿ íåêîòîðîãî m ∈ N.
Ïðè ïðàâèëüíîì âûáîðå ïàðàìåòðîâ z ∈ Z äîñòèãàåòñÿ îïòèìàëüíîå ïðèáëèæåíèå
ôîðâàðäíîé êðèâîé G(x, z) → G(x) = f(T − x, T ), ãäå x = T − t, ê íàáëþäàåìûì
äàííûì.

Íàèáîëåå èçâåñòíûìè ïðèìåðàìè, èñïîëüçóåìûìè ìèðîâûìè öåíòðàëüíûìè áàí-
êàìè, ÿâëÿþòñÿ ñåìåéñòâî Íåëüñîíà � Ñèãåëà ñ êðèâîé âèäà [8]

GNS(x, z) = z1 + (z2 + z3x)e
−z4x (5)

è ñåìåéñòâî Ñâåíñîíà, êàê ïðîäîëæåíèå ñåìåéñòâà Íåëüñîíà � Ñèãåëà,

GS(x, z) = z1 + (z2 + z3x)e
−z5x + z4e

−z6x. (6)

Äðóãîé ïîäõîä ê íàõîæäåíèþ f(t, T ) ïðåäñòàâëÿåò ìåòîäîëîãèÿ, îïèñàííàÿ â ðà-
áîòå [6]. Çäåñü äëÿ ïðîèçâîëüíîãî ôèêñèðîâàííîãî T ∈ R+ ôîðâàðäíàÿ êðèâàÿ f(t, T )
âåäåò ñåáÿ êàê ïðîöåññ Èòî ñ íåêîòîðûìè ôóíêöèÿìè α, σ. Â ýòîì ïîäõîäå ôîðâàðä-
íàÿ êðèâàÿ f èùåòñÿ êàê ðåøåíèå óðàâíåíèÿ

f(t, T ) = f(0, T ) +

∫ t

0

α(a, T ) ds+

∫ t

0

σ(s, T ) dW (s), t ∈ [0, T ], (7)

ãäå W � êîíå÷íîìåðíîå áðîóíîâñêîå äâèæåíèå. Ïîçæå, íà áàçå ðàáîòû [6], ðåïàðàìåò-
ðèçàöèè rt(x) := f(t, x+ t) [7] è ïîëóãðóïïîâîé òåîðèè äëÿ ñòîõàñòè÷åñêèõ óðàâíåíèé
â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ [1] â ðàáîòå [8] ïðåäëîæåí ïåðåõîä ê ðåøåíèþ çàäà÷è:{

dr(t) = (Ar(t) + α(t, r(t))) dt+ σ(t, r(t)) dW̃ (t),

r0 = h0,
(8)

ãäå W̃ (t) � áåñêîíå÷íîìåðíûé âèíåðîâñêèé ïðîöåññ, îïåðàòîð A � ãåíåðàòîð ïîëóãðóï-
ïû ñäâèãà (âïðàâî) S(t)h(x) = h(x+ t), òî åñòü Ah(x) = ∂xh(x) äëÿ ëþáîé ôóíêöèè h
èç îáëàñòè îïðåäåëåíèÿ îïåðàòîðà A. Êîýôôèöèåíòû α(t, r(t)) è σ(t, r(t)) � íåêîòîðûå
îòîáðàæåíèÿ.

Â íàñòîÿùåé ðàáîòå ðàññìîòðèì ðåøåíèå äèôôåðåíöèàëüíî-îïåðàòîðíûõ çàäà÷
Êîøè òèïà (8), óñòàíîâèì óñëîâèÿ íà A, α è σ, ïðè êîòîðûõ ðåøåíèå ñóùåñòâóåò è
åäèíñòâåííî, à òàê æå ïðèâåäåì ïðèìåðû îïåðàòîðîâ, óäîâëåòâîðÿþùèõ ýòèì óñëî-
âèÿì.

2. Íåëèíåéíîå óðàâíåíèå ñ ìóëüòèïëèêàòèâíûì øóìîì.
Ïîñòàíîâêà çàäà÷è. Ïðèìåðû îïåðàòîðîâ A, F è B

ÏóñòüH, H � ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà, (Ω,F ,P) � âåðîÿòíîñòíîå
ïðîñòðàíñòâî ñ íîðìàëüíîé ôèëüòðàöèåé Ft, t ≥ 0.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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Áóäåì ðàññìàòðèâàòü çàäà÷ó Êîøè âèäà{
dX(t) = (AX(t) + F (t,X)) dt+B(t,X) dW (t),

X(0) = ζ,
(9)

êîòîðàÿ ÿâëÿåòñÿ êðàòêîé çàïèñüþ èíòåãðàëüíîãî óðàâíåíèÿ

X(t)− ζ =

∫ t

0

(AX(s) + F (s,X(s)) ds+

∫ t

0

B(s,X(s)) dW (s),

ãäå X � èñêîìûé H-çíà÷íûé ñëó÷àéíûé ïðåäñêàçóåìûé ïðîöåññ; ζ � F0-èçìåðèìàÿ H-
çíà÷íàÿ ñëó÷àéíàÿ âåëè÷èíà; îïåðàòîð A : dom A ⊂ H → H ïîðîæäàåò ïîëóãðóïïó
êëàññà C0; îòîáðàæåíèå F (t,X(t)) : H → H; Q � íåîòðèöàòåëüíûé îïåðàòîð ñëåäà â
H, òàêîé, ÷òî Qej = σ2

j ej,
∑∞

j=1 σ
2
j < ∞; îïåðàòîð B(t,X(t)) � îïåðàòîð Ãèëüáåðòà

� Øìèäòà èç ïðîñòðàíñòâà HQ = Q
1
2H (ñ íîðìîé ∥h∥HQ

= ∥Q− 1
2h∥H) â ïðîñòðàíñòâî

H, äàëåå ïðîñòðàíñòâî îïåðàòîðîâ Ãèëüáðåòà � Øìèäòà èç HQ â H áóäåì îáîçíà÷àòü
LHS; W (t), t ≥ 0 � H-çíà÷íûé Q-âèíåðîâñêèé ïðîöåññ.

Ïðè ôèêñèðîâàííîì T > 0 çàäàíû ñëåäóþùèå óñëîâèÿ íà êîýôôèöèåíòû A, F è
B:

1) Îòîáðàæåíèå F : [0, T ] × Ω × H → H, (t, ω, x) → F (t, ω;x) èçìåðèìî èç (ΩT ×
H,PT × B(H)) â (H,B(H)).

2) Îòîáðàæåíèå B : [0, T ] × Ω ×H → LHS, (t, ω, x) → B(t, ω;x) èçìåðèìî èç (ΩT ×
H,PT × B(H)) â (LHS,B(LHS)).

3) Ñóùåñòâóåò òàêàÿ êîíñòàíòà C > 0, ÷òî F (·) è B(·) óäîâëåòâîðÿþò óñëîâèÿì Ëèï-
øèöà è ëèíåéíîãî ðîñòà:{

∥F (t, ω;x)− F (t, ω; y)∥H + ∥B(t, ω; x)−B(t, ω; y)∥LHS
≤ C∥x− y∥H ,

∥F (t, ω;x)∥2H + ∥B(t, ω; x)∥2LHS
≤ C2(1 + ∥x∥2H),

(10)

ãäå x, y ∈ H, t ∈ [0, T ], ω ∈ Ω è PT � ïðåäñêàçóåìàÿ σ-àëãåáðà íà ΩT = [0, T ]× Ω.
Ïðèâåäåì ïðèìåðû îïåðàòîðîâ A, B è F , óäîâëåòâîðÿþùèõ óñëîâèÿì 1)− 3).
Êàê óæå áûëî îòìå÷åíî ðàíåå, ïðèìåðîì îïåðàòîðà A, óäîâëåòâîðÿþùåãî óñëîâè-

ÿì çàäà÷è, ìîæåò áûòü ãåíåðàòîð ïîëóãðóïïû ñäâèãà â ïðîñòðàíñòâåH = L2(−∞,∞),
òî åñòüA = ∂

∂x
. Îáëàñòü îïðåäåëåíèÿ îïåðàòîðàA � êëàññ ôóíêöèé f(·) èç L2(−∞,∞),

ïðîèçâîäíûå êîòîðûõ òàêæå ïðèíàäëåæàò L2(−∞,∞); òîãäà A � çàìêíóòûé ëèíåé-
íûé îïåðàòîð ñ ïëîòíîé îáëàñòüþ îïðåäåëåíèÿ. Èçó÷èì åãî ñïåêòð, äëÿ ýòîãî ðàñ-
ñìîòðèì óðàâíåíèå

λf − f ′ = g, f, g ∈ L2(−∞,∞), f ∈ dom A.

Òàê êàê
λf = f ′ ⇒ f(x) = eλxf(0),

òî òî÷å÷íûé ñïåêòð îïåðàòîðà A ïóñò, ñëåäîâàòåëüíî, ñóùåñòâóåò îïåðàòîð îáðàòíûé
ê îïåðàòîðó λI −A. Âîñïîëüçóåìñÿ ïðåîáðàçîâàíèåì Ôóðüå äëÿ ðåøåíèÿ íåîäíîðîä-
íîãî óðàâíåíèÿ:

f̃(σ) =
g̃(σ)

λ− iσ
=

g̃(σ)

Re λ+ i Im λ− iσ
,
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òàê ÷òî ÷èñëî λ ïðèíàäëåæèò ðåçîëüâåíòíîìó ìíîæåñòâó, åñëè åãî âåùåñòâåííàÿ
÷àñòü íå ðàâíà íóëþ. Ñ äðóãîé ñòîðîíû, ïîñêîëüêó ðåçîëüâåíòíîå ìíîæåñòâî äîëæíî
áûòü îòêðûòî, ìíèìàÿ îñü ÿâëÿåòñÿ ñïåêòðîì îïåðàòîðà A. Ñëåäîâàòåëüíî, äëÿ λ > 0
(è äëÿ λ < 0)

∥R(λ;A)g∥2 =
∫ +∞

−∞

|g̃(σ)|2

(Re λ)2 + σ2
dσ ≤ ∥g̃∥2

(Re λ)2
=

∥g∥2

λ2
=⇒ ∥R(λ;A)∥ ≤ 1

|λ|
.

Ïîñêîëüêó óñëîâèÿ òåîðåìû Õèëëå � Èîñèäû âûïîëíåíû, îïåðàòîð A ïîðîæäàåò ïî-
ëóãðóïïó ñæèìàþùèõ îïåðàòîðîâ.

Ïîêàæåì åùå îäèí ïðèìåð [9], äëÿ ýòîãî ðàññìîòðèì óðàâíåíèå òåïëîïðîâîäíîñòè

∂f

∂t
=

∂2f

∂x2
, −∞ < x < +∞, t > 0,

ôóíêöèÿ f(0, x) çàäàíà, f(t, ·) ∈ L2(−∞,∞) äëÿ âñåõ t ≥ 0. Ðàññìîòðèì ñëó÷àé, êîãäà
îáëàñòü îïðåäåëåíèÿ îïåðàòîðà A = ∂2

∂2x
ñîñòîèò èç âñåõ ôóíêöèé f(·) èç L2(−∞,∞),

äëÿ êîòîðûõ f ′(·) è f ′′(·) ïðèíàäëåæàò L2(−∞,∞). Â ÷àñòíîñòè, êàæäàÿ òàêàÿ ôóíê-
öèÿ óäîâëåòâîðÿåò óñëîâèÿì f(−∞) = f(∞) = 0 = f ′(−∞) = f ′(∞). Îáëàñòü îïðå-
äåëåíèÿ îïåðàòîðà A ïëîòíà. Ïî àíàëîãèè ñ ïðåäûäóùèì ïðèìåðîì èçó÷èì ñïåêòð
îïåðàòîðà A, äëÿ ýòîãî ðàññìîòðèì óðàâíåíèå

λf + f ′′ = g, f, g ∈ L2(−∞,∞), f ∈ dom A.

Òàê êàê

λf = f ′′ ⇒ f(x) = C1e
√
λx + C2e

−
√
λx,

òî òî÷å÷íûé ñïåêòð îïåðàòîðà A ïóñò, ñëåäîâàòåëüíî, ñóùåñòâóåò îïåðàòîð îáðàòíûé
ê îïåðàòîðó λI − A. Ïðåîáðàçîâàíèåì Ôóðüå îò íåîäíîðîäíîãî óðàâíåíèÿ áóäåò:

f̃(σ) =
g̃(σ)

λ+ σ2
,

òàê ÷òî ÷èñëî λ ïðèíàäëåæèò ðåçîëüâåíòíîìó ìíîæåñòâó, åñëè åãî âåùåñòâåííàÿ
÷àñòü íå ðàâíà íóëþ. Ñ äðóãîé ñòîðîíû, ïîñêîëüêó ðåçîëüâåíòíîå ìíîæåñòâî äîëæíî
áûòü îòêðûòî, ìíèìàÿ îñü ÿâëÿåòñÿ ñïåêòðîì îïåðàòîðà A. Ñëåäîâàòåëüíî, äëÿ λ > 0

∥R(λ;A)g∥2 =
∫ +∞

−∞

|g̃(σ)|2

|λ+ σ2|2
dσ ≤ ∥g∥2

λ2
=⇒ ∥R(λ;A)∥ ≤ 1

|λ|
.

Òàêèì îáðàçîì, A ïîðîæäàåò ñæèìàþùóþ ïîëóãðóïïó.
Ïóñòü {ei}, {gi =

√
λiei}, {fj} � îðòîíîðìèðîâàííûå áàçèñû â ïðîñòðàíñòâàõ H,

HQ, H ñîîòâåòñòâåííî. Îïåðàòîð B(X) ÿâëÿåòñÿ îïåðàòîðîì Ãèëüáåðòà � Øìèäòà èç
HQ â H, òàê êàê íîðìà îïåðàòîðà T � îïåðàòîðà Ãèëüáåðòà � Øìèäòà íà ïàðå íåêîòî-
ðûõ ãèëüáåðòîâûõ ïðîñòðàíñòâ H1, H2 îïðåäåëÿåòñÿ êàê ∥T∥2LHS(H1,H2)

=
∑

i ∥Tαi∥2H2
,

ãäå αi � áàçèñ â ïðîñòðàíñòâå H1, òî

∥B(X)∥2LHS
=

∑
i

∥B(X)gi∥2H .
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Ðàññìîòðèì îïåðàòîð B(X) : HQ → H âèäà

B(X)gi =
∑
j

bij(X)fj,
∑
i

b2ij < ∞,

ãäå â êà÷åñòâå îòîáðàæåíèÿ bij(X) ìîæíî âçÿòü íåêîòîðóþ ôóíêöèþ îò i-ãî êîýôôè-
öèåíòà èç ðàçëîæåíèÿ ýëåìåíòàX â ðÿä Ôóðüå ïî áàçèñó â ïðîñòðàíñòâåH, íàïðèìåð,
ïîëîæèì:

bij = λi sin xj, ãäå X =
∑
j

xjfj,
∑
j

x2
j < ∞ è

∑
i

λ2
i < ∞.

Óñëîâèå
∑

i λ
2
i < ∞ ÿâëÿåòñÿ äîñòàòî÷íûì, ÷òîáû îïåðàòîð B(X) áûë îïåðàòîðîì

Ãèëüáåðòà � Øìèäòà:

∥B(X)∥2LHS
=

∑
i

∥B(X)gi∥2H =
∑
i

∑
j

b2ij(X) =
∑
ij

λ2
i sin

2 xj ≤
∑
i

λ2
i < ∞.

Ïðîâåðèì óñëîâèå Ëèïøèöà:

∥B(X)−B(Y )∥2LHS
=

∑
i

∥(B(X)−B(Y ))gi∥2H =
∑
i

∑
j

(bij(X)− bij(Y ))2 =

=
∑
ij

λ2
i (sinxj − sin yj)

2 =
∑
ij

λ2
i 4 sin2

(
xj − yj

2

)
cos2

(
xj + yj

2

)
≤

≤
∑
ij

λ2
i (xj − yj)

2 ≤ C∥X − Y ∥2H

è óñëîâèå ëèíåéíîãî ðîñòà:

∥B(X)∥2LHS
=

∑
i

∥B(X)gi∥2H =
∑
i

∑
j

bij(X)2 =
∑
i

∑
j

λ2
i sin

2 xj ≤ C(1 + ∥X∥2H).

Àíàëîãè÷íî, â êà÷åñòâå ïðèìåðà F (X) : H → H âîçüìåì

F (X)gi =
∑
j

aj(X)fj, ãäå aj = sin xj.

Óñëîâèÿ Ëèïøèöà

∥F (X)− F (Y )∥2H =
∑
j

(aj(X)− aj(Y ))2 =
∑
j

(sinxj − sin yj)
2 =

=
∑
j

4 sin2

(
xj − yj

2

)
cos2

(
xj + yj

2

)
≤

∑
j

(xj − yj)
2 ≤ C∥X − Y ∥2H

è ëèíåéíîãî ðîñòà

∥F (X)∥2H =
∑
j

aj(X)2 =
∑
j

sin2 xj ≤ C(1 + ∥X∥2H)

âûïîëíÿþòñÿ.
Èç ïðèâåäåííûõ îöåíîê ñëåäóåò âûáîð êîýôôèöèåíòîâ a, b òàêèì îáðàçîì, ÷òî

îíè óäîâëåòâîðÿþò óñëîâèÿì 1) − 3): â êà÷åñòâå ôóíêöèé bij è aj áåðåì òàêèå, ÷òî∑
j b

2
ij < ∞ è

∑
j a

2
j < ∞, è âìåñòî ôóíêöèé sinxj ìîæíî âçÿòü ëþáûå ôóíêöèè,

óäîâëåòâîðÿþùèå óñëîâèÿì Ëèïøèöà è ëèíåéíîãî ðîñòà.
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3. Ñëàáîå è ìÿãêîå ðåøåíèÿ çàäà÷è Êîøè

Ïðåäñêàçóåìûé H-çíà÷íûé ïðîöåññ X(t) t ∈ [0, T ] íàçûâàåòñÿ ñëàáûì ðåøåíèåì
çàäà÷è Êîøè (9), åñëè

P

(∫ t

0

∥X(s)∥2 ds ≤ +∞
)

= 1 (11)

äëÿ ïî÷òè âñåõ ω, äëÿ ëþáîãî t ∈ [0;T ] è äëÿ ëþáîãî y ∈ dom A∗ ñïðàâåäëèâî ðàâåí-
ñòâî

⟨y,X(t)⟩ = ⟨y, ζ⟩+
∫ t

0

[
⟨A∗y,X(s)⟩+⟨y, F (s,X(s))⟩

]
ds+

∫ t

0

⟨y,B(s,X(s))⟩ dW (s). (12)

Ïðåäñêàçóåìûé H-çíà÷íûé ïðîöåññ X(t) t ∈ [0, T ] íàçûâàåòñÿ ìÿãêèì ðåøåíèåì
çàäà÷è Êîøè (9), åñëè âûïîëíåíî (11) è X(t) äëÿ ëþáîãî t ∈ [0;T ] óäîâëåòâîðÿåò
óðàâíåíèþ

X(t) = S(t)ζ +

∫ t

0

S(t− s)F (s,X(s)) ds+

∫ t

0

S(t− s)B(s,X(s)) dW (s). (13)

Òåîðåìà 1. Ïóñòü ζ � F0-èçìåðèìàÿ H-çíà÷íàÿ ñëó÷àéíàÿ âåëè÷èíà è óñëîâèÿ
1)− 3) âûïîëíåíû. Òîãäà ñóùåñòâóåò ìÿãêîå ðåøåíèå X çàäà÷è (9), åäèíñòâåííîå ñ
òî÷íîñòüþ äî ýêâèâàëåíòíîñòè ñðåäè ïðîöåññîâ, óäîâëåòâîðÿþùèõ óñëîâèþ (11).

Äîêàçàòåëüñòâî òåîðåìû ïðèâåäåíî â [1] è îñíîâàíî íà ïðèíöèïå ñæèìàþùèõ
îòîáðàæåíèé äëÿ èíòåãðàëüíîãî óðàâíåíèÿ.

Ïîêàæåì, ÷òî ìÿãêîå è ñëàáîå ðåøåíèÿ ñîâïàäàþò, òîãäà óñëîâèÿ ñóùåñòâîâàíèÿ
ìÿãêîãî ðåøåíèÿ ÿâëÿþòñÿ äîñòàòî÷íûìè óñëîâèÿìè ñóùåñòâîâàíèÿ ñëàáîãî ðåøå-
íèÿ.

Òåîðåìà 2. Ïóñòü X � H-çíà÷íûé ïðåäñêàçóåìûé ïðîöåññ ñ èíòåãðèðóåìûìè òðà-
åêòîðèÿìè, îïåðàòîð A : dom A ⊂ H → H � ãåíåðàòîð ïîëóãðóïïû êëàññà C0, îïåðà-
òîð F (s,X(s)) � îòîáðàæåíèå èç H â H, îïåðàòîð B(s,X(s)) óäîâëåòâîðÿåò óñëî-
âèþ ñóùåñòâîâàíèÿ èíòåãðàëà Èòî, òî åñòü E

∫ t

0
∥S(t− s)B(s,X(s))∥2LHS(HQ,H) ds <

∞. Åñëè äëÿ ëþáîãî t ∈ [0, T ] è y ∈ dom A∗ ðåøåíèå X(t) óäîâëåòâîðÿåò ðàâåíñòâó
(12), òîãäà X óäîâëåòâîðÿåò ðàâåíñòâó (13). Îáðàòíîå òàêæå âåðíî.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâåäåì ïî ñõåìå äîêàçàòåëüñòâà åäèíñòâåííîñòè
ðåøåíèÿ äëÿ çàäà÷è ñ àääèòèâíûì øóìîì.

Ñíà÷àëà äîêàæåì, ÷òî ñëàáîå ðåøåíèå ÿâëÿåòñÿ ìÿãêèì. Ïóñòü X � ñëàáîå ðåøå-
íèå, òî åñòü óäîâëåòâîðÿþùåå (12).

Åäèíñòâåííûì ðåøåíèåì îäíîðîäíîãî óðàâíåíèÿ

⟨y,X(t)⟩ = ⟨y, ζ⟩+
∫ t

0

⟨A∗y,X(s)⟩ ds (14)

ÿâëÿåòñÿ ïðîöåññ X(t) = S(t)ζ, t ∈ [0, T ]. Òàêèì îáðàçîì, ïðîöåññ (14) ÿâëÿåòñÿ ìÿã-
êèì ðåøåíèåì ïðè B = 0 è F = 0. Ïîýòîìó áåç îãðàíè÷åíèÿ îáùíîñòè ïîëîæèì
ζ = 0.
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Òåïåðü äëÿ ëþáîé ôóíêöèè y(·) ∈ C1([0, T ]; dom A∗) è t ∈ [0, T ], ïðè èñïîëüçîâà-
íèè ôîðìóëû Èòî, èìååò ìåñòî ðàâåíñòâî

⟨y(t), X(t)⟩ =
∫ t

0

⟨y(s), F (s,X(s))⟩ ds+
∫ t

0

⟨y(s), B(s,X(s)) dW (s)⟩+

+

∫ t

0

⟨y′(s) + A∗y,X(s)⟩. (15)

Òàê êàê X � ñëàáîå ðåøåíèå è y0 ∈ dom A∗, ïðèìåíÿÿ ðàâåíñòâî (15) ê ôóíêöèè
y(s) = S∗(t− s)y0, ïîëó÷èì

⟨y0, X(t)⟩ =
∫ t

0

⟨y0, S(t− s)F (s,X(s))⟩ ds+ ⟨y0,
∫ t

0

S(t− s)B(s,X(s)) dW (s)⟩. (16)

Îòñþäà, â ñèëó ïëîòíîñòè ìíîæåñòâà dom A∗ â H è íåâûðîæäåííîñòè ïîëóãðóïïû,
ïîëó÷àåì, ÷òî ïðîöåññ X(t) óäîâëåòâîðÿåò (13).

Äëÿ äîêàçàòåëüñòâà ðàâåíñòâà (15) ñíà÷àëà ðàññìîòðèì ôóíêöèè âèäà y = y0φ(s),
s ∈ [0, t], ãäå φ ∈ C1([0, t]), y0 ∈ dom A∗ è, ñëåäóÿ [1], îïðåäåëèì ïðîöåññ

G(t,X) =

∫ t

0

⟨A∗y0, X(s)⟩ ds+
∫ t

0

⟨y0, F (s,X(s))⟩ ds+
∫ t

0

⟨y0, B(s,X(s)) dW (s)⟩.

Ó÷èòûâàÿ, ÷òî dX(t) = (AX(t) + F (t,X)) dt+B(t,X) dW (t), ïðèìåíèì ôîðìóëó Èòî
ê ïðîöåññàì G(t,X) è G(t,X)φ(t); ïðèíèìàÿ âî âíèìàíèå, ÷òî ïåðâàÿ ïðîèçâîäíàÿ
Ôðåøå ïî x ôóíêöèè G ÿâëÿåòñÿ îòîáðàæåíèåì èç H â R, âòîðàÿ ïðîèçâîäíàÿ � èç H
â H è (dX)2 = 1

2
Tr

[(
B(t,X)Q

1
2

)(
B(t,X)Q

1
2

)∗]
dt (ñì., íàïðèìåð, [1, 2]), ïîëó÷èì:

dG(t) = Gt(t,X)dt+ Gx(t,X)dX + Gxx(t,X)(dX)2 = Gt(t,X)dt+
+⟨Gx(t,X), B(t,X)dW (t)⟩+ ⟨Gx(t,X), AX⟩dt+ ⟨Gx(t,X), F (t,X)⟩dt+
+1

2
Tr

[
Gxx(t,X)

(
B(t,X)Q

1
2

)(
B(t,X)Q

1
2

)∗]
dt;

(17)

d[Gφ](t) = φ(t)Gt(t,X)dt+ φ′(t)G(t,X)dt+ φ(t)⟨Gx(t,X), B(t,X)dW (t)⟩+
+φ(t)⟨Gx(t,X), AX⟩dt+ φ(t)⟨Gx(t,X), F (t,X)⟩dt+
+1

2
φ(t) Tr

[
Gxx(t,X)

(
B(t,X)Q

1
2

)(
B(t,X)Q

1
2

)∗]
dt.

(18)

Â ðåçóëüòàòå èç ðàâåíñòâà (15) è ðàçëîæåíèé (17), (18) ïîëó÷èì

d[Gφ](t) = φ(t) dG(t,X) + φ′(t)G(t,X) dt =
= φ(t) (⟨X(t), A∗y0⟩ dt+ ⟨y0, F (t,X(t))⟩ dt+ ⟨B(t,X(t)) dW (t), y0⟩)+
+φ′(t)

(∫ t

0
⟨A∗y0, X(s)⟩ ds+

∫ t

0
⟨y0, F (s,X(s))⟩ ds+

∫ t

0
⟨y0, B(s,X(s)) dW (s)

)
.

Îòñþäà, äëÿ ôóíêöèé y(t) = y0φ(t) ïîëó÷èì

G(t,X)φ(t) =

∫ t

0

φ(s)
(
⟨A∗y0, X(s)⟩+ ⟨y0, F (s,X(s))⟩+ φ′(s)⟨y0, X(s)⟩

)
ds+

+

∫ t

0

⟨y(s), B(s,X(s)) dW (s)⟩.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

Â ñèëó ðàâåíñòâà G(t,X) = ⟨y0, X(t)⟩ äëÿ ï.â. ω, óòâåðæäåíèå äîêàçàíî äëÿ ôóíê-
öèé âèäà y(t) = y0φ(t). Èç òîãî, ÷òî ëèíåéíûå êîìáèíàöèè ýòèõ ôóíêöèé ïëîòíû â
ïðîñòðàíñòâå C1([0, τ ]; dom A∗), ñëåäóåò ðàâåíñòâî (15) â îáùåì ñëó÷àå.

Òåïåðü äîêàæåì îáðàòíîå, òî åñòü, ÷òî ìÿãêîå ðåøåíèå ÿâëÿåòñÿ ñëàáûì. Ïóñòü
y ∈ dom A∗, òîãäà èç ñâîéñòâ S∗(t) è íåïðåðûâíîñòè ñêàëÿðíîãî ïðîèçâåäåíèÿ èìååì∫ t

0

⟨A∗y,

∫ s

0

S(s− r)F (r,X) dr +

∫ s

0

S(s− r)B(r,X) dW (r)⟩ ds =

=

∫ t

0

∫ s

0

⟨A∗y, S(s− r)F (r,X) dr + S(s− r)B(r,X) dW (r)⟩ ds =

=

∫ t

0

∫ s

0

⟨S∗(s− r)A∗y, F (r,X) dr +B(r,X) dW (r)⟩ ds =

=

∫ t

0

⟨
∫ t−r

0

S∗(s)A∗y ds, F (r,X) dr +B(r,X) dW (r)⟩ =

=

∫ t

0

⟨S∗(t− r)y − y, F (r,X) dr +B(r,X) dW (r)⟩ =

=

∫ t

0

⟨y, S(t−r)F (r,X) dr+S(t−r)B(r,X) dW (r)⟩−
∫ t

0

⟨y, F (r,X) dr+B(r,X) dW (r)⟩ =

= ⟨y,
∫ t

0

S(t− r)F (r,X) dr⟩+ ⟨y,
∫ t

0

S(t− r)B(r,X) dW (r)⟩−

− ⟨y,
∫ t

0

F (r,X) dr⟩ − ⟨y,
∫ t

0

B(r,X) dW (r)⟩.

Òàêèì îáðàçîì, ïðîöåññ X(t) = S(t)ζ +
∫ t

0
S(t− s)F ds+

∫ t

0
S(t− s)B dW (s) ÿâëÿåòñÿ

ñëàáûì ðåøåíèåì.

Îòìåòèì, ÷òî ñ ó÷åòîì òåîðåìû 1, ýòî äîêàçàòåëüñòâî ÿâëÿåòñÿ, â òîì ÷èñëå,
äîêàçàòåëüñòâîì ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ñëàáîãî ðåøåíèÿ.

Ðàáîòà ïðîâîäèëàñü ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêò � 13-01-00090,
è ïðîãðàììû ãîñóäàðñòâåííîé ïîääåðæêè âåäóùèõ óíèâåðñèòåòîâ ÐÔ (ñîãëàøåíèå
� 02.A03.21.0006 îò 27.08.2013).
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STOCHASTIC CAUCHY PROBLEM IN HILBERT SPACES:
MODELS, EXAMPLES, SOLUTIONS

O.S. Starkova, Ural Federal University, Ekaterinburg, Russian Federation,
olga-n4@yandex.ru

The paper is concerned with the stochastic Cauchy problem for nonlinear �rst order

equation with values in a separable Hilbert space and with multiplicative noise in some

other Hilbert space. First, a model of the term structure of interest rate that is a measure

of the current bond market is represented. Stochastic behavior of the process describing a

temporary bond price structure is caused by the fact that the economic indicators change

in time and are not known in advance. We consider methods of calculating the forward

curve, which describes the temporal structure of the bond price, and the transition from

these methods to the solution of the Cauchy problem of mentioned type. Secondly, we show

conditions on initial mappings which are necessary for existence and uniqueness of solution

and build examples of mappings satisfying these conditions. We construct weak and mild

solutions, show the results of existence and uniqueness of mild solution and the relationship

of soft and weak solutions, which implies the existence and uniqueness of a weak solution

of the Cauchy problem.

Keywords: stochastic Cauchy problem; white noise; Wiener process; weak solution; mild

solution; bond price; forward curve.
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